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Squeezed Displaced Number States Defined in the Coherent-State Quantum
Phase-Space Representation of Quantum Mechanics
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We derive the most general squeezed state in the Coherent-State quantum phase- space Rep-
resentation of nonrdativistic quantum mechanics (CSR). The wave functions, time-dependent
uncertainties, mean photon number, photon number variance, probability flux vectors, and
probability densities are obtained.

PACS. 03.65.-w — Quantum mechanics.
PACS. 42.50.Dv — Nonclassical fidd states.

In recent years many authors have investigated new quantum dates of the electromagnetic
field; the squeezed qate can be congdered asone of the mog studied states [1]. It is characterized
by the fact that the quantum fluctuations in one of the two canonica components are smdler than
those in the usua coherent states. Plebanski, in wave-function form, dso |ooked into what we
would cdl the squeezed number state [2]. The Wigner function is widdy used for the cdculation
of expectation vaues [3-5] in phase-space; experimenta reconstructions reved anegative Wigner
function in position-momentum space [6]. We will study in quantum phase-space a new cdass
of squeezed states cdled Squeezed Displaced Number States (SDNS), recently introduced in the
coordinate representetion [7-8].

The CSR [9-10] allows us to analyze completdy the dynamics of the quantum systems
in the phase-space in the same way as in the coordinate representation. In this representation a
Schrodinger like equation is employed together with the wave function (g, p) = (g, p | ¥) defined
within the red “phase-space’ by smultaneous coordinates ¢ and p. The quantity | ¥(T) [*=
Y*(T)y(I") represents a probability density, where I' = (¢,p) is a phase-gpace point. This
definition ensures that the quantum density | (T") |2 is a nonnegdive quantity in phase-space
and fulfills dl the requirements of a probability densty. The operators associated to momentum

P and coordinate Q are given by P = (p/2 — ihd/8q), Q = (q/2 + ihd/dp). These operators
obey [Q, P] = ih. The cdculaion of the expectgtlon vaue of the operator A, defined inthe CSR
is carried out as in the usud definition, i.e, = [dTy*(T Aq/)( ), where the integration is

caried out the whole phase-space with dI" = dqdp
The diagond marix element of the quantum probability conservaion eguation (abgtract
guantum Liouville equation) in the CSR, dlows us to calcul ae the phase-space components of
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the probability flux vector. When we empl oy the harmonic oscill aor potential, they are given by

Jo=5[(C1B16) 1T+ | 9)w | PIT)],
&
h=—5[T1QIHE T+ 19E1Q1T).

The SDNS, | n, 3,€) is obtained by the application of the general squeeze operator S(g)
)|

followed by the displacement operator D(/3), on thenumber state | n), ie., | n, 8,€) = D(8)S(¢
n), where

~

S(€) = exp(éa —¢€*a*), ad D(B) = exp(Bal — ), @

in accordance with Nieto [8]. Here § is the coherence parameter, 8 = (g, + ipo)/V2 =
B exp(ibf,), and & is the squeezing parameter, £ = nexp(if). The annihilation and creation
operators in the CSR, can be written with the help of the previously defined Q and P. For
amplicity in the following, we will u2 i = w=m= 1.

Using the Quantum Commutation Relations of the generators of Canonicd Transformations
(QCRCT) [11] (or equations (35) in reference [4]), the Baker-Campbe|-Hausdorff relaion (BCH)
[12] and the functiond forms (2), of D and .S, we find that the most genera SDNS in quantum
phase-gpace are

1
(o€ | ) =7 8, s )] ~ e 0 o
1
—57(19 — Po)? + i[YPoq — BPGo — PG + PPogo] }

where the number dates | n) are defined in [10], A/ is a normalization constant, v = %+ a,
¢ =3 —a, and « is a complex-valued parameter defined by o = —3 tanh(2n) exp(—if) =
o exp(—if), with | o [< 3. Hy(T', g, po; ), area set of orthogonal polynomiasin phase space
with similar properties and which can be reduced to the usua Hermite polynomids. They satisfy
the recursion reationship

Hy1 (T, Go, po; @) = 2u(T, go, Do; &) Hn (L', Go, Po; @) — 4na* Hy—1(T', Go, po; @),
where, u(T', o, po; @) = (5— | @ [%)Y?[(¢ — go) — i(p — po)]. Some of these polynomials are:

HO F7 Gos Po; &

= 4u*(T, qo, po; @) — 4ar*,
= 8u? (F 4o, Po; & ) 24U(F7QO>po§a)a*

( @) =
H1 (T, 4o, Po; )—2U(F G0y Do; @),
H(T', qo, po; @)

( a) =

H3 F7 Go; Po; &

The time-dependent uncertainties can be cal culated by means of the propagator exp(—iHt) =
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exp|—it(Q*+P?)/2], the QCRCT, the BCH relation and the wave function (3). Then, specifically

(§-a2) (a@® = (5+n)

2

2
(l + apcos(f — 2t)) +a?sin?(§ — 2t)] ,

4
1 % ((AP)%) = 5 tn E—aocos(H—Qt) + assin®(0 — 2t)| ,
therefore, the uncertainty-product as a function of timeis
. . 1 2
(AQ)*){(AP)?) = (5 +n> [1 + sinh? 45 sin? (6 — 2t)]. @)

T he photon number V' and the squared photon number N2 are the mogt important operators
in quantum optics. According to the harmonic oscillator Hamiltonian N = H —1/2, the QCRCT,
the BCH rdaion and the wave function (3), we can write

. 1 .
(N) =n+505+a@) + @n+1)(N),, ©)
(AN)?) = (0 + n+1)((AN)),
Lo o . 0
+§(po + ¢5)(2n + 1)[cosh 4n — sinh 47 cos(6 — 26,)],
where
(R = 2 = Lcoshay —1), < (AR — 2% _ Ly
O_i—a§_2cos n , 0_2(%—043)2_28111 7.

For ¢t = 0, equations (4-7) agree with the sandard squeezed-state result when n = 0 [5], in the
Wigner representation and the phase-space squeezed state defined in [11]. Equations (6, 7) agree
with the results defined in [7].

In figure 1 we show, by means of dendty plots the shgpe in phase-space of the square
magnitude of the SDNS, initidly centered & (qo,p0) = (1,1), (see figure 1(8)), with n = 3 and
a = 0.25 exp(im/2), in which darker regions indicate larger vaues of the dengty. In this density
plot the height increeses as a power of 2.0 in order to show the parts with a amdl dendty value
In this way we can visualize the regions where the dendity is as smdl as 0.018 of the maxi mum
height. We can see that the probability densty from the SDNS is rotated by an angle #/2 in a
counter dockwise sense, where 6 is the argument of «. In figure 1(b), we show the quantum
evolution in phase-gpace of the probaility flux vector corresponding to the SDNS shown in figure
1(a), calculated by means of the equation (1) at time ¢t = 0, (here (I | ¢) is the equaion (3),
we draw for simplicity only the density contours), the Sze of the vectors are proportiond to ther
magnitudes. These vectors assemble a non-stationary vortex, allowing the SDNS densty to rotate
in a clockwise sense around the “origin” in phase space, i.e, for time ¢t = 7/2 (see figure 1(c)),
the square magnitude of the SDNSis rotated by angle 7 /2 in a cdlockwise sense, also shown with
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FIG. 1. Snapshots of the quantum evolution in phase space of asqueezed displaced number state (SDNS)
and its probability flux vector moving in a harmonic potential. The initial density was centered
at (¢o,p0) = (1,1), with n =3 and a = 0.25 exp(im/2).

the help of the time evolution operator exp(—z’tf[ ). For t = x (figure (1(d)) the corresponding
gjuare magnitudes rotate by an angle of 7 in a dockwi se sense due to the non-ationary vortex.

The photon number distribution (see. eg., [7]), corresponding to the SDNS and representing
the probability of finding » photons in the SDNS is easily obtained employing equation (3) and
the recursion rdationship. In principle, we can control the quantum phase-space interference [ 13]
and the photon number distribution.

In conclusion, we find this representation particularly useful for our purpose since, on one
hand, it dlows for the analyss of quantum dynamics in phase gpace in terms of wave functions,
provides a way to make quantitetive andysis as in the Schrodinger representation and simplifies
congderably the cdculations in comparison with others in the literature [5]; on the other hand
the sguare magnitude of the phase-space wave function is analogous to the Husimi density [ 14]
which then is atool for comparing dassicd and quantum dynamics. Although the sates SNDS
have not been obtained experimentdly, there are techniques for generaing coherent (displaced)
dates [15]. They d 0 have been able to produce number states and squeezed (but not displaced)
ground states [6]. If the above techniques can be combined, then, in the not too digant future
SDNS can be observed and we hope they should mimic in the phase-space the features in our
figure 1.
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