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We calculate the didectric spectra of a dilute solution of charged oil/water emulsion
droplets, which have mobile (polarizable) surface charges. The spectrum includes the inter-
fecial polarization (Maxwell-Wagner theory), the double layer polarization (salt relaxation),
and the surface charge polarization dispersions. It is found that the dielectric increment of
the surface chargerelaxation has a large value, and does not always increase with the surface
charge density. Assuming a typicd magnitude for the surface charge mobhility and the ion
bulk mobility, we find tha the salt rdaxation dispersion is likely to overlap with the surface
charge relaxation, so that a clean spectrum assignment might be difficult.

PACS. 66.10.—x — Diffusion and ionic conduction in liquids.
PACS. 77.22.Gm — Didectric loss and rd axation.
PACS. 77.84.Nh — Liquids, emulsions, and suspensions; liquid crystds.

|. Introduction

Didectric spectroscopy is a quick and non-invasve method for probing the properties of
a colloidal sugpension. An oil/waer emulsion is an oil, water, surfactant mixture in which oil
droplets are suspended in the water. The surfactants absorb a the oil/water interface to reduce the
aurface tension (hence to prolong the life time of this metastable system). A single oil droplet is
shown in Fig. 1. Despite the long history of the studies of the dielectric spectrum of emulsions,
the early work (see, eg., a review [1] by Hana) is restricted to the rdative high frequency
gectrum where the dispersion is due to the polarization of the water/oil interface. These early
data also indicate dearly arise of the dielectric coefficient at the lowes accessible frequency,
around afew kilo Hertz. It was identified as an dectrode polarization effect [1], which prevents
a further sudy of the low frequency spectrum. Recently there have been severd experimentd
works on surfectant L phases which overcome this problem and obtain very interesting low
frequency spectrum down to a few hundred Hz [2]. It seems that the low frequency spectrum is
experimentally more accessible now. This work aims to calculate the didectric spectrum of the
emulsion suspension, where polarization mechanisms dower than the interface polarizaion are
consdered. For simplicity, we consider the surface charge which comes from the full dissociation
of the ionic groups of the surfactants. The effect of the anneal charge will not be discussed.
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FIG. 1. An oil droplet is suspended in the dectrolyte solution. The radius of the drople is a. The heads
of the surfactant molecules all carry charge, of magnitude q per molecule. The electric double
layer, which is assumed to bethin, resides between two surfacesr = a and r = a+o (the dashed
ling).

To get a fuller underganding of the spectrum, one consders together the suspensions of
emulsion droplets, latex particles, and bilayer vesides (eg. cdls). Thereis an interfacid polar-
ization for both charged and uncharged susgpensions, at about GHz for micron size emulsior/latex
paticles in 0.01M brine. The interfacial polarization is well described by the Maxwell-Wagner
theory [1, 3], and its extensions [4-6], where the finite double layer capacitance and the conduc-
tance are included.

For micron size charged suspensions, there isa dower rdaxation present around one kHz or
lower frequencies. The double layer polarization theory explains this as salt relaxation driven by
the polarized double layer. The didectric spectrum has been calcul aed for laex particles [ 7-10],
and vedcles [6]. For charged emulsion droplets, one expects a Smilar salt relaxation to appear.

For emulsons and vesicles, the surface charge (the charged amphiphile molecules) can move.
The surface charge can dther dissolve from the surface into the bulk solution, or redistribute on
the surface, and hence be further polarized by the applied fidd. Therefore one will expect a
aurface charge rdaxation. So far there has been little sudy of this relaxation, perhaps due to the
very low frequencies & which it resides Infact, the emulsion droplets are particularly suitable as
amodd sygem for the effect of a maobile surface charge, because one can tune the droplet size,
and the charged surfactant surface mobility (e.g. by usng oils with different viscogties).

