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The Semi-infinite Electron Gas (SEG) model in the literature is extended to explicitly
include the potential energy gradient to first-order, leading to the First-Order Semi-infinite
Electron Gas (FOSEG) model of this work. To study the validity of the conventional and
the first-order modds, the density of states and the carrier density of a triangular potential
are computed by both models, and are compared with the exact solution. The fidd-induced
state density in the conventiondly forbidden bandggp can be modeled by the first-order ap-
proximation because of its explicit inclusion of the potential gradient. Comparison of the
carrier density shows that, when there are enough quantum levds below the Fermi levd, the
first-order results match the exact solution better than the conventional model, especially at
locations beyond the classical turning point associated with the Fermi energy.

PACS. 73.20.At — Surface states, band structure, electron density of states.
PACS. 73.40.Qv — Metal-insul ator-semiconductor structures.
PACS. 71.10.Ca - Electron gas, Fermi gas.

|. Introduction

The Homogeneous Electron Gas (HEG) model of solid-state physcs[1] has been extensively
used in samiconductor physics [2, 3]. In the HEG theory, the dectrons are treated as independent
particles subject to a constant potentid energy in an infinite space. Hence, the HEG model is
more gppropriate for semiconductors that are unbounded or infinite in size.

For the problem of a semiconductor-insulator interface, the HEG modd has to be modified
to take the unpenetrable boundary condition into account. This modification of the homogeneous
eectron gas model was called the Modified Local Density Approximation (MLDA) in Refs [4,
5]. However, in more modern literature, the Locd Dendty Approximation (LDA) usudly refers
to the gpproximation used for the exchange and the corrdation energy [6-8]. To avoid confu-
son, the MLDA of Refs. [4, 5], which treats the quantum correction to the inverson carriers
a semiconductor-insulator interface phenomenologicdly, is renamed as the Semi-infinite Electron
Gas (SEG) modd in this work, because the vanishing boundary condition a the unpenetrable
interface essentially implies a semi-infinite piece of semiconductor.

In both the Homogeneous Electron Gas (HEG) modd and the Semi-infinite Electron Gas
(SEG) modd, the potential energy of the dectron is independent of the postion. Thus only
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the zeroth-order postion-derivative of the potential energy matters in the modd. Therefore, both
the HEG and the SEG can be considered as a zeroth-order theory. In the quantum-mechanicd
treatments of the dectron gas in this zeroth-order theory, the potentid energy operator commutes
with the kinetic energy operaor [4, 5].

For the semiconductor-insulator interface a inversion, the potentid energy of the dectronis
pasition-dependent due to the band-bending caused by the dectric fidd. Under such circumstances,
the potentid energy operaor and the kinetic energy operator no longer commute [9], and, strictly
speaking, the zeroth-order theory of the HEG and the SEG no longer holds ather.

Furthermore, it was reported in the literature that the tunnding tails of the dectron wave
functions into the band edge introduces a nonvanishing density of states into the conventiondly
forbidden bandgap with the presence of band-bending [10, 11]. This tunneling effect can not
be modded by the homogeneous and the semi-infinite electron gas mode's because the potenti
gradient is explicitly ignored in both modds.

The homogeneous dectron gas in infinite space had been modified to explicitly include
the potential energy gradient to first-order, leading to the Firg-Order Homogeneous Electron
Gas (FOHEG) approximation [12]. This firg-order theory of the dectron gas in infinite space
was reported to be cgpable of modding the electron tunnding effects previously ignored by the
conventional zeroth-order theory. However, sincethe FOHEG does not take the vanishing boundary
condition into account, it can not be applied to the semiconductor-insulator interface.

In this artidle, the SEG modd is extended, by usng some of the techniques deve oped in
the FOHEG, to explicitly include the potentid energy gradient to first-order for gpplication to the
inversion carriers a the semiconductor-insulator interface. This gpproximation is cdled the First-
Order Semi-infinite Electron Gas (FOSEG) in this work, and is gpplicable to the semiconductor-
inulator interface because, near the interface, the second- and higher-order derivatives of the
potentid energy are sgnificantly | ess important than the first-order derivative.

