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A solid is bounded by two concentric spherical surfaces and the whole
system is at a temperature T4 which is below the freezing point T, of the
substance. At a certain instant, one of the surfaces is raised to and maintained
at a temperature Tz which is above the freezing point T, while the other
surface is maintained at the original temperature 74 The problem of finding
the temperature distribution in the solid and the liquid phases and the position
of the interface between the two phases and the rate of motion of the inter-
face are solved by an analytic method in which a solution of the heat conduc-
tion problem is constructed by the superposition of solutions such that all the
initial, asymptotic and boundary conditions of the problem are satisfied.

1. STATEMENT OF THE PROBLEM

THE problem of this article is the same in principle as that of the article

entitled TAnalytic Solution of Heat Conducction with Phase Change® T). The
differece in the two problems is in the geometrical boundaries. In the previous
problem the system is bounded by two parallel plates and in the present problem
it is bounded by two concentric spherical surfaces.

A substance is bounded by two fixed concentric spherical surfaces A and B
of radius 4 and s, respectively. The whole system is at temperature T4 which
is below the freezing point T, of the substance. At a certain instant the surface
B is heated to 75 and maintained at 7T which is above 7,. The temperature
of surface A is maintained at T4. The solid near the surface B begins to melt
and the interface between the solid and liquid moves from the surface B toward
surface A until a steady state is reached. The temperature distribution as a
function of time and the distance from the center of the spherical surfaces
depends on the temperature T4, Ts, and 7, the radii of the spherical surfaces,
the heat conductivity, density, specific heat of the solid and liquid phases and the

(1) Kuan Shih Yuan Wu, Analytic Solution of Heat Conduction Problem with Phase Change, Chinese J.
of Phys. 6, 29 (1968).
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heat of fusion of the substance. From the temperature distribution, the position
of the interface at any time and its rate of motion are determined.

It is assumed that the physical properties of the substance are constant,
independent of temperature, and that the heat transport by convection and the
volume change on melting ane negligible. The problem is then one of the form®

2
aT_a<a T+2 8T>

ot ort .y or

where a is the thermal diffusivity, 7'(r,¢) the temperature, ¢ the time and vthe
coordinate of a point with the center of the spherical surfaces as the origin of
the spherical coordinate system.

2. SOLUTION OF THE PROBLEM

Let 4,75 be the radius of the inner and outer concentric spherical surfaces
A and B respectively with origin at 0, »,7: the coordinates of a point in the
phase 1, say solid phase and in the phase 2, the liquid phase respectively, r, the
radius of the spherical interface, Ti(7y,t),T:(7,¢) the temperature at points
on the spherical surfaces of radii, »; and 7; at time ¢ as shown in Figure 1.

Fig. 1.

(2 ) H. S Carslaw and J. C. Jaeger, Conduction of Heat in Solids, 2nd Edition, p. 230 (D. R. Hil'man
and Sons, Ltd., England, 1962).
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The differential equations of conduction for phase 1 and phase 2 take the
following forms.
For phase 1

0T, <62T1 2 aTl) _ kB
= =) = 1
ot “ ori o 0n “ P1Cvy (1)
For phase 2
2
Ty (0T 2 OTa) o= ke (2)
ot 073 7o 07 O2Cv2

where ai, &y, PI, Co1 @nd pq, Ry, pg, ¢:2 are the thermal diffusivity, the thermal
conductivity, the density and the specific heat at constant volume of phase 1 and
phase 2 respectively.

To express the conduction equations in dimensionless form, the following
dimensionless variables are introduced.

Let

n=(T1—Ta)/(Tp—Ta),

2= (T2—Ta)/(Tp—Ta),
wy=(Ty—=Ta)/(Te—Ta),
xa=ra/(rg—ra), xp=rp/(re—7ra),
xi=r/(rg—7ra), To=n/(r8—74),
X=r;/(ra=74), Xa=r//(r5=74) | _,
O=ayt/(rg—ra)’

Equation (1) and (2) with substitution of the dimensionless variables as defined
above become :

82;17____6271 +vl Oty (1)
60 ax: X1 axly

- 2

ors_g(Pay 2 0n) @)
o6 ox; X2 O

where f=ay/a;.
Let
1 =06(0)R(x,)/x;.
Then
1 de 1 d°R
"—4,7‘=—-b2 14
0 ds R dxi ()

where & is a constant. The solutions of these two equations are
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O(0) =e-b
R(x,)=sinb(x,+c¢)
where ¢ is a constant.
One special solution. of an egation of the form (17) is
n=A+a,/xz, A, a,=constant,
which corresponds to the case #=0 in (2T) above. Another special solution is of
1 < Zy

the type of — @ ——~—_—> where @ is an error function
yp iy 21/6

o(y) = 2 ["eray.

==,
We shall construct solutions of (1T) and (2T) as follows:

f=A+ B 4+ 1 54012 gn bn(x1+c)+£(b<@2,‘?ﬁ>, (3)
X1 Xy n=1 Iy 2’1/ 17}

=B+ L0+ L5 fepeit sin g iz +d) + 2 @(Jf—l}j’_f”fh), (4)
T2 x2 n=1 X2 2y B0

where A, @, a,,, bs, ¢, P, B, fo, fx, 0 d, h, are constants.

The initial, boundary and asymtotic conditions to be satisfied for the solutions
are the following:

Initial conditions at ¢ =0:

1=0 for za<e:<zrs (5)
r3=1 at x:=xs. (6)

The steady state is given by the asymtotic condition on B—:

=0 at &i1=xa (7)
=1, at r1=Xx (8)
=ty at r:=Xew, (9)
=1 at x:=s. (10)

At the interface in the steady state, we have

oty —r Oty —0, 7 =ko/ky. (11)
ax, X, axs X

Boundary condition :
7y=0 at Ti=Za, (12)

=1 at x:=xs. (13)
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To satisfy these, we choose
c=—2a, d=—2I4,
with
bo=nn, ¢@,=nnr.