To establish a modd system of mobile surface charge, we consder the no exchange limit
where the surfactants are redricted on the surface. Experimentdly, the thermodynamic tendency
and the kingtic rate of the monolayer to exchange withthe bulk solution can be suppressed by using
aurfactants with long hydrophobic tals. The theory with a dynamic exchange mechanism will
involve more ddicate assumptions (hence more parameters), and therefore can be better studied
if the behaviour of the no exchange limit iswell established.

In this pgper, by using a single set of equations for dl three mechanisms mentioned, we
cdculate the full dielectric spectrum of a dilute emulsion in the electrolyte solution. We aim at
aminimum dectrokinetic theory and therefore focus on a simple stuaion where (1) the double
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layer is thin (high dectrolyte concentration) compared to theradius of the oil droplets; (2) only the
Z : z electrolyte is considered; (3) the counterion and the coion have the same mohility 1; (4) the
aurfactants are confined on the oil/water interface; (5) the charge surfactants are fully dissociated.
Below insection |1, the governing equations are presented, which combined the gandard thin double
layer polarization theory and the Schwarz theory [11]. In section I11, we present and discuss the
result for the less cumbersome high surface charge regime. A short summary concludes the paper.

I1. Governing equations

I1-1. Didectric regponse

Wefirg recall an expresson for the didectric responseby De Lacey and White [9]. Imposing
an osdillating dectricfidd Eexpiltonacolloidal digpersion, the proportional (complex) congant
between the average current regponse and the average dectric fidd define the frequency dependent
effective conductivity Keg¢ (1) and relative didectric response Z.¢¢(!) as.

hii = (Kegs +11Z%5¢%)0EI QD

where i is the local current, which incdudes the conduction and the induction contributions 2
is the vacuum permittivity. Angle brackets represents the space average, which also includes the
gpace occupied by the double layers and the suspens on. Following De Lacey and White [9], for
the dilute suspensions, one can use the current expresson i = (K +i13,%)E in the bulk, and the
condition r ¢i = 0 to establish

hii = (K +i1%2)(1i 3AP)NEi; @

where K = 2¢21Cy is the bulk condudtivity, q is the counterion charge, Cy is the bulk dectrolyte
concentration, and %, isthe rdativedidectric constant of the solvent. The property of the enulsons
enters viathe r volumefraction A and the dipole srength P. Thelatter is defined by the asymptotic
dectric potentia of one emulsion droplet asA = j E ¢r(1 +Pa’=r®) where a is the radius of the
droplet and r istheradia coordinate. In generd P = PY(1)+iP%(1) isacomplex valued function
of 1, which describes the didectric dispersion. Based on Eq. (2), a theory which caculates the
dipole strength P of a emulson droplet gives the dielectric response of a dilute emulsion solution.

[1-2. The bulk solution

In the gandard dectrokinetic theory, the description of the system involves the dectric
potentid 2, two concentration fieds for the counterion C+ and the coions C; , and the flow field
V. The potential obeys the Poisson equation

r’a =i qC+i C; 3 ©)
The ion concentrations obey the Smoluchowski equation

0Cs =r¢(*TrCs § g*Cs r2 +Cs v): 4
The flow field isincompressible, r ¢v = 0, and saisfies the Navier-Stoke equation

bn(@ +V Er)V =i rpi qCsi Cr2 + rdy; )
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where %y, is the mass density, p is the pressure, * isthe ion mobility, and T isthe temperature in
energy units.

Instead of C+ and C;, one can use the sdt concentraion perturbation *C = (C+ +
C,)=2i Cy and the charge density % = q(C, i C;) to uncouple Eq. (4) asin [12], so tha the
st concentration perturbation in the bulk obeys the diffusion equetion

@xC = Dr+C; (6)

where D = T2 isthe diffusvity.