The four approximations to the electron gas mentioned in this section are the HEG, the
SEG, the FOHEG, and the FOSEG. They can be differentiated by the conditions that are taken
into account by the approximations. The conditions include whether the vanishing boundary
condition is condgdered and whether the potentid gradient is explicitly accounted for. The four
approximations and their employed conditions are summarized in Table |.

This artide is presented in the following order. In Sec. Il, the FOSEG is introduced and
the analytic expressions for the dendty of states and the carrier dengty are derived. In Sec. 1lI,
the FOSEG is shown to reduce to the SEG in the literature as the dectric fidd diminishes In
Sec. 1V, to study the vdidity of the goproximations, the density of states and the carrier density

TABLE |. Four approximations to the electron gas.

Without potentid gradient  With potential gradient

Without vanishing boundary condition HEG FOHEG
With vanishing boundary condition SEG FOSEG
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of the triangular potentid are computed for the FOSEG and for the SEG, and are compared with
the exact solution. Finally, the article is conduded in Sec. V.

[l1. Firg-order semi-infinite electron gas modd

In the theory of a homogeneous eectron gas in infinite gpace, the eectrons are tregied as
independent partides and individually satisfy the Schodinger equation,

H=i(r) =""i(¥); 1)

where A = T+ is the Hamiltonian, T = £ and ¥ are the kinetic energy and the poten-
tid energy operators, respectively, and () andy"i are, respectively, the eigenfunction and the
eigenenergy. The eigenfunction isnormdized by~ =§(¥) " (¥)d3k = 1.

The carrier concentration can be cadculated by solving Eg. (1) and summing over all of the
gguared moduli of wave functions weighted by the Fermi-Dirac didribution,

X
=2 HEPFC @
where
1
fO= e 9

is the Fermi-Dirac distribution, ~ = %, and "¢ is the Fermi level of the sysem. The fector of 2
in Eq. (2) is due to dectron in.
If the Non-Local Dendty of States (NLDS) of the dectron,

>
D@ 5™~ 2 (i "D ) i) (4)

is introduced [4, 5], the carrier dendty can be calculated by integrating over energy the product
of the Local Dendty of States (LDS) and the Fermi-Dirac distribution:
Z

n()= d'D(K"FC); ©)

where the LDS is given by
D(r;") = lim D(¥; % "): (6)
(o B3

The NLDS in Eq. (4) can be rewritten as a t-operator acting on a +-function [ 13, 14],
. s .
D(F ") =2t " % Re + A2 2§ T, ©
where H, and H;’O are the Hamiltonian and the adjoint of the Hamiltonian operating on the -

P
and r!-coordinates, respectively. The completenessrelation, ;"7 (7% "i(¥) = (¥ 1), has been
utilized in deriving Eq. (7).
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In order to take the boundary condition of the semiconductor-insulator interfaceinto account,
the above formulations for the homogeneous d ectron gas in the infinite semiconductors have to
be modified. If the insulator is modded as an unpenetrable barrier locating a the z = 0 plane,
then the wave functions ® j(¥) can be expanded by a set of bags which vanishes at the interface
a z =0, and the NLDS for semi- |nf|n|te semiconductors can be expressed as [4, 5]

. .h
D(r; ;") =2t " .q +AY x5 M) XY i V) +z0) )

where ¥ = xi + yj +zk and P = X% + y'j + Z'k.

The NLDS in Eq. (8) can be decomposed into two parts,

D(r; 7% ") = D1(F; 1) i Da(F; 15 ™); )
where D1 (¥; ;") is same asthe NLDS of the infinite semiconductors given by Eq. (7), and

5

Dz(f;rﬂ;")=2i i 14 + A, i(xa XYy i )z + 2D - (10

Following the treatments in Refs. [12-16], the +-functions in Egs. (7) and (10) are replaced
by ther integral representations. The two parts of the exact NLDS read

z z
gy d®p 7 dY i 2 L vy ieari )=
D1(1‘,r0, )—2 (21/4~)3 ﬂe 2m e
(I L Aol 3 7.
H0expde o S F+p +pepip
12 '1I1 s ’ ? h
iOm z BV + B VO + BV BV e +pe BV BV
il
®2—16m "Gvy2 + BV (1)
and
Z Z
ey =y OB A g 2 vy e )=
DamiP) =2 Gy
* i '1U 2 /\2ﬂ N A
/\¢ N\
11 %expd® iﬁ 5 P +p + popi p¥ep
2 g B ) 1T = - 3 7.
i®4-_m% BV PV + BV eB+pViep + pepv i ptep!
il i%
®ZF (IE)V)Z'F(ﬁOVO)2 ; (12)

