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A solid is bounded by two infinite parallel plates and the whole system
is at a temperature T4 which is below the freezing point 7, of the substance.
At a certain instant, one of the plates, B, is raised to and maintained at a
temperature Tr which is above the freezing point T, while the other plate A
is maintained at the original temperature T4 such that T,<T;<Tpg. The
problem of finding the temperature distribution in the solid and the liquid
phases and the position of the interface between the two phases as functions
of time is solved by a method in which a solution of the heat conduction pro-
blem is constructed by the superpcsition of solutions such that all the initial,
asymptotic and boundary conditions of the problem are satisfied.

1. STATEMENT OF THE PROBLEM

A problem in heat conduction that involves a moving boundary, Known as
Stefan’s problem, is typified by the following one. Consider the water in a wide
and very deep lake which is being frozen from above by the surface being in
contact with cold air. Let us assume that the temperature of the water at great
depths is constant and above the freezing point. As time goes 0N, the interface
between the ice and the water moves downward. The problem is to determine
the position and the rate of motion of the interface from the temperatures of
the (free) surface at the top and of the water at great depths, the melting point
and the heat of fusion of ice. In the case of infinite depth, the above problem
has been solved by NeumannT), and the solution is expressed in terms of error
functions which are solutions of the equation of heat conduction and which are
appropriate for the boundary condition at infinite distance and the asymptotic
condition for long times.

In recent years, many variations of the above problem with a moving bound-
ary have been studied by many authors® but it seems that almost all the studies
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have been concerned with semi-infinite slabs. In many cases, the problem of
freezing has been solved by both exact and approximate methods.

Consider next the more realistic case, and hence of more practical value, in
which the thickness of the slab is finite.

For the following calculations, let us restate the problem as follows.

A substance is bounded by two infinite, fixed parallel plates A and B and
the whole system is originally at the same temperature 7" 4 which is below the
freezing point of the substance 7. At a certain instant, the temperature of the
plate B is raised to, and henceforth maintained at, the value Tg which is above
the freezing point 7's, while the plate A is maintained at the original tempera-
ture Ta. Thus To<Ty<Tps The solid near the plate B begins to melt, and the
interface surface between the solid and the liquid phases of the substance moves
from B toward A and reaches a definite position between A and B when steady
state is reached. The rate of the motion of the interface and its position at any
time are determined by the temperatures T 4,75 T, the heat conductivities of
the substance in the solid and the liquid phases, the heat of fusion of the sub-
stance and the separation distance between the two plates. The problem is to find
the temperature distribution in the substance at any time. This then yields the
rate of motion and the position of the interface at any time.

While the solution of this problem is completely determined by the basic
equation of heat conduction and involves no new principles, nevertheless, the
problem seems to have presented some difficulties such that no analytic solution
of this problem seems to have been given in the literature. Longwell® has recen-
tly given a graphical method for treating this problem. We shall refer the reader
to this work of Longwell for references to the earlier literature on the subject
as well as for the graphical method itself. The purpose of the present work is
to describe an attempt to solve the problem by an analytic method. The method
described below applies also to the case of the freezing of a fluid between two
plates if T4 >T;>Ts.

For simplicity, we shall assume that the thermal conductivity of the solid is
a constant %; independent of temperature, and similarly that of the liquid is a
constant ;. We shall neglect the change in volume of the substance on melting
(or, we allow for the change in volume by a lateral expansion or contraction of
the liquid parallel to the plates and assume that this change is small). If the
change in volume in melting is taken into account and the plate A is allowed to
move to accommodate this change, the problem becomes much more difficult and
the solution in the forms (4) and (5) below is no longer valid. This problem is
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being studied. We shall also neglect any heat transport through convection. The

problem becomes then a one-dimensional one, and the equation of heat conduc-
tion is

ot~ % ox® “=k/oC, (1)

where T=T{x,t) denotes the temperature, ¢ the time, and x the coordinate of a
point along a line perpendicular to the plates A and B, a is the thermal diffusi-
vity, k the thermal conductivity, » the mass density and C, the specific heat at
constant volume.

