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Thiswork discusses the application of the wavel e transform technique for determining the
wave aberration coeffidents of a rotationally symmetric optical system. The proposed tech-
nique is used for polynomial fitting in data analysis. From the numerical example provided,
our proposad method is shown to improve the numericd accuracy of the aberration coefficients
deduced from the measured data of wave front deformations. Compared with the least-squares
matrix inversion method, its performance is more stable under the input of Gaussian white
noise. Simulation results are shown for both sphericd @berration and defocusing.

PACS. 42.15.Dp — Wave fronts and ray tradng.
PACS. 42.15.Fr — Aberrations.

I. Introduction

A polynomial representation of the opticd wave-front is essential in the andysis of inter-
ferometric tes data and optical system performance. In many cases, an aberrated wave-front can
be described by a few coefficients multiplying the terms of a well-chosen polynomial, such as
the Zernike polynomials or the Seidd polynomials [1, 2, 3]; some of Zernike modes are rdated
to dassical primary aberrations. The Zemike coefficients can be estimaed by the lesst-squares
metrix inverson method (LS) and Gram-Schmidt orthogonalization, and the numerical results
from both techniques are almost identical [3, 4]. The classical LS method of determining the
Zernike coefficients from a sampled wave-front with measurement noise have been found to be
numerically unstable [4].

In recent years, the waveet transform (WT) was found to be applicable to different tasks,
uch as patern recognition, image compression, fractd aggregates and sound analysis [5, 6]. The
WT is an important linear time-frequency (space-frequency) representation, which can represent
asignal by its locdization both in the time space and frequency planes [7-10]. In this paper,
we goply the technique to edimate the rotationdly symmetric aberration coefficients (sphericd
aberration and defocus) when the wave-front is expanded in terms of Seidd polynomials To
improve numerica accuracy performance, it is desrable to minimize the approximation error from
the measured data of the wavefront by the least square error criteria In thisway, we have a unique
solution for the unknown wave aberration coefficients by solving linear simultaneous equations.

Our proposed method is illustrated for a smulated aberrated wave-front. The aberration
coefficients are obtained by two methods (LS and WT), and the numericd results are compared.
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TABLE |. Sddd polynomials in Cartesian Coordinates.

] uxy) meaning

1 X tilt in x direction
2 y tilt in y direction
3 X2 +y? defocus

4 X2 +3y? astigmatism

5 y(x2+y?) coma

6 (X2 +y?2)2 spherical aberration

The pherica aberration coefficent and defocusare edimated by theL S method in Section 2.
In Section 3 weuse the WT techniqueto estimate the rotati onaly symmetric aberration coefficients
The comparison between the LS method and the WT method are described in Section 4, where
reaults of the evduation of the Smulations are presented. The find reaults and conclusions are
discussed in Section 5.

I1. Computed aberration coefficients by the least-squar es method

A paticular cae of representation for primary aberration is the expresson given by
Kingslake [11]:

W(x; y) =we(x? +y2)? + Wsy(X? +y?) + wa(x? +3y?)

@

+W(X* +y?) +Way + Wi X;

where (X; y) are the rectangular coordinates of any point in the exit pupil plane, we, Ws, Wa, W3,
wo, and w1 ae the aberraion coefficients for sphericd aerration, coma, astigmatism, defocus
tilt about the y axis, and tilt about the x axis, respectively.

The wavefront phase of a rotationdly symmetric opticd system can be represented by
an expansion of Sadd polynomids (see Table I). Sedd polynomials (in polar coordinates) are
not recommended as a bads for wave-front fitting in the case of a lateral shearing interferometry
gystem and a Hartmann test system. The wave-front phaseis presented in rectangular coordinates
rather than polar coordinates.