where ® is a parameter varying from 0 to 1, d® is the infinitesima differentid of ®, and 11 ©
represents the multiplicative cascade of the infinitesmal operator following it [12, 13]. Operators
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p and 60 operate on the +-and T-coordinates, respectivey, and V.~ V (¥) and V' © V(). The
Hemiticity of the Hamiltonian, F%, = F,, has been used in deriving Egs. (11) and (12). Note
the notations used in Eq. (12): M = Xi+y'ji z’k and p¥ = pxi+pyji p Kif P =xli+yY+z'k
and p = pxi +pyj + pzk

In the firg-order approximation of this work, dl second and higher derivatives of the
potentid energy in Egs. (11) and (12) are neglected. Since only the first-order derivative of the
potentid energy is retained, the goproximation is called the First-Order Semi-infinite Electron Gas
(FOSEQG) in this artide.

The approximate LDS follows from its defining equetion, Eq. (6). After the integration
over momentum is performed by using

Z 3 -
Bp e m 3
@3S T mier (13)
the two parts of the LDS become
12 m 2% 1
sy — £ 2 N LINAZGINRES
Di(v) =4 552 A 58 e (14)
and
12 m 2% 1
r— 2 1= A" V(D). ia3 18-S I(B1+%)2,
Da(k; ™ = d! !%e e g2 : (15

where @® = 20’ ond B = et

Observaion of Egs (14) and (15) shows that the vanishing boundary conditionat z = 0
is not fulfilled unless B = 0. Note that, in Eqg. (15), B is of firg-order in the power of the
potentiad gradient; whereas, a® is of second-order. In the inversion layer of semiconductor-
insulator interface, the potential gradient is large. Hence, the first-order term (the B-term) is less
important than the second-order term (the a3-term), and is ignored in the subsequent computation
to ensure that the boundary condition & z = 0 is satisfied.

Therefore, the LDS is obtained by combining D; and D,

D(f" ") = 13 ,% ‘ dl Lei![ui V(F)]ei ia3!3(1 i ei%) (16)
T 22 NE
3 - . Z
_.1 m 33X (icyn L v iads
=i - dl——e e a7
Yo 2% |""2 n=1 n! 1 n+%
3 - Z 7
1 m 3XGon o1 .
=i 1T i VDbY
! 1/4 21/4“‘2 n=1 n' dt Al(t)in+% d- !n+%e (18)
®m 2% X 11 op( 4
_ . m 3,1 . SRR [i cb(T+1)]
2 gz 0 dA@eryl TS (19)

i n
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3 - Z 4 h 3 “j

4 m 1 ) P p—— !
T 2Y~2 b2 i'lthI(t)(1+t)2 lijo 2 @(*+1t) (20)

N |w

where ¢ = 212 p = P32 = NV and ® = be = z2(MEY1)S. Equation (17) follows by the
sries expansion of e't. Formulae [17-19]

) Z4 _
ei ia®1% _ dt Ai(t)e'b!t; (21)
7 il
2D D g O )
for n =0;1;2;:::, and [20, 21]
X ( X2)n
i .
ont e @

are utilized to obtain Egs. (18), (19), and (20), respectively. Ai, i, W, and jo aethe Airy function,
the Gamma function, the unit step function, and the spherical Bessd function of the first kind,
regectively [22]. Pachhammer’s notation [22], (z)n = (2)(z + 1)(z +2) ¢¢¢(z+nj 1) isused
in Eq. (23) withz = 3.

Once the LDS is obtained, the carrier density follows directly from Eq. (5),

u ﬂﬁz 1 Z 1 h 3 'i
=B o A dAOEYE 1o 2 6(TD T (24
4~ 1 "

i i i

where (1) = 1=[1 + e (%i )] is the Fermi-Dirac distribution in normalized notations; * = =
="V and 3 = =iV Notethat “(j %) = (i "g). Alsonote that the first integral
over t in Eq. (24) comes from the LDS.

