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The Painleve (P) singularity andysis method (the WTC method, due to Weiss, Tabor
and Carnevale) is a powerful tool for proving the P-property of nonlinear partial differential
equations and their Backlund transformations. In this paper, the singularity structure analysis
is paformed for the (2+1)-dimensional generalized Burgers equation, u; + ugy, + uu, +
u, 05 tu, = 0, by using the WTC method; it is shown that the equation passes the Panileve
test. Based on the P-analysis, a Backlund transformation is obtained, and then it is used
to find many exact solutions including N-soliton-like solutions and new exact solutions.
Some of these obtained solutions are used to prove that the variable u,(z, y, t), rather than
the physical field u(z,y,t) in the (2+1)-dimensional generalized Burgers equation, admits
abundant dromion-like solutions (exponentially localized solutions) such as point dromions,
ring dromions, extended dromions, sharp dromions and oscillatory dromion solutions.

PACS. 03.40.Kf — Waves and wave propagdion: generd mathematical aspects.

I. Introduction

Findi ng new nonlinear evolution equations (NLEES) and their abundant exact solutions has
been an important subject in soliton theory and its appli cations Snce the solitary wave phenomena
observed by Scott Russdl [1] in 1834. Early in the study of soliton theory, the main interests
of peoples were to pay attention to the (1+1)-dimensional cases such as the KdV eguation,
the Burgers equation, the Boussinesqg equation, etc. [1-3]. Since the concept of dromions (the
exponentially localized solutions in (2+1)-dimensional space) was introduced by Boiti et al. [4],
the study of soliton-like solutions in higher dimensons has attracted much more atention. Many
nonlinear soliton equations in (2+1)-dimensional space, such as the generdized KdV equation,
the Kadomtsev-Petviashvilli equation, the Davey-Stewartson (DS) equation, the dispersve long
wave eguation, and the Nizhnik-Novikov-Vesdov equation possess dromions [4-12]. Recently,
Lou [13] constructed a (3+1)-dimensional KdV-type equation

Wy + 6WaWy + Wagy + Wegzzz + 60fw§wz + 10w, Wepe + 20WpWer» = 0. D

Though it was shown that Eq. (1) does not possess the Painleve property, Lou found abundant
dromion-like structures which contain multi-soliton solutions More recently Lou [ 14, 15] studied
abundant structures of the Nizhnik-Novikov-Veselov equation by usng the separation of variables
goproach.
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Inthis paper, we would like to consider thefollowing (2+1)-di mensional generdized Burgers
equation:

Ut + Uy + Uty + U0y Tty = 0. (2

When y = z, EQ. (2) reduces to be wd l-known Burgers equation. To our knowledge, Painlevé
integrability and exact dromion-like solutions of this equation were not studied. A natural question
is whether the equation (2) also possesses dromions or dromion-like solutions. In order to answer
the question, we firgly perform the singularity analysis structure of Eq. (2) such that a Backlund
transformation (BT) is obtained. N-soliton-like solutions and infinitely many rational solutions of
Eq. (2) are derived based on the obtained BT. From the solutions obtained, it is easy to show tha
the variable u,, rather than its physical fidd u(z, y, t) admits exponentidly localized solutions.

The rest of this paper is organized as follows: In Sec. I1. we perform a Painleve analys's of
the (2+1)-dimens ond generalized Burgers equation by using the WTC method [16] suchtha it is
proved that the equation possesses Painleve property. In Sec. |11, based on the result in Sec. |, a
Backlund transformation (BT), the Cole-Hopf transformation and a non-locd symmetry of Eq. (2)
areobtained. In Sec. 1V, we give some N -soliton-like solutions and other new solutions of EQ. (5)
based upon the obtained BT. In addition, we andyze the properties of some obtained solutions. It
is shown that the variable u,, rather than its physicd fidd u(z,y, t) admits exponentidly locaized
olutions [5]. Findly, some conclusions are given in Sec. V.