Using the Seidel polynomid expansion as shown in Table I, the rotaiondly symmetric
wave-front phase can be expressed as

X -
W(X;y)i = sjujy)i 1=12;:00000 M, 2
j=3;6

where J is the number of the expansionterm (j = 3, 6 for the rotationally symmetric opticd srstem),
M is the number of messurements, and W; is the wave-front phase of the ith measurement. We
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collect dl phase values W; into a single vector
@)
W (X y)1
W (X )2
W(x;y)=g : EI ©)
WX y)m

With eguation (2) and equation (3), the wave-front measurements become

Y ¢ XX
W y)=  WXY)i= sjUj (% ¥)i
i=1 i=1 j=3,6
> 3K >~ “
= si Uiy = sjUj (X y):
j=36 i=1 j=3;6

Equation (4) may be written conveniently in a matrix form,

W =Us; ®
where
© WX yh * 2 Us(6y)1 Us(Xy)s > _
WZE W:(X;Y)z §: u=§ UsCy)z - Us(v): z; = = g
W.(x; Y)m U3(X.; YIm  Us(X; Y)m

In generd equation (5) represents an determined system of equations, wherein there are more
equéations (M) than unknown expanson coefficients (sj). These expangon coefficients can be
computed by the LS method [3]; that is one tries to minimize

X "
¢ = Jsjui(xydi i Wij= ©)
i=1
The resultant equation can be written in the familiar form
UTus=uUTw; 7
and the dedred Sadd coefficients may be obtained directly by inverson:
s=(UTU)ituTw: )

The rotationally symmetric aberration coefficients can be determined from the Seidd coefficents
s

W3 = Sg; (G
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W3 = Sg! (92

With knowledge of the Seidd coefficients, the defocus and spherical aberration coefficients are
obtained by equation (9-1) and equation (9-2), respectively.

1. Computed aberration coefficients by the waveet transform

The WT of asignd f(x) is defined as

z 1 ixj bt
C(a;b) =< fihyy >= f(x)ﬁghl L2 dx: (10)

When the signal is sampled on a regular grid, equation (10) can be rewritten as

X
C(a;b) =< f;hap>=  f(i)han(i): (11)
i=1
The parameters a and b are called the dilation (scae) and shift (trandation) parameter, respectivey,
and h is the mother wavdet function. This transformation can be expressed mathematicdly as a
corrdation between the input function and a continuous set of scaed wavelet mother functions
As the dilation factor a increases (decreases), the low-frequency (high-frequency) features are
disgplayed.
Thewave ets must satisfy the admissibl e condition with zero means [11, 12], and they must
have some regularity so that the WT is local both in the space and the frequency domans
In the computer simulation, 65*65 uniform sampling points and a Mexican ha wavelet
were used as the input wave-front and the andyzing wavelet filter, respectivdy. The Mexican ha
wave e was chosen because it islocalized optimally in space and spati d-frequency domains [13].
The Mexican hat wavelet was first introduced by Gabor, it is the second derivative of the
Gaussian function:
2¢

h() =1 ) expi i % : (12

It is even and real vaued. The Fourier transform of the Mexican hat wavdet is
H(f) = 4%F%exp(j 24 F?): (13)

It is dso even and real vdued, as shown in Fig. 1.
In the rotationdly symmetric opticd sysem, consider the input wave-front W (x;y) =
sz (X% + y?) +s6(x% +y2)? = s3U3(x;y) + ssUs(X;y), and a measurement vector V, where

V= [W0OGY) 1 WK y); it s WO Y)nl
= s3[Us(X;y)1; Us(X;y)2; 11 5 Us(X;Y)n]
+356[Us(X;Y)1; Us (X;¥)2; 2 22 s Us(X; Y)nl
= s3V3 +SgVg!

(14)
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FG. 1. (a8 Mexican-hat wavelet h(x) and (b) its Fourier spectrum H(F).

By substitution of equation (14) in eguation (11), the WT of the measurement vector can be
expressed as follow:

C(a;b) =< Vihgp >=s3 < V3; hap > +3s6 < Vg;hap >
=3 Va(Dhap(i) + Se Ve(1)hