
CHINESE JOURNAL OF PHYSICS VOL. 6 NO. 2 OCTOBER, 1968

Analytic Solution of Heat Conduction Problem Involving
Moving Interface With Spherical Boundaries

K U A N  S H I H  Y U A N  WV (gfk%%k)

Department of Biophysical Sciences

State University of New York at B&alo

Buflalo, New York, 14214

U. S. A.

(Received September 20, 1968  )

A solid is bounded by two concentric spherical surfaces and the whole
system is at a temperature TA which is below the freezing point Tf of the
substance. At a certain instant, one of the surfaces is raised to and maintained
at a temperature TR which is above the freezing point T,, whi!e the other
surface is maintained at the original temperature TA. The problem of finding
the temperature distribution in the solid and the liquid phases and the position
of the interface between the two phases and the rate of motion of the inter-
face are solved by an analytic method in which a solution of the heat conduc-
tion problem is constructed by the superposition of solutions such that all the
initial, asymptotic and boundary conditions of the problem are satisfied.

1. STATEMENT OF THE PROBLEM

7r
HE problem of this article is the same in principle as that of the article
entitled ìAnalytic Solution of Heat Conducction  with Phase Changeîì). The

differece  in the two problems is in the geometrical boundaries. In the previous

problem the system is bounded by two parallel plates and in the present problem

it is bounded by two concentric spherical surfaces.

of
is

B

of

A substance is bounded by two fixed concentric spherical surfaces A and B
radius ?-A and O, respectively. The whole system is at temperature ??A which
below the freezing point Tf of the substance. At a certain instant the surface

is heated to TB and maintained at TB which is above Tf. The temperature
surface A is maintained at TA. The solid near the surface B begins to melt

and the interface between the solid and liquid moves from the surface B toward
surface A until a steady state is reached. The temperature distribution as a
function of time and the distance from the center of the spherical surfaces

depends on the temperature TA, TB, and Tf, the radii of the spherical surfaces,
the heat conductivity, density, specific heat of the solid and liquid phases and the

( 1 ) Kuan Shih Yuan Wu.  Analytic  Solution  of Heat Conduction Problem with Phase Change, Chinese J.
of Phys. 6, 29 (1968).
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heat of fusion of the substance. From the temperature distribution, the position
of the interface at any time and its rate of motion are determined.

It is assumed that the physical properties of the substance are constant,
independent of temperature, and that the heat transport by convection and the
volume change on melting ane negligible. The problem is then one of the form(ë)

dT d2T+2  aT
at -a(-dY2 -Y dr )

where a is the thermal diffusivity, T(Y, t) the temperature, t the time and Y the
coordinate of a point with the center of the spherical surfaces as the origin of
the spherical coordinate system.

2. SOLUTION OF THE PROBLEM

Let YA, YB be the radius of the inner and outer concentric spherical surfaces
A and B respectively with origin at 0, ri, r2 the coordinates of a point in the
phase 1, say solid phase and in the phase 2, the liquid phase respectively, YY the
radius of the spherical interface, T1 (~1, t 1, T2 (~2, t 1 the temperature at points
on the spherical surfaces of radii, rl and ~2 at time t as shown in Figure 1.

Fig. 1.

(2 1 H. S. Carslaw and J. C. Jaeger, Conduction of Hecat in Solids, 2nd Edition, p. 230 (D. R. Hil!man
and Sons, Ltd., England, 1962).
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The differential equations of conduction for phase 1 and phase 2 take the

following forms.
For phase 1

k1(11=-
PlCUl'

( 1 )

For phase 2

3T2 _ k2- -

dt

a2

(

d2T2 ; 2 aT2

8Y: 1Y2 h-2 '
a2=-

P2Cu2  ?
(2)

where ~1, kl, PI, GI and p2, k2, p2, co2 are the thermal diffusivity, the thermal
conductivity, the density and the specific heat at constant volume of phase 1 and

phase 2 respectively.
To express the conduction equations in dimensionless form, the following

dimensionless variables are introduced.

Let

~.~=(TI---A)/(TB-TA),

-~~=(T~--A)/ë(TB--TA),

T~=(T~--A)/(TB-TA),

XA=YA/(~B-~A  1, ~B=YB/(YB-YA  ),

%=y1/(%3--~A  1, ~2=+2/(@-yA),

x=~fj/b%-YA ), ~c~=~fj/hl-~A) /1__,

O=alt/(YB-Y,4)'.

Equation (1) and (2) with substitution of the dimensionless variables as defined

above become :

dr1--=_._+A drld271

80 ax: Xl 8x1,
(1í)

where B=az/al.
Let

51=0(e)R(x,)/x,.

Then

1  d0_1 d2R__b2
0 dO R dx;

where b2 is a constant. The solutions of these two equations are

(2í)
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!9(  8) =e-b2@

R(xt) =sinb ë(

where c is a constant.

One special solution

x1+c)

of an eqation of the form (1í)  is

rl=A+ao/xl,

which corresponds to the

the type of 1 0
x1

A, ao=constant,

case b=O in (2î) above. Another special solution is of

where @ is an error function

o(y) = 2:;-~Ye-y2dy.

We shall construct solutions of (1í) and (2í) as follows:

( 3 )rl=A+-+L  z a,,eAbie
Xl x1 --1

sin b,(xl+c) +$ CD( xijxt-  j,

rz=B+fO+L C f,,e-bgis sin g (x2 fd) + h a,, _l-vT?~A_ , ( 4 )
x2 x 2  n-1 x2 21’  PO

where A, ao, a,,, b,, c, P, B, fo, fn, gn, 4 h, are constants.

