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A schemeis presented for the generation of superpositions of two-mode SU(1,1) coherent
states for the motion of a trapped ion. In the scheme an ion is trapped in a two-dimensional
harmonic potential and bichromatically driven by two laser beams along the X axis as wdl
as two beams along the Y axis. After the ion-laser interaction, the internal state of the ion
would |eave the vibrational motion in a superpositon of two SU(1,1) coherent states.

PACS. 42.50.Vk — Mechanical efects of light on atoms, molecules, electrons, and ions.
PACS. 42.50.Dv — Nonclassical fidd states; squeezed, antibunched, and sub-Poissonian states;
operational definitions of the phase of the field;, phase measurements.

Ove the past few years, much attention has been pad to the so-called Schrodinger cat
dates. In quantum optics, such states are described as superpostions of coherent states. Although
the coherent states are the dosest quantum states to the classical description of a single-mode
field with definite complex amplitudes, due to the quantum interference between the coherent
components, such superposition states may exhibit various nonclassca properties, such as sub-
Poissonian photon datistics and squeezing [1]. Recently, such states have been redized in cavity
QED [2].

There have been multi-mode generalizations of the ca states. Sanders [3] has studied
entangled coherent dates, alo referred to as superpositions of multi-mode coherent states [4].
Under certain conditions such superpodtion gates can exhibit various nonclass cd features, such
as sub-Poissonian photon number datigtics, two-mode sjueezing, and violations of the Cauchy-
Schwarz inequdities On the other hand, Gerry et al. [5] have studied the superpodtons of par
coherent states [6], which are dready nonclasscd. More recently, they [7] have dso i nvestigated
superpositions of SU(1,1) and SU(2) coherent states. The two-mode SU(1,1) coherent states are
defined as

j»;qi = S(n)ja; 0i; D
where S(r) is the %NO— mode Squeeze operator
S(r) =exp ra*h™j r'ab ; %)

and jg; Oi is atwo-mode Fock gate. Such states can be expanded in terms of the two-mode Fock
dates

=2 X [(n + )]
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where
» = tanhe'*: (4)

with % and p given by the equdity r = %e". The superpositons of two-mode SU(1,1) coherent
dates sudied in Ref. [7] are defined by

j»q; i = Npa[i»qi+eji »qil; (5

where N1 is anormdization factor. They can be also rewritten as

081 = Nya[S(r) +e'"S(i nljg; 0i: (6)

It has been shown that such superposition states can exhibit sub-Poissonian statidics though
SU(1,1) coherent sates themeseves never have sub-Poissonian statigics [ 7]. On the other hand,
even though the SU(1,1) coherent states show squeezing, the superposition sates do not. However,
the amount of sum and difference squeezing can be enhanced in the superpositions in comparison
with that of the SU(1,1) coherent states. For a smdl parameter q the superpostion staes can
violate the Cauchy-Schwarz inequdity. The degree of nonclassical features of the superposition
gates depends strongly on the parameter =. For example, such superposition states with * =0
violate the Cauchy-Schwarz inequd ity most weskly and those with * = % most grongly. The
redization of such superposition statesis of interes in sudying the quantum interference effects
between two two-mode nonclassicd states. In this paper we make a proposal for the generation
of such superpostion gates for the maotion of a trapped ion.

Recent advances in laser cooling and ion trapping have opened anew progpect for quantum
sate engineering. When an ion is trgpped in a harmonic potential and driven by laser fidds its
internad and externd degrees of freedom are coupled by its interaction with laser fidds Hence,
by adjusting the laser fidds one can control the vibrational motion of the trapped ion. The
virtue of the extremdy weak coupling between the vibrational modes and the external environment
provide possbilities for preparing and observing nonclassca states with a high degree of stability.
Recently, proposals have been made for generaing various nondassical vibrational stetes of a
trapped ion, squeezing states [8], even and odd coherent sates [9-13], superpositions of squeezed
dates [14], pair coherent states[15], superpositions of pair coherent gdates[ 16], SU(1,1) intd ligent
dates [17], and superpostions of SU(2) coherent states [18]. To dae, motiond Fock dates,
ueezing states, coherent states [19] and Schrodinger cat gates [20] have also been observed.

We consider a two-levd ion trgpped in a two-dimensiond isotropic harmonic potential and
bichromaticdly excited by four lasears in the trap plane. Two of these lasers are tuned to the
second lower and higher vibrationd sideband, respectively, and propagating in a direction with an
angle %.=4 reldive to the X axis. The other two, also 0 tuned, propagate in a direction with an
angle 3/.=4 to the X axis. The Hamiltonian for this sysem is given by (assuming ~ = 1)

H=°@@"a+b"b) + 1,S, + [ Ei (x;y;)S' + H:c]; 7

where a and b are the annihilation operators for the vibrationd motions dong the X and Y
axes, respectively, S, and S8 are the dectronic flip operators for the two-leve ion with transition
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frequency 1o and dipole matrix elemggt . © isthetrap frequency irtgheX-Y plane. The position
operaors x andy aregiven by x = 1=(2°M)(a+a*)andy = 1=(2°M)(b +b™*), with M
being the mass of the trgpped ion. Ei (X;y; t) is the negative frequency part of the driving fields

Ei (x;y;t) =E eil(toi 2)ti kd+hil 4 Egil(fo+22)ti kext +hz]
) ) 8
+Egeiltoi 2)ti kay'+As] 4 E,ell(1o+2°)ti kay™+Aa]. ®
where Ej, Aj, and kj (j = 1, 2, 3, 4) are the amplitudes, phases, and wave vectors of the driving
fields, repectively. The position operators X! and y! are related to x and y by a¥%=4 rotaion in
the X-Y plane
In the resolved sdeband limit, the ion-laser interaction can be described by the nonlinear
Jaynes-Cummings modd [ 9, 21]. Thenin the interaction picture the Hamiltonian can be described
by
% .
X (n(|+)22;;r21l) E_ leiAla0+(n+2)a0n 4 2ei/:\z gHngn+2
n=0 o % ©)
o g MR 4 giha g+ Si 4 e

Hi =ei *=2

where a’ and b? are the annihilation operators for the trap motion in the X and Y ? directions,
respectively, rdative to a and b with the transformation [ 15]

uao‘"_lul 1ﬂ“aﬂ (10
B TP 11 b

T = ka:(2M°) is the Lamb-Dicke parameter with the assumption k1 = k3 = ko = kg = K,

and - j = | Ej are the Rabi frequencies of the laser fidds In the Lamb-Dicke limit, i.e, " ¢ 1,

the Hamiltonian (9) can be well approximated by its expansion to the second order in ~. Thus we

have
Hi = (i 01

with gj = "2~ j=2.
Satinggr =02 =93 =0a =9, A1 =%=2, Ay = j %=2, Az = j %=2, Ay =¥%=2; and using
Eg. (10), we gt

Hi=i 2ig(a*b*j ab)Si +H:c:
=j 2ig(a*b*j ab)(S*+Si):
We define the Hermitian operator
O=ji(@b"j ab); (13)

then the time evolution operator of the sysem can be expressed in theform of 2 £ 2 matrix with
regpect to the atomic basis

UG = C_OS_»(Zgz,O) i 1sin(29¢0) : 14)
i 1sin(29¢0) cos(29¢0)

iA; a‘0+2 i gzeiAZaOZ i ggeiA3 b0+2 i g4eiA4 bOZ)Si + H:C:; (ll)

(12
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Assume the ion is initidly in the ground dectronic gate jgi, and the motion is in the two-mode
Fock state jg; 01, which can be prepared with high efficiency [19]. Then after an interaction time
¢ the sygem isin the entangled state

JA(¢)i = cos(2g¢0)ja; Oijgi i isin(2g¢ O)ja; Oijei: (15

We now detect the internal gate of theion. if wefind theion in the ground state jgi the vibrationd
motion collgpses to

jAvig= Ngcos(2g¢0)jq; Oi

Ng " i o i (16)
— 79 e'(ZQCO)jq; 01 + ¢! '(cho)jq; 0i :
where Ny is a normdization factor. Substituting Eq. (13) into (16) we obtain
iAvig = ZHS(Njg; 0i +S(i Njg; 0il; (17)

where the operator S(r) is given by Eq. (2) with r = 2g¢. In this way we have obtained the
motional even SU(1,1) coherent date of the ion. On the other hand, if we find the ion in the
excited stete jei we obtan the motional odd SU(1,1) coherent gae.

We bri efly assess the decoherence effect. The decoherence rate for a one-phonon date is
about °5 = 11.9 kHz [19]. T he decoherence is due to some problems, such as intensity fluctuations
of the laser beams and indabilities of the tragp frequency and voltage amplitude. Set ¢ = 1 and
jrj = 1. The sum of mean phonon numbers for the two modes of the SU(1,1) coherent sae
S(r)j1; 0i isN = cosh?r + 3sinh?r = 3:5: In this case the time scae of decoherence for the
superposition sate of Eq. (17) is about Tqg = 1=(2°gN) = 12%s. Set~ = 0.2, - = 2%£ 500 kHz.
Then, in order to generate the state of Eq. (17) we need atime ¢, = 1=("2-) " 81s, shorter than
Tq.

In summary, we have proposed a scheme for the generation of superpositions of SU(1,1)
coherent gates of themoti on of atrapped ion. Inthe schemetheion istrgpped in atwo-dimensond
harmonic potential and bi chromatically driven by four laser beamsin the trap plane. Choosing the
amplitudes and phases of the lasers appropri ately, we can obtain the superposition of two SU(1,1)
coherent states by the detection of the dectronic state of the ion. Based on currently avalable
techniques [19, 20], the scheme might be redizable.
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