II. Painlevé singularity structure analysis

In order to invedigate the singularity sructure aspects of Eq. (2) [ 16], we shall introduce the
transformation u,, = w, and change Eq. (2) into a set of two coupled nonlinear partia differentia
equations

Ut + Ugy + UWg + Ugw = 0, (39)

— (30)

In the coupled equation, u(zx,y,t) denotes the physcd field and w(z,y,t) some potentid. in
order to cary out a sngularity structure analysis, we effect a locd Laurent expansion in the
neighborhood of a non-characteristic sngular menifold, ¢(z,y,t) = 0, (¢z, ¢y # 0). Assuming
the leading orders of the solutions of sysem (3) to have the form

u = u0¢aa w = w0¢ﬁa (4)

where vy and wg are analytic functions of x,y,t and « and § are integers to be determined
later, subgtituting the above equation into system (3) and balancing the nonlinear terms againg
the dominant linear terms we have

a:ﬂ:—l’ U0:¢x, wO:d)y- (5)

Now, considering the Laurent series expanson of the solutionsin the neighborhood of the sngular
manifold [13]

w=>Y uid ™ w="> w¢! (6)
=0 7=0
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Substituting Eq. (6) into sysem (3), yidlds a recursion reation for «; and w;
(.7 - 2)uj—1¢t + Uj—2 ¢ + (] - 1) (.7 - 2)uj¢m¢y + (.7 - 2)uj—1¢1:y + (] - 2)uj—1,y¢m
J
+(J — 2)uj—1,20y + Uj—2.0y + Zujei [Wi—1,z + (1 — 1)w;¢y] 7a)
i=0

J
+ ij—i[ui—l,a: + (@ = Duigz] = 0,
i=0

(7 — Dujdy +uj—1y= (G — Dwjde + wj-14- (7b)

The resonances, tha is the powers @ which an abitrary function occurs can be obtained by
comparing the coefficients of (¢7—3,¢772), that is to say

(e G ) ()= ®

Evaluating Eq. (8), we arive at the resonances
j=-1,1,2. 9

The resonance a j = —1 represents the arbitrariness of the sngularity manifold ¢(z,y,t) = 0.
In what follows let us prove the existence of arbitrary functions in the other two cases j = 1, 2
uccessively.

Case (i): The case j = 1 (resonance)
The system (7) for j = 1 reduces to

¢m¢yul + ngwl = —Pz Pt — ¢x¢xya (10)
Uy = WOz (11)

By the use of Eq. (5), we can easily verify that Eq. (11) identically vanishes and hence we are |eft
with only one equation (10) for two variables w1 and w; and so one of them must be arbitrary.

Case (ii): The case j = 2 (resonance)

Proceading further to condder system (7), the sysem (7) for j = 2 becomes
Uot + Uozy + U1 WOz + UW1e + Willos + Wot1y = 0, (12)
Dyl — PrW2 = Wiz — Uly- (13)

It is easy to see that Eq. (11a) is independent of uz and we. From Egs. (10) and (12), we know
that there exig w; and w; such tha Egs. (10) and (12) hold. Hence we are left with only one
equation (13) for two variables up and w2 and so one of them mug be arbitrary. Therefore the
general solution (u(x,y,t), w(z,y,t)) of (3) admits the required number of arbitrary functions
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without the introduction of any movable critical manifold, thereby satisfying the Painlevé property.
Thus the equation (2) passes the Painlevé ted.

II1. Leading to a Bicklund transformation

In order to condruct a Backlund transformation for Eq. (2), we truncate the Laurent series
a the constant level term, that is u; = w; =0, for j > 2, to give rise to

w(z, y,t) = upd "t + up = Op Ingp + uy, (14a)

w(z,y,t) = wodp * +wr =0y Ind+ wi. (14b)
Substituting Eq. (14b) into Eq. (3b) yields

Uy = Wiz, (15
with which Eq. (14b) becomes

w(z,y,t) = wod t + w1 = dyIn ¢+ 85 ury = 9 tuy(z, v, t). (16)
Substituting Egs. (14a) and (16) into Eq. (33), yields

—u (Pt + Guy + w1y + ¢ ury )

+(¢azt + ¢m:y + u1w¢y + u1y¢w + u1¢xy + ¢m:a1:_1uly)¢_1 (17)

Futt + Utgy + urtly + w105 tury = 0.

According to the linearly independence of ¢—2,¢ ! and ¢° = 1, we have the following system
of over-determined partia differentid equations (SOPDES) w.rt. ¢(z,y,t) and ui(z,y,t).