In the equilibrium bulk solution, the charge dengty is zero and the unperturbed dectric
potentid is @ (which is just a constant). In the dynamic situation, the charge dendty and the
potential perturbation A ~ 2 j ¢ now obey [12]

r’A = =%,
Bk=D(r2; -2k

where the Poi sson equation was used in deriving the latter. The Debye length - i 1 is defined by
-2 = 209°Cy=32T. From the later equation, any charge excitation can persig a most a few
Debye lengths into the bulk, therefore one can set % = 0 in the bulk. The potentid perturbation
in the bulk in fact obeys the simpler Laplace equation

r’A=0 (7)

exterior to the double layers. Equation (7) is dso valid inside the emulsion droplets The ve ocity
field outside the double layer obeys the neutral Navier-Stoke equation, which does not contribute
any current and will not be needed below. The flow fidd ingde the double layer can be cdculated
[8] to give the convective current indde the double layer (as discussed bdow Eq. (15)).

For a sphericd emulsion droplet perturbed by an gpplied dectric fidd, we retain only
the solutions of Egs. (6), (7) with the right symmetry. Outside the double layer this gives A =
i E¢r(1+ Pa®=r®). Inside the emulsion we have A =i E ¢rP. The concentration perturbation
is+C = Bcospdr(ri lexp i . r) with . = i1=D. The paametes P, P and B are to be
determined later by the boundary conditions.

I1-3. The boundary conditions

The diffusion and the Laplace equations govern the sat concentration perturbation and the
potenti d perturbation outsde the double layers. Their boundary conditions, whi ch relate quantities
adjacent, but exterior to the double layers, can be found from the andysis of ion conservations
within the double layers [5, 7, 10]. Bdow we use the equivadent conditions of the surface excess
ionic concentration and the surface excess charge conservetion to provide the boundary conditions.
This choice of the variables makes the connection with the Maxwe |-Wagner theory dearer.

I1-3-1. Surface excess
Define the surface excess ionic concentration j and surface excess charge 8 by
z
" Co+zC

3
i~ (Ca+C, j 2Coi 2:Ca)dz =82 =2 sinhzj—_l_; 8)
) :
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Z,

§°  qCui C)dz= 0¥ 2C) iy i &, ©
0 2T’

where +C,is the sdt concentration perturbation a the edge of the double layer r = & = a + .
Note tha the surface excess as defined is not sensitive to the exact value of © aslong asitisafew
times the Debye length. (The convenient limita - ¥ 1 istaken aove to reduce a free parameter.
For the far field, which varies at a much larger length scale, the different limit @=a ¥ 0 will be
taken there as agood gpproximation.) Express the perturbations © and % (of j and § respectively)
in terms of the sdt perturbaion +Ca and the 3 potentid. We have

% = j C1113 + C1o#Cy; (10

0° = j Co113 + CootCa; (11)

where we define the scaled concentration perturbation ¢ = T+C=qCy and amilaly +c, =
T+Ca=qCp. Note that in deriving Egs. (10), (11), the Debye length is also perturbed by the
perturbation +ca. The capacitances are ¢11 = %%- + Cx», C12 = C1 =08 =2T, ¢ = (%j=2T as
calculaed from Egs. (8), (9). The perturbation of the 3 potential is simply the difference between
the potentials

+3 =K, Aa (2
where A, and A are the potential perturbationsa r =aand r =& = a+ o respectivey.

[1-3-2. Surface excess conser vation

The conservation law of the excess ion density can be obtained by calculating the normd
and thetangentid flux contributions of a smdl piece of the double layer. Using the same method
as Fixman [8], we obtain

i . ) ¢
0% = K 'rofa + ki r3As + kiprdcs | (13

i " ¢
00:° = K ' Irrtca + ko1 raha + koo rdacs (14)
where r is the Lapladian perpendicular to the normd of the particle surface. The coefficients

kij ae

U 1
Kky = 62 1+ﬁ ;

W 1 2
4vC 8Co Qg3
Kkiz =Kkz1 =q8 *+ ,_20 + ,_03.? ;

TR 32c0
2

(15

3
Incosh? ==

Kkz=0%] 1+- i AT’

In the above analyss, the tangential flow within the double layer depends weakly on the externd
flow, and hence can be solved without knowing the externd flow. In the above expressions for
kij, convection currents have been taken into account, in the terms contain the fluid viscosty ~
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I1-3-3. Monolayer charge
The surface charge can be redistributed on themonolayer. The perturbation of the monolayer
charge %m obeys the conservation law

0hm = (Km r??Aa +1,G r??%m); (16)

where G is the surface area compresson modulus which characterizes the surface isotherm. In
the dilute limit § ¥ 0, one expects G = T. The surface diffusvity G*,, can be measured
experimentaly. B ow, the monolayer conductivity is expressed as K, =81 y,.

Assuming that %m / cosy, together with the form of the potentid inside the emulsion
A =i E¢rP, we solve %n, interms of A in Eq. (16) to give

_. B g8
I ST Ie

Yim Aa” i CmAa (17)
where 1. = 2G1,=a. Note that the capacitance Cr,, defined here, has disperson around the

frequency 1..
The Gauss theorem gives

h+hm=1i3% rrAa"'zoiIZOrrAa; (18)
where the derivatives are evauated outsde the double layer and within the ail, regectively.
I11. Result and discusson

[11-1. The dipole grength

Equations (13), (14), (18), with %, °, and %, eliminated using (10), (11), (12), (17) provide
three conditions to determine B, P, and B. The dipole strength P can be ol ved andyticaly, to
obtain avery cumbersome expresson (not shown) [13]. To amplify the andysis, we examine here
the high 3 potentid limit (where j % 8§=q). We replace ki2 and k21 by ki1. The capecitances
C11, C2 arereplaced by c12. The high 3 dipole strength is :

i1Cy Cm+C
P, — 1 3 K+ s c eotom

2 2o i Cr

(19)

where k ~ Kk11=a, ¢ = o855, Gy = C12 = q§=2T, Cy = H34=a, Co = F%ji=a. Using
the De Lacey-White formula one can determinate 2.¢¢, which is shown in figure 2. In fact, the
difference between the didectric increments usng Eq. (19) and the full expression is typicdly
within afew percent [13]. Bdow, for the discussion purpose, we will only use Eq. (19).

There is an interfacial pol arization dispersion for both charged and uncharged suspensons.
The reaxation frequency is K(1 + k)(1 + Co=Cy)=20(3w + %ij=2). The known result of O Brien
[5] (for latex) can be recovered by taking the limit C4 ¥ 1.

SAt dispersion only appears for the charged susgpensions. Similar to charged latex, the
characterigtic frequency 1p = D=a?, is about one kHz for a micron size particle.
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FIG. 2. The dieledric function 2.¢¢(1) of the emulsion solution, where A = 0.01, § = 0.16 C/m?,
Co = 0:0IM, a = 12m, D = T1 = 10i °m?/sec, G1,, = 10i 12m2/sec. Given that the salt
relaxation rate is 500 times the surface charge rdaxation rate, the two dispersions are still not
fully separated.

I11-2. The surface char ge relaxation
The surface charge rdaxation is Debye-like, as shown in figure 3. The surface charge
diffusion time a2=2G1 ,, scales similaly as the sdt diffuson time in the solution 1=1p = a2=D.
Therefore, for sysems differing only in the droplet szes, the ratio of these two relaxation raes
Ip=11 isthe same If the surfactant (surface) diffusivity and the sdt (bulk) diffusivity are of a
smilar order, it will be difficult to identify these two rdaxations separately. In figure 2, eveniif the
aurface charge rdaxation rate is 500 times smdler than 'p, thereis gill no plateau between the
two characteridic frequencies Thisis due to the broad frequency dispersion of the salt relaxation.
The surface charge didectric increment ¢ 2 is defined as the zero frequency limit of Z¢
compared to the one of the fixed charge reference system (whose dipole strength is simply obtained
by sting Cn = 0 in equation (19)). Within the high 2 limit, the surface charge did ectric increment
is
9 AaCm 1+ 2kC,,=Cq4
47 2 (1+Co=Cq)(1+ Co=Cy + Cm=Cq) (1 + 2k)2
o lgas=q M o1 T (20)

Y 2, A 3

2

¢

2 ’
§ (1++£) 2T +G
1+ gaCo

where lg = 2=4%2)2, T is the Bjerrum length. The effect of the convective current appears in

+” 4Co="1-2 (from k). The capacitances C, and C,, are much smaller than the double layer
capecitance Cy so that we have to neglect the terms contain C, and Cyy in the last expression.
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FIG. 3. The Cole-Cole plot of the emulsion solution, whee 2(1) = Zee(V),
A1) = (Kerr(1) i Kerr(0))=%!. The parameters are as in Figure 2. The dashed
line is the reference system with fixed surface charge. The dot dash line is a fitted semicircle to
illustrate that the surface charge relaxation is almost Debye-like.

It is interegting to note that there is no contribution from P(! ¥ 0) (the real part), which
is the same as in the reference system. This means that the static dipole close to or within the
emulsion does not depend on the surface charge relaxation. The surface charge redistribution will
adways be accompanied by the double layer readjustment, so tha the net dipol e contribution stays
the same. In dynamics, the distorted surface charge is not completey screened by the polarized
double layer. The residud transient dipole fidd charges up the system by accumulating charges
dose to the electrodes [ 14].

For arigid monolayer (large G), the surface charge polarizetion is week. The didectric
increment ¢ 2 is inversely proportiond to the modulus G. For a very compressible monolayer
G¢ T, thedielectric increment ¢ 2 actudly gets saturated.

For alargedroplet,a >ag =~ 8§ (1+1)=qCo, the didectric increment islinearly proportiond
to a (for fixed volume fraction A). This might be a useful tool for monitoring the coarsening
dynamics of the dilute emuldons. For very smdl droplels a ¢ ap, the didectric increment is
proportional to a®. For fixed surface charge density, ¢ 2 is proportiond to CZ at smaller salt
concentration, and saturated when Co A § =ga.

When the surface charge is andl, the didectric increment ¢ 2 increases with the sur-
face charge. However, the didectric increment assumes the maximum value when 8 = 8§ max ~
qaCo=(1+ 1=(2%1"1g)) which is linearly proportiond to the droplet radius and the salt concen-
tration. For Co = 0005 M, a = 1 m, ¢ 2 has a maximum vaue at § = 0.289 C/m? (one
charge per 55 A?). This reduction a high surface charge is due to the progressively large surface
conductance, which tends to reduce the dipole contribution.

One notices that Eq. (20) is similar to Schwarz’s results [11]. Schwarz's theory was
origindly proposed to model the double layer polarization effect. We have accounted for that
effect by the ¢andard double layer polarization theory (salt rd axation). Except for neglecting the
st rdaxation, Schwarz’s theory neglects the double layer structure (k ¥ O and Cq ¥ 1), and
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assumed a 2D ided gas compressibility G = T. The finite Cq = q°j=2T comects Schwarz's
result to one third of it. The finite k reduces it further. Therefore SchwarZ' s reault, interpreted
as the surface charge rdaxation, overestimated the dielectric increment (by a factor of three or
more).

In summary, we have presented an unified theory of the dielectric response of a dilute O/W
charged emulsion solution. The high 3 potentid result is given explicitly, and the method can
be applied for the full range of the 3 potentid. Our single formula bridges previous limiting
results on Maxwe|-Wagner relaxation for dielectric sphere [5], and salt rdaxation [8, 10]. The
urface charge rdaxation, which is unique to emulsion dropl ets, is Debye-like. The surface charge
dispersion is likely to partidly overlgp with the sdt diffusion relaxation. The surface charge
didectric increment can have a large vaue, and does not aways increase with the surface charge.
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