I11. Relationsto semi-infinite eectron gas

In this section, it will be shown that the First-Order Semi-infinite Electron Gas (FOSEG)
of this work reduces to the Semi-infinite Electron Gas (SEG) in the literature, as the potentid
gradient gradudly diminishes. Specifically, it will be shown that the LDS in Eq. (20) and the
carier density in Eq. (24) both approach the flat-band equations of the SEG asthe potential energy
gradient gpproaches zero.

The andysisof the limiting behavior of LDS in Eq. (20) isdivided into two cases, depending
ontheggnof ("j V). First, supposethat ("j V) >0. AsjrVj ¥ 0,b ¥ 0,then® ¥ 1 and
bT="j V. Equaion (20) is rewritten as

3 "3l h 3 “i

D(¥;") ¥ 15% T | SAIDC V)} 1o 26 V)

i T S (25)
m

2m . . 2m . .
=22 =2CiV) lije 2z Z(iV) |
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where the mtegral ) A|(t)dt =1 has been used in Eq. (25) [22].

Second, supposethat "iV)<O0 AsjrVj " 0,b ¥ 0,then™ ¥ j 1. The integration
interval diminishes. Hence, D(¥;") ¥ 0.

Sequently, the LDS in EqQ. (24) becomes

r ' A r L=
. m 2m . . 2m . ]

D(Fi)zm — i V) lijo 22 —(CiV) p"iV) (26)
asjrVj ¥ 0, whichisindeed same as the flat-band results obtained by the semi-infinite dectron
gas in Ref. [4].

The carrier density a the low-gradient limit follows from Eq. (5), asjrVj ¥ 0,

Z4 . N f.
n(‘F) — 2NC , d» »% 1 i jO Zrz»% ﬁ, (27)
i (0%} _
where N, =2 'gﬁwkj 2, L=pr, and - = (g i V). Equation (27) isthe carier density of

the semi-infinite eectron gas reported in Ref. [4].

Therefore, the LDS and the carrier density obtained by the FOSEG of this work indeed
reduce to the flat-band equations of the SEG as the potential energy gradient diminishes This
reduction will be confirmed numerically in the next section.

IV. Result and discussion

In contrag to the Semi-infinite Electron Gas (SEG) theory, the First-Order Semi-infinite
Electron Gas (FOSEG) theory of this work explicitly takes the firg-order gradient of the potentid
energy into account.

In order to study the validity of both approximate methods the Local Density of States
(LDS or, simply, DOS) and the carrier dendty are calculated by the FOSEG and by the SEG, and
are compared with the exact solution for the triangular potentid

V() =eFz if z>0

28
1 if z<0 (28)

where e is the magnitude of the eectron charge, F isthe electric field, and z i sthe normad distance
to the interface.

The exact DOS and the exact carrier concentration of the triangular potentid are given in
Ref. [23] by

oy — mX-A 20 :
D)=y Pa@PHC i En) (29

n=1

and

x . h i
n) =T Pa@Fin 1+ei i (30
=1
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regoectively, where the eigenenergy and the eigenfunction of the one-dimensond potentid are
given by

~eF)s .
En= ( )f jsni; (31)
(2m)3
aﬁ ~
A '
A (z)—uzmeFﬂ% L) U_Zme,:‘ﬂ%uz_ B 32)
T T2 A (sn)] ~2 e

regoectively, where sy, is the n-th zero of the Airy function, namey, Ai(sp) =0, forn =1;2;:::.
Note that s is negative.

In dl of the calculations of this work, the dectron mass is taken to be the effective-mass
of the silicon electron, m = 1.18 myg, where mg is the dectron rest mass, and the temperature is
taken to be a 300 K.

The DOS of the triangular potentid obtained from the exact solution in Eq. (29), from the
FOSEG in Eq. (20), and from the SEG in Eq. (26) are plotted in solid, dashed, and dotted lines,
regoectively, for the electric fidd of 1 MV/cm in Figs. 1 and 2. The DOS a other dectric fidds
is quditativdy smilar and is thus, not shown.