_¢m(¢t + Py + U1y + Qbmailuly) =0, (18.1)
Cb:rt + d)rmy + U1m¢y + Ulyd)m + Uld)my + d)rma;luly =0, (182)
ULt + Ulzy + ULULy + ulxﬁgluly =0. (18.3

Becauseit is clear to seethat ;3 isjust a solution of Eq. (2) from Eq. (18.3), Eqg. (148) isjust an
auto-Backlund trandormation (BT) [2] for Eq. (2) with ¢ and u, satisfying Eq. (18).

Remark i: If weset u; = 0in BT (148), then BT (148) becomes the famous Cole-Hopf
transformetion [2] of Eq. (2), u(z,y,t) = %’” under which a bilinear equation of Eq. (2) is given
by

PPut — G2dt + GPazy — PurPay = 0. (29

Remark ii: In order to use Eq. (2), we rewrite Eqg. (2) to be

w = Klu] = —ug, —uu, — umagluy. (20
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It iswdl known tha o is called asymmetry of Eq. (2), if o satifies the following linear equaion
ot = K'[u]o = —[0py + wy + u0y +uz0; 'y + (0, ‘uy) o, (22)

where v satifies Eq. (2), 0, = 9/0z,0y = 8/9y,0; ' = [dx,0;'0, = 8,0y = 1 and K'[u]
denotes the Frechet derivative of K[u], that is

d
K'u] = @K[u—l— pol | =o-

From Eq. (18.2), it is easy to show that

= K,[u]|u=u1¢w =K' [ul]d):v

Because u; satisfies EQ. (2), therefore we know that o = ¢, is anon-locd symmetry of Eq. (2).

(22)

IV. Abundant exact solutions and their analysis
By the virtue of the BT (14a), we reduce Eqg. (2) to a system of over-deermined partid
differential equations (18.1)-(18.3). If we can obtain the solution (u1, ¢) of (18.1)-(18.3), then a
new solution » of EQ. (2) is obtained by using the BT (14a8). We now mainly consider SOPDES
(18).
Case 1: When u; (x,t) = ui(x). Thus Egs. (18.1)-(18.3) reduce to
¢t + ¢a:y "’ul(x)(ﬁy =0, (23)

which has the solution
d(x,y,t) =ao +arexp Ir+ / uo(s)ds — 0y — \Ot| , (29

where ¢; (i = 0, 1), 6 and X are arbitrary real constants and u(x) is an integrable function of z.
Substituting Eq. (24) into Eq. (14a), the generalized soliton-like solutions of EQ.(2) are

a1 (A + ug(x)) exp[Az + [* ug(s)ds — Oy — \6t]

W, y,t) = ap + a1 exp Az + [“ug(s)ds — Oy — \6t] +u(@); (29)
(25) becomes the shock-like wave solution
u1 :)\++1(m)tanh% Az —|—/ uo(s)ds — Oy — N0t — In 2L
“ (26)

1 3
—}—5)\ + §U1 (.7}), aga; > 0
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and sngular soliton-like solution
1 '
U :)\+—u1($)coth— Az + / up(s)ds — Oy — A0t —In ‘ﬂ }
2 2 ag (27)

1 3
+§)\+ §u1(x), aga; < 0.

Obviously, when u; (x) = const., solution (26) becomes a kink soliton solution. Since u; (z)
is an arbitrary function of z, the solution (26) possesses rich structures Here are three simple
examples:

Type 1: When we take uy (z) = Asech™(x — xg), solution (26) is

m — 1
ur(z,y,t) = At Alsec}; (@ = 20) tanh§
Az +/ Asech™ (s —xg)ds — Oy — A0t — In 9 (28)
ap

1
—|—§)\ + %)\sechm(m — x9), aoai > 0.

Type 2: When we take u; (z) = Asech™[cosh(xz — )], Solution (26) is

m J—
U?(xa yat) = A + Asech [COSh(:L' 330)] tanh l
2 2
x
Ax + )\/ sech™[cosh(s — xp)|ds — Oy — N\t — ln% (29)
0
1 3
—|—§)\ + EAsechm[cosh(x —x0)], aoa1 >0.
Type 3: When we teke ui(z) = —)zw7, Solution (26) is
1 A 1
—= — 2 )tanh-
ug(z, y,t) 5 ()\ + (@ —a0)2 1 1) tan 5
z A a1
A ds— Py — —In— 30
/\:13+/ (8_x0)2m+1ds Oy — Aot lnao (30)
1 A
4=+ 3 apai > 0.