Substitution of the initial, boundary and asymtotic

conditions given above in the

solutions equations (3) and (4) gives the following set of equations

0= A+ﬂ+i}: a,,sin.nn(xl——xAH—g,
Ty Xy n=1 X
Bo1_fo
IB ’
0=A+-%
XA
‘Z'f=A+ ao ’
X
r, =B+ —IL,
d X
1=B + 1o
IB
fo = ao-

.
i

(9')

(10")

(11")

From these equations (6 1) to (11'), the following constants are determined.

ay=—xaxpt,+7(1—14))/ (x5—24),
A=zxplrs+1r(1—17)]/(xp—x 4),

B=[rzg+ (1—=7)r;za)/T(2p—24),

Xo=aplc,+7(1—7,))/[ep+7(1—2,) LB,
XA

Hence finally

rl=A+ﬂ+L > aye " % sinur(xi;—xa)+

X1 Xy n=1

T

1
Xg Tg n=1

2= B+A+— S fnemBnEeto sinuz(Ls—24)

(14-1)
(14-2)
(14-3)

(14-4)

b

X1

3

X2

LT 4

. 1
9,0 (15)

)

1 —x;ixA
2/ 30

d
o

). (16)

The a,, are to be determined by (5') in terms of ¢, and P,

(=1)rae—[1—(—1)"1p,

n>1. (17)
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Another condition is the heat balance equation for the melting of the solid
k1 %Ti kz aTz l — Orf
71 7'f 072 ’rf ot
where Q is the heat of fusion of the substance, or in dimensionless form,
871 —7 61‘2 — Q&, (18)
61;1 Do 0.7:2’X o

where 7 = &/kiand ¢ =pQ/coi( Tg— T a )

The rate of motion of the interface is given by the equation

ox | _oxX
g |

(19)
af |
from phase 1 from phase 2

Now from (15),(16), we have for the interface

_ ) 2y 1 “n2220 o _
=— 20 L %04 - ne~ "7 sinpr(X—x
s 2 T x Ty > ane innx( a)
+ b @< X—za ) (20)
X 210

: + Lo fememt sinna(X—z4)
X Ip X n=1

1—X+.Z'A >
+2 0 ST Ta )
X ( 2/ b6

Let (20) and (21) be represented as

F(X, 6)=0 and G(X, 6)=0.
Then

X! <

O
| |y
o N—

SR
B

‘from phase 1

(22-1)

g &

)

_ g >X

from phase 2 <_a§:__> .
0

|
o |

D

(22-2)

Let X; be the position of the interface at a time i, and let us introduce the
following notations :

v, (6)= exp[—f(’sx"—“ ) J

(23-1)
46;
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vy =L exp - (1= Khma)t | (23-2)
B(i)E”Z:}lnznZa,, exp( —n*z%;) sinnz(Xi—x4), (23-3)
C(i)= ,Ex nza, exp( —n’z%0;) cosnz(Xi—x4), (23-4)
D,(i)==n*z* exp(—Antz®;) sinnz(Xi—xa), (23-5)
E(i)=nn exp(—Antz%0;) cosnn(Xi—x.4), (23-6)

M(i)= — BE +D( K=z )V, () /26:

%o+ C(i) +p¥.:(4)
T A

(23-7)

—ry—

BED,(i)fa+ h(1— X+ 2 ) V3 (3) /20,
N(i)=——" i (23-8)
7T +1__d_97 + ZEn(i)fn—hqu(i)
TTr n

Equation (19) then becomes

M(i)=N(i), (19-4)
and equation (18) becomes, by use of (14-1),
C(2) +p¥ (1) —r[ZnJEn(i)fn—Mfz(i)]= —qM(7). (18-A)

In equations (19-4),(18-4), the as yet undetermined constants are P, %, and
the f.’s. To determine them, the following procedure is suggested.

Let us take equation (20) in which the expression (17) for a,, in terms of a,
and 2 is used:

rp=— o g G 2 Z[ (=1)r ao+[1—(—1)”]p]%exp(—n2nzﬁ)x

Za X X n Za
. _ ? X—z
sin #a(X—2x4) +;7Xﬁ ®< 77§;> (24)

For any assumed value of P, this equation give the position of the interface X as
a function of time 6. Let us start by assuming a value p=p,, and with it, find
m pairs of value {Xi(#), 0:(#)},i=1,2,...,m. On putting each pair in equation
(21) in turn, we get for the = pairs m equations in which h and the f. are
unknowns. Let the series be truncated at the (2m—2)-th term.

Let us next calculate M(i) from (23-7) for each pair {X(/I1), 6:(u«)} for p=p,.
Also C(i), ¥,(z), E(i), ¥2(z) in (18-A) are calculated for {Xi(u),0:(u)},i=1, 2,
.., m. From (18-A) we have then = equations in which P, h on the left hand

side and the /. are unknowns. Also truncate the series in (18-A) at the
(2m—2)-th term.
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Equations (21) and (18-A) then give 2m linear equations in which the
unknowns are

Ph fi fo o o . fima
Solution of this system will give a
p(u), h(e), file), ... fam-2(2),

corresponding to the assumed value p=p, we have started with in (24) for
obtaining Xi(#),0:(«). The value p(x) obtained from the system (21) and (18-
A) by the procedure above will not coincide with the value 2, in general. Differ-
ent values p, are tried until a consistent result is obtained.

The method, while not entirely analytical, does give a solution, to any accuracy
desired, in terms of analytic functions. The accuracy is increased by increasing
the number of terms in the series (4).