In Fig. 1, the DOS is plotted as a function of energy a location z=5 nm on a logarithmic
scde The DOS obtained by the conventiond SEG vanishes asthe energy ™' is below the conduction

band edge & V (z =5 nm = 0.5 eV. However, the exact solution exhibits nonvani shing DOS beow
the band edge.
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FIG. 1. TheDOS of atriangular barrier with the FIG. 2. TheDOS of atriangular barrier with the

electricfidd of 1 MV/cm is plotted ver-
sus energy at location z = 5 nm. The
DOS's obtained by the exact solution,
the FOSEG, and the SEG ae plotted in
solid, dashed, and dotted lines, respec-
tivdy.

dectric field of 1 MV/cm is plotted ver-
sus location at energy " = 0.5 eV. The
DOS's obtained by the exact solution,
the FOSEG, and the SEG are plotted in
salid, dashed, and dotted lines, respec-
tively.
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1 L

104AIIII|IIII|IIII|I?II|\III L
E FIELD=0.5 MV/cm | E

—— EXACT
—-—- FOSEG

11 T S N 1 [ T N} 1 TN TR N N S B
104 FIELD=1MV/cm [£
—— EXACT |F
——— FOSEG [f
103 {4/ S~ 0 T~ L E

3
T

CARRIER DENSITY (10%/cm?)
] o]
|‘ o

3
i
N
T

\ % \ \ F A\ N A\ R
\ \ \ \ A\ \ \ A\ L
10 -3 \ \ \ L E 3
\ \ \ \ E E \ \ \ E

10 ~*

10 o] 2 4 6 8 10 12

FIG. 3.

4 6
LOCATION (nm)

The carrier density of a triangular bar-
rier with the electric field of 1 MV/cm
is plotted for Fermi levels "¢ = j 100,
160.41 (E1), 280.45 (E,), 465.60 (E,),
and 880.11 (E1g) meV. The carrier den-
sities obtained by the exact solution, the
FOSEG, and the SEG are plotted in
solid, dashed, and dotted lines, respec-
tively.

LOCATION (nm)

The carrier density of a triangular bar-
rier with the electric fidd of 0.5 MV/cm
is plotted for Fermi levds "¢ = j 100,
101.05 (E1), 176.68 (E,), 293.31 (E,),
and 554.44 (E1g) meV. Thecarrier den-
sities obtained by the exact solution, the
FOSEG, and the SEG are plotted in
solid, dashed, and dotted lines, respec-
tivey.

InFig. 2, the DOS s plotted as a function of location for energy " = 0.5 eV inlinear scde.
The DOS predicted by the conventional SEG vanishes beyond the classcd turning pointat z = 5
nm. But, the exact results exhibit a nonvanishing tal beyond the classical turning point.

InFig. 2, the DOS is plotted as a function of location for energy " = 0.5 eV in linear scde.
The DOS predicted by the conventional SEG vanishes beyond the classcd turning pointat z = 5
nm. But, the exact results exhibit a nonvanishing tal beyond the classical turning point.

The nonvanishing DOS bdow the band edge and beyond the classcd turning point illus
trated in Figs 1 and 2, respectivdy, isdue to the quantum-mechanica tunnding of wave functions,
in the presence of the dectric fied, into the semiconductor beyond the turning point. The tun-
neling effectively lowers the conduction band edge, and consequently reduces the bandgap [10,
1.

The conventional SEG theory can not modd this tunneling effect because of the explicit
negligence of the potentid gradient in its formaism. On the contrary, the FOSEG theory of this
work accounts for the potentid gradient to the first-order, and is more capable of modeling the
tunnding effects than the SEG theory.

The carier densities as functions of the location are plotted in Figs. 3, 4, and 5 for dectric
fiddF =1, 05 and 0.1 MV/cm, respectively. In each figure, the carrier dengties for Fermi levels
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FIG. 1. Thecarrier density of a triangular barrier with the electric field of 0.1 MV/cm isplotted for Fermi
levels " = j 100, 34.56 (E;), 60.42 (E;), 100.31 (E4), and 189.62 (E1p) meV. The carrier
densities obtained by the exact solution, the FOSEG, and the SEG are plotted in solid, dashed,
and dotted lines, respectivdy.

TABLE |l. Eigen energies of atriangular barrier under dectric fidd F.