2. SOLUTION OF THE PROBLEM

For our present problem, let L be the distance between the two plates, x;
the distance of a point in the solid phase from the plate A (the outer boundary
of the solid phase), x; the distance of a point in the liquid phase from the plate
A, and Ti(x,t), T:(xs,t) the temperature at the points xi, x: at time £.

It is convenient to employ dimensionless variables.

Let
t;j=(T;j—Ta)/(Ts—Ta), Jj=1, 2
t,=(Ty~Ta)/(Ts—Ta),
5j=$j/L, j=1, 2
= at/L?
B=as/ai,

r=ky/ky,
The ranges of z; are &; are as follows:

0<t1<rty, 71,11, 0=<&SX,  X<é6<1, (2)
where X is the position of the interface. # ranges from 0 to <=, and for a given

substance, t, lies between 0 and 1.
The conduction equation in the phase 1 and phase 2 is respectively

97y _ 9'n CLr PP Ui (3)

FVIE Y & a6 " as
We shall construct a solution of a linear differential equation by superposing solu-
tions. Thus we shall choose for =,(&,9),7:(&,8) the forms

Ty (51, 0) =aé + b,

(e =]

+ X d. exp(—n?z0) Sin(n:‘ffl)‘f‘cl@(”%) (1)
i 29177/,
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t2(&y, 0)=aéa+be

. . 1—¢
] 222 96 [
+nZ‘,=if exp(—n*n’p6) sin(nré;) +C; <2(,@ﬁ)“2>, (5)
where
(D(z):)n%ifo exp(—v*) dy, (6)

and ay, b, ¢,, du, a3, by, 2, f» are constants. The arguments of the sine functions
in (4) and (5) have been so chosen as to be compatible with the boundary condi-
tions (7),(8), (12) and (17) below. The constants ai, d,...., f, are to be deter-
mined such that the functions z;, r2in (4) and (5) satisfy all the boundary, initial
and asymptotic conditions of the problem.

These conditions are
At 0':0; Tl(Ely 0)=O for OSEI<11 (7)
2(&, 0)=1 at &=1. (8)

As 0—oo, the system approaches the steady state. Let X, be the distance, in
units of L as in (2), of the interface from the plate A so that

(£, 02) =0 at &=0, (9)
=75 at {H1=Xe. (10)
1o(&g,00) =1, at &=Xo, (11)
=1 at &=1, (12)
and the continuity of heat flow across the interface leads to
o —r 53 =0 (13)
£1=Xoo £r=Xw

At finite times 6, we have the boundary conditions

71(&1,6) =0 at &,=0, (14)
=7, at &H=X, (15)
72(&2,0) =1, at &H=2X, (16)
=1 at &=1, (17)

where X is the distance, in units of L, of the interface from the plate A at time
0.

The rate at which the interface moves is given by dX/dé which must have
the same value when calculated from either the liquid or the solid phase, i.e.,

dx _dx
do dy |

from =, from -

(18)
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which is ensured by the conditions (15) and (16). If the latent heat of fusion is
Q and the density of the solid phase is #:, then the rate at which heat is absorbed
for the melting of the solid of unit cross section is given by the equation of heat

balance
o, ! _p, 0T _ ax
k, oz, | ks o1, n1 QL e (19)
xy=XL xs=XL

or, in dimensionless units,

Ay | dty _ aX

9%, | g a6 (15a)

LH=X =X

where

q=Q/Cu(Tp—Ta).

The conditions in Equations (7) through (19) are to be satisfied by (&1, 0)

and (&, 0) in (4) and (5).
From (7), we have, for 0<¢&,<1,

O=a151+b1+ Z dn Sin(nﬂfl)'*"cl

n=1
From (9) and (14), we get
0=b1

(20)

(21)

From (20), on multiplying by sin(m=z&)ds and integrating from £=0 to é=1,

one gets
2

dy= (m){ (=1)" a—[1—(=1)"] ¢ } 00,

(22)

which determines all the coefficient . in (4) in terms of @, and c¢;.
A word may now be said concerning the choice of the error function and

the series in (4).