The initial, boundary and asymtotic conditions to be satisfied for the solutions

are the following:

Initial conditions at 0 =0:

rl=O f o r  x_4Ax1<x8 ( 5 )

r2=1 a t  x2=xB. (6)

The steady state is given by the asymtotic condition on B-+m:

rl=O a t  xl=x~ ( 7 )

rl=rf a t  x1=X, (8)

r2=rf  a t  x2=X-, ( 9 )

r2=1 a t  x2= xB. (10)

At the interface in the steady state, we have

drl dr2-r- =o, r =kzlk,. (11)
ax1 xa, dx2 x,

Boundary condition :

rl=O at X1=xA7

r2=1 at xZ=xB.

(12)

(13)

-
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TO satisfy these, we choose

C=-XA, d=-XA,

with

(14)

bn=nir, gn=m.

Substitution of the initial, boundary and asymtotic  conditions given above in the

solutions equations (3) and (4) gives the following set of equations

(I= A+*+$nxl  a,sin.nrr(xl--AA  +p,
21 Xl

(5í)

B +f,, (6í)
XB

o= A+& (7í)
XA

,,=A+*
xcn ’

(8í)

for.f=B+ -X= (9í)
c.2

l=B +A
XB ’ (10í)

fo =+. (11í)

From these equations (6í) to (llí),  the following constants are determined.

~o=-XAXB[~~+T(~--~~)I/(XB--ZA), (14-l)

A=x&+~(l- ~_f)l/hT-~A  1, (14-Z)

B=[~xB+ (l-T)T~XA]/T(XB-XA), (14-3)

Xm=x&+7-(l- XBTr)]/[T_f-tT(l--q)  ~~~~I. (14-4)
XA

Hence finally

The a,, are to be determined by (5í)  in terms of a0 and P,

1 (-l)ìao-[l-(-lIn!P, n21. (17)
XA
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Another condition is the heat balance equation for the melting of the solid

where Q is the heat of fusion of the substance, or in dimensionless form,

85

where r = k/k1  and q = ,cJQ/c,~  ( TB- TA 1.

The rate of motion of the interface

ax/ _  oîx

(18)

is given by the equation

(19)
ae 1

from phase 1 afl If rom phase 2

Now from (15),  (16),  we have for the interface

rf = sinn7t(x_xA)

Let (20) and (21) be represented as

F(X, 0)=0 a n d  G(X, 0) =O.

Then

8X'
de ~

from phase 1

8X
de

x.
from phase 2 t3G

i >
_ _

ax e

(20)

(21)

(22-l )

(22-Z)

Let Xi be the position
following notations :

of the interface at a time Oi, and let us introduce the

(23-l)
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v2(i)~l  exp C- (1-X; +XA)’
-r/Bnoi 4Poi 1 , (23-Z)

B(i)-_~ln2n2an  exp( -?Z27TzBi)  Sin?Zn(Xi-XA), (23-3)

C(i)= z ma,  exp( -?Z27r2~i)  cosnn(Xi-XA),
n-1 (23-4)

Dn(i)=?Z2~2  exp(--BnPr28i)  SiIWZn(Xi-XA), (23-5)

E(i)-?ZJC exp(--Bn220i)  cosn7L(~-xA), (23-6)

M(i)= - B(i) +p(xi_xA)~1(~)/26i
, (23-7)

-rf -A+C(i) +Pru,(i)
XA

acon(i)fn+h(l--X;:+xA)~r2(i)/28i
N(j)=--  n (23-8)

-ëf  +1

Equation (19) then becomes

M(i) =N(i), (19-A)

and equation (18) becomes, by use of (14-l),

C(i) +PYl(i) --Trz:En(i)fn-h~2(i)l=  -qM(i).n (18-A)

In equations (19-A), (18-A),  the as yet undetermined constants are P, h, and
the fnís.  To determine them, the following procedure is suggested.

Let us take equation (20) in which the expression (17) for a,, in terms of a0
and P is used:

a0+[1-(-l)n]P]+exp(  ---n2r28)  x

(24)

For any assumed value of P, this equation give the position of the interface X as
a function of time 8. Let us start by assuming a value P=P,, and with it, find
?n pairs of value {Xi(Dl),  6i(flu)),  i=l, 2,. . . , m. On putting each pair in equation
(21) in turn, we get for the m pairs m equations in which h and the f,, are
unknowns. Let the series be truncated at the (2m-2)-th  term.

Let us next calculate M(i) from (23-7) for each pair {X(/l), Bi(/r)}  for P=P,,.
Also C(i), Vi(i), E,(i), ëY,(i)  in (18-A) are calculated for {X(D), Si(p)},  i=l, 2,
. . . , m. From (18-A) we have then m equations in which P, h on the left hand
side and the ,f,, are unknowns. Also truncate the series in (18-A) at the
(2m -2)-th term.
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Equations (21) and (18-A) then give 2m linear equations in which the
unknowns are

P, h, f-1, fi, . . . fim-2.

Solution of this system will give a

corresponding to the assumed value $=pP we have started with in (24) for
obtaining Xi(p), Si(p). The value P(P) obtained from the system (21) and (1%
A) by the procedure above will not coincide with the value P, in general. Differ-
ent values P, are tried until a consistent result is obtained.

The method, while not entirely analytical, does give a solution, to any accuracy
desired, in terms of analytic functions. The accuracy is increased by increasing
the number of terms in the series (4).

L