27 2(x—mo)Pm+1’

The firg type of solution, u; (z,y,t), decays exponentidly in the z direction. The second type of
olution, ua(x,y, t), decays much more quickly than thefirst in the = direction. The third type of
solution, uz(x, y, t), decays much slower than the first in the = direction. But it is obvious to see
that, when 6 — 0, the three types of solutions survive as three functions which are not identica
to zero. Therefore, the varidble u does not admit exponentidly localized solutions, that is to say,
the solution u;(i = 1,2, 3) are not dromion solutions.
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But we have from Egs (28)-(30)

M(x — 1
Uly(l“; Y, t) = 0[)\ + )\SGCZ (x :CO)] 866h2§
z (3D
A+ / Asech™ (s — ao)ds — Oy — A0t — In Zﬂ ,
O\ + Asech™|[cosh(x — 1
iz (2,9, 1) = — [A + Asec gcos (z —xp)]] sech2§
z (32
Ax + )\/ sech™[cosh(s — xg)]ds — Oy — N0t — In %} ,
0
1 A 1
U3y($: Y, t) = _59 (/\ + m) sech2§
(33

z A al
o ———ds—0y— A0t —In—| .
/\:c+/ (8—x0)2m+1d8 Oy — A0t nao}

The first type of solution, w,, decays exponentidly in all directions. The second type
of solution, uy,, decays much more quickly than the first in the z direction. The third type of
lution, usz,, decays much slower than the first in the y direction. If ug(z) is sdected as N
paralld line solitons (paralld to y-axis), then we have an N-dromion bound date

BN+ M fil@)] 1 = X ay
=— = sech”— )\a:—l—)\/ i(x) =0y —A0t—In—|, (A
Uy 9 5 ;fj( ) Y 0 (34)
derived from N line ghost solitons and one curved line ghog soliton.
Case 2: When u; = const. we can obtain a solution of sysem (18)
N
$(x,y,t) = p+ > _explhjz +gi€i, oy )], p =+, (35)
j=1
where the g; are arbitrary functions of the variables
and kj,u1,\;; are condants.
Substituting Eq. (35) into Eq. (14a), another N-soliton-like solution of Eq. (2) is
N
—1 kjexplkjz + gi (&, -, Gin
. > i1 kjexplkjx + gi(&its ., Gin)] o, (36)

o o+ Zjvzl exp[k‘jx + gi(fila ,fzn)]

which is different from solution (25) and has the following specid cases:
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Case2.1: N=1
To construct a one soliton solution, N = 1, we take

oM = i+ explk1z + g1(11, €12, -, E10))-

Under Eqg. (148), we have
(1) When p = 1, we obtain the kink-shaped soliton solution of Eq. (2)

k1

u = tanh%[kliv + g1(611, €12, ---éln)]} . (379

(2) When = —11, we obtain the singular soliton solution of Eq. (2):

up = % COth%[lﬁm*' 91(511,512,---75171)]] . (37b)

It is dearly seen that the fidd u; is not exponentially localized in dl directions.
However for the two potentials 1 = u, and ¢ = uy, that is

1 1
q1=Ug = Zk%sech2§[k1:c + g1(&11, 12, -5 &1n) (38

1 1 u
g2 = Uy = Zk1560h2§[k1$ + fi(n, €12, 5 €)Y Mijfigy- (39)
=1

We may find their some significant properties In wha follows we discuss the physical meanings
of some gpecial cases of the solution (38) and (39).

Case 2.1a: Camber kink-shaped solutions
It is easy to see from the solution (373) that there exists a center curved surface

P =kx+ g1(&1, &2, &) = 0. (40)

It is essy to know that apart from this center camber, the field u; exponentidly tends to two
different vaues, k; for P — 400 and 0 for P — —oo. Therefore we call the solution the camber
kink-shaped solution.

Case 2.1b: Camber bell-shaped solutions

For the solution ¢, it is easy to know that ¢; is finite on the camber (40) and decays
exponentially awvay from the camber. Therefore we cdl the solution the camber bel-shgped
olution.