The error function is used to give a better account of the

rapid rise of temperature r; near the plate (at rz) for small time ¢ after 6=0.
The series then becomes necessary, for without it, (20) and (21) would have led

to a;=0,¢,=0.

From (13),(10), and (11) one obtains, respectively,

a,=7a;, (23)

Tf= alXoo, (24)

Tf=d2)(;o+b2. (25)
From (8), or (12), or (17), we find the same relation

1=02+b2 (26)
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From (25) and (26), we get

a:(1—Xo) =1—14. (27)
On collecting (21),(23),(24),(25), and (27), we obtain

b,=0, (28)
a=t,+7(1—7y), (29)
tim )T =11y /T, (23a)
Xo=1/a,, (30)
bo=1,(1—1/7). (31)

The temperature distribution in the steady state is given, in each phase, by a
linear function in the coordinate &, namely,

n=a;&; for OS&SXm,
o=+ by for Xo=<£<1.

Equations (29) and (30) give the position of the interface in the steady state in
terms of the temperatures z, of the interface and the conductivity ratio 7=/k:/k:.
The qualitative feature of this result about X, can be seen in the special case in
which k& and k. are the same. In this case, we obtain

Xco=7f
Xo=L(T;—Ta)/(Te—Ta),

that is, the thicknesses of the solid and the liquid phases are in the ratio of the
temperature differences Ty—7T4and Ts—Ty. In this case the temperature gra-
dients on both sides of the interface in the steady state are the same. In the
general case k,5<k., the gradients on the two sides of the interface are inversely
proportional to the conductivities as shown by (13).

We shall next proceed to determine the coefficients ¢;,¢; and the f» in (4)
and (5). The boundary conditions at the interface X are: (i), equations (15)
and (16) which ensure the equality of r; and r, to the melting point =, at X
and (ii), the condition (19a) on the gradients of r; and r; at the interface. These
two conditions are independent and not redundant.

Let X: be the position of the interface at time 6¢;(0<6;<e). Equations (15)
and (16) are

rf=aIX~+cl®<2f;(%;—,2>+ > 1a’,, exp(—n*z*0;) sin(nzX;) (32)
.. H n=

r,=a2X',- +b2+C2(D( ']-_"X;‘TQ>+ Z fn eXp(—nszQ,’gﬁ,‘) sin(nr:X;) (3 3)
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Condition (i) is then

a:Xi + b+ cﬂl)(%) + nZ=lf” exp(—n'7"f6;) sin(nrX;)
_ X 2 2 . :
=a, Xi + 61¢<W§) + 3 ds exp(—n*7?6;) sin(nzX;) (34)

n=1
Condition (ii) can be expressed as follows. If {32), (33) are written in the
form
F(X:,0:)=0, G(X;6:)=0, (35)
then the rate of motion of the interface X; is given by

dXi _ _(0F/80:) xi _(8G/88:) xi

do; ~ (0F/3X:)s:  (0G/8X:)s: (36)
If we denote
1 X5
”/":(za,-)“exp(”[&‘oi])’
_ 1 [a-=Xx:)?
Vo= rpo) eXp( [ 456 ]) (37)
B(i)= 3 (nz)® d» exp(—#’z"0:) sin(nzX:),
n=1
G (i)= 3 (nz)d, exp(—n’z®0;) cos(n=X),
n=1
D, (i) = (nz)? exp(—n*z®46;:) sin(n=X;),
E,(i) =nz exp(—n*z*p6;) cos(n=X:) (38)
— ey —Bli)
M) = 4 T e £ Cl0) (39)
—el Xy —gs DS
i) = : < 39)
NG) = @:—CVat+2. E,(£)fx (
n
then (36) becomes
AX:  arie ares
~ap, MO=NE (40
and the equation (19a) becomes, on using the relation (23),
v+ CE)—1{—cvt+ T E.(i)f}=—gM({) (41)

n=1
This equation gives the condition for the slopes of the 71 and 2 curves at the
interface Xi at time #:. Equations (41) and (34) are linearly independent.