Fidd E: =) E4 E1o
(MV/cm) (meV) (meV) (meV) (meV)
F = 160.41 280.45 465.60 880.11
F =05 101.05 176.68 293.31 554.44
F=01 34.56 60.42 100.31 189.62

a j 0.1 eV, thefirst (E1), the second (E>), the fourth (E4), and the tenth (E1p) eigenenergies

of the triangular barrier are depicted. The eigenenergies of the adbove-mentioned egenleves are

different for the triangular barrier under different dectric fidds, and are tabulated in Table 11.
The inversion carriers at the interface under a strong dectric fiedd of 1 MV/cm is plotted

in Fig. 3. Three features are observed in this carrier density plot.

First, a low Fermi energy suchas”g = j 0.1 eV and E1, both the FOSEG and SEG greatly
deviate from the exact carrier density. (Although the FOSEG agrees better with the exact carrier
density at the tal than the SEG, thisis not of much significance because the peak concentration is
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off by almost an order of magnitude.) It isfound tha, a an dectric fidd of 1 MV/cm, there must
be at |east four quantum leve's below the Fermi level for the FOSEG results to be sufficiently dose
to the exact solution. At Fermi energy " = E4 and E1o, the FOSEG lines are indistinguishable
from the exact lines in the figure.

Second, The FOSEG results with successively higher Fermi energy (" = j 0.1 eV, E,
E>, E4, and Ejp) show tha sygems with more quantum levels below the Fermi energy better
goproach the exact solution, demonstrating the statistical nature of the approximation.

Third, a theclassical turning point associated with the Fermi energy (given by the location
ze = "g=(eF)), the carrier dengty obtained by the conventiond SEG starts to deviae more
ggnificantly from the exact solution, but the FOSEG wel | matches the exact results This is due
to the fact that the tunneling of the wave functions beyond the dassicd turning point is incduded
in the formalism of the FOSEG asillustrated in Figs 1 and 2.

Figure 4 shows the carrier density a the dectric field of 0.5 MV/cm. The three features ob-
served in Fig. 3 and gated in the above paragraphsfor the fidd of 1 MV/cm dso hold quditatively
for this fidd.

The carier density a a lower electric fidd of 0.1 MV/cm is shown in Fig. 5. The curves
for the exact solution, the FOSEG, and the SEG are almost indiginguishable. Thisis a numerica
veification of the SEG being the low-fidd limit of the FOSEG as indicated by the andysisin
Sec. .

From Figs. 3, 4, and 5, it found that the system must have a large enough number of
guantum levels below the Fermi level for the FOSEG to sufficiently gpproach the exact solution,
and tha the number of quantum leves below the Fermi energy increases with the dectric fidd
(for example, four and two levelsfor F = 1 and 0.1 MV/cm, respectively). Hence, itis clamedin
this article that, under dl practical strengths of dectric fiedd, the FOSEG is agood approximation
to the exact solution if there are at leag four quantum levels bdow the Fermi leve, a condition
termed the “four-leve condition” in this work.

V. Condusions

The Semi-infinite Electron Gas (SEG) in the literature is extended to include the firg-
order derivaive of the potential energy, resulting in the First-Order Semi-infinite Electron Gas
(FOSEG) of this work. The FOSEG is applicable to the inversion carriers a semiconductor-
insulator interface.

With the FOSEG, the dendty of states and the carrier dengity are given by andytic expres:
sons in Egs (20) and (24), respectively. These equations reduce to the SEG results reported in
the literature as the dectric fidd gradually diminishes.

To dudy the vdidity of the goproximetions, the density of states and the carrier density of
atriangular potential are computed by the FOSEG and the SEG, and are compared with the exact
olution.

In contrast to the SEG, the FOSEG explicitly includes the potential energy gradient in its
formdism, and is cgpable of accounting for the tunneling of eectron wave functions beyond the
dassicd turning point. Hence, the nonvanishing density of states beow the band edge a the
presence of the dectric field can be modded by the FOSEG of this work, but was completey
ignored by the SEG.

It is found that the FOSEG results better match the exact solution for sysems with more
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guantum levels below the Fermi leve, demonstrating the satigtica nature of the approximation.
Moreover, a locaion beyond the classcd turning point asociated with the Fermi energy, the
carier density obtained by the FOSEG maiches the exact solution better than the SEG because of
its explidt inclusion of the potential energy gradient in the formulaions of the FOSEG.
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