Because )7 A15f1e,; is an abitrary function in the solution (39), in what follows we
would like to consider the abundant sructures of go:

Case 2.1c: Point dromion solutions
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If we set
Fi =) Aijfig, = Cillf  sech™ &y, (42)
=1

where n; > 0(¢ = 1,...,m) and C; is condant, then we obtain a dromion-like solution
1 1
@ = Zk1C1H?l1860h"i§1isech2§[/ﬁx + fi(&1, 612, En)], (42

which is obtained from an m plane soliton sech™i&;;(i = 1,...,m) and one camber soliton.

Case 2.1d: Ring dromion solutions
If we set

= Z)\ljflﬁlj = Casech™g(&11, ..., §1m) s (43)

Jj=1

where C is congant and the camber g = g(&11,...,&1m) = 0 is the surface of a cylinder, then
we obtain a ring dromion solution (which means that a solution is finite on a closed curve and
decays away from the curve)

1 n 1
QP = Zk102360h 9(5117 ---,Elm)360h2§[k137 =+ fl(fu’ 12, ---vgln)]v (44)

which is obtained by a cylinder (¢ = 0) soliton, which is paralld to the xz-axis, and a camber
(P = 0) soliton.

Case 2.1e: Sharp and extend dromion solutions

Because the function f inthe solution ¢- is arbitrary, the dromion-like solutions may decay
much slower then an exponential or much fager than an exponential in the y—direction when the
function f is replaced by different functions.

Example 1: If we take

-1
n n 2M

F3 = Z)\ljflglj =1L, (Z Z%’sf‘fj) ) (45)
j=1

j=1s=1
where c;; ; are constants, then we obtain an extend point dromion solution (or ring dromion solution
with m = 1)

n 2M -1

k71HZ 1 chmsélg 5€Ch2%[k133+f1(§11,§12,~~,§1n)], (46)

7=1 s=

which decays exponentidly in the x-direction and decays rationdly (slower than an exponentid)
in the y-direction.
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Example 2: If we take

n n M
Fy=> Aijfig,; =2 sech™ (sinh S qjsgfj) : (47)
j=1

j=1s=1

where ;5 are constants, then we obtain asharp point dromion sol ution (or ring dromion solution
with m = 1)

n M
1 . 1
¢ = ki ILE, sech™ (Smhzz Cijs§fj) 366h2§[k11‘ + 1615612, 5 €1l (48)

j=1s=1

which decays exponentidly in the z-direction and decays much faster than an exponentid in the
y-direction.

Case 2.1f: Oscillatory dromion solutions

If we take
Fs =3 Mjfie,, = Ficoslg(€u, ., €am)), “9)
=1

where F;(i = 1,2, 3,4) are defined by Egs. (41), (43), (45) and (47), then we obtain ocillatory
dromion solutions
1

1
a2 = Zklng‘:ﬂ—’% cos[g(§11s - §1m)]360h22[k1$ + fi(€ir, 6125 5 €m)), (50)
which oscill aes both in amplitude and in the plane.

Case 2.1g: Singularity oscillatory dromion solutions
If we take

n
Fs =Y Mjfie, =, Ftanfg(&11, ... €1m)]
j=1

where F;(i = 1,2, 3,4) are defined by Egs. (41), (43), (45) and (47), then we obtain a Sngularity
oscillatory dromion sol utions

1 1
g2 = Zklﬂéill*'% tan[g(.g‘ll, ---7§1m)]560h2§[k‘1$+ f1(§117 12, ---;§1n)],

which osdill aes both in amplitude and in the plane.

Case 2.2: N =2
When N = 2, we have a two soliton-like solution of Eq. (2)

oy = Frexplkiz +g1(y — (k1 +w)t) + kaexplkax + ga(y — (k2 +u1)?)]
1+ explkiz + g1(y — (k1 +u1)t)] + k2 explkox + ga(y — (k2 + u1)t)]
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V. Conclusions

In summary, we have proved that the (2+1)-dimensiond Burger equation possesses the
Painleve property by singularity analysis. Based upon the P-analys's, we have deduced a Backlund
transformation and a Cole-Hopf transformation and they are used to find N-soliton-like solutions,
infinitely many rationd solutions and other new solutions. In addition, weanalyze the properties of
some obtained solutions. It is shown that the variable u, admits exponentially locaized solutions
rather than its physical field u(z,y,t). Some open quegtions which need further investigetion are
liged as follows: (1) Does Eq. (2) have other types of exact solutions? (2) Does Eq. (2) has other
symmetries? (3) What is its Hamiltonian structure?
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