36 KUAN-SHIH YUAN WU

In all the preceding relations €(32) —(41), the coefficients ¢, ¢s, f1, for. . « Joe o .+ .
are yet undetermined. To determine them, the following procedure is suggested.
Equation (32), which now reads, on account of (22),
2((91.)1/2
Coz Ak e —n--1m o

n=1 (77)

Tf:al‘X‘l. + (,‘1@ <

x exp(—n?z%0;) sin(nzX:), (32a)

can be regarded as a functional relation between X; and 6; for any given value
of ¢i, i.e., for any assumed value of ¢, say, ¢;(1), one can obtain a X; (1) vs. 6; (1)
curve. Let us take m pairs of values {Xi(l), 6:(1)}.7=1, 2,. ...m. On inserting
these m pairs of values in turn into (33), one obtains m equations. Let us truncate
the series in f, at n=m~—1. From this system of m equations, one obtains ¢, fi,

fo.. . .fm-1.  Let this set of coefficients (corresponding to ¢;=c¢, (1) assumed in
(32a)) be denoted by
(1), e2(1), f1(1),. .. Swr (1). (42)

If this set were the correct solution to the original problem, these values (42)
and the m pairs of values {x:(1),6; (1)) would also satisfy (41). The method of
finding the solution is then to try other values ¢;=¢,(s), leading by (32a) to the
values {z:(s),0:(s)} and by (33) to

¢i(s),c(s), f1(s),. . . Sm-r(s), (43)

until these values in (43) satisfy equation (41).

An alternative to the above procedure is as follows. Start with an assumed
value ¢; (1) for ¢; in (32a). Take m pairs of values {X(), 6:(1)},i=1, 2,. ...
m, corresponding to this value c¢;=c¢; (1). Substitute these = pairs in turn into
equations (33) and (41) (in the calculation of M(i) in (41), the assumed value
a=c (1) is used, while the ¢; on the left hand side of (41) is regarded as an
unknown. (41) is then linear in cl,) thereby yielding 2m equations. On truncating
the series in f. at n=2m—2, these 2m equations can be regarded as a linear system
for the 2m coefficients

€, 61, Joro o Som (44)

The value obtained for ¢; from these systems in general will not coincide with
the value ¢;=¢, (1) assumed in (32a). To obtain the solution of the problem,
other sets of {Xi(s),8:(s)} corresponding to ¢;=¢ (s) in (32a) are tried until
the resulting ¢; in (44) obtained from (33) and (41) agrees with the value ¢,
assumed.
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Both procedures, essentially the same, described above can only be justified
from the point of view of T Titting point-by-point™ or of ¥ Self-consistency.”

In principle, either procedure can be expected to give the desired solution
only in the limit when the number m of points {X;, 6;} becomes infinite. It
certainly is not good for a small value of =, such as m=5. In practice, however,
one may obtain a good approximation to the solution by judiciously choosing a
finite number of pairs {X;, ¢:} for well-spaced X; between X;=0 and Xi=X.

PLATE-A PLATE-B
1

LIQUID PHASE
(ZZ » 62 )

SOL ID PHASE

(%4, §4)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

§

Fig. 1.

We may now say a few words about the choice of the functions in the re-
presentation of =;(&60) in (5). The use of the error function c;? alone would
have met the conditions (8),(10),(11),(12), (17). But from (34), it is seen
that, without the generality provided by the series in f%, it is not possible to
satisfy the condition (34), nor the condition (41). On the other hand, with the
series in fa, it is not absolutely necessary to include the error function c:? in (5).
It has been included in (5) since it alone would give a good approximation to
the 72 behavior for £;<{1 and small 6, thus leaving for the series in f» the main
burden of satisfying the boundary conditions at the interface.

That the method for solving the original melting problem is so roundabout is
understandable on the following consideration. For convenience let us refer to
the accompanying figure. For any given time 4;, the temperature distributions
71 (&), 72(€), being given by a second order partial differential equation, have to be
solved subject to the boundary conditions at ;= 0, &;=1, and the conditions (34)
and (19a) at the interface X; which is moving and which has yet to be found
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for a given time 6;. This moving boundary is the cause of difficulty of obtaining,
in closed analytic form, the solution of the problem which consists of a conti-
nuous family of curves as indicated in the accompanying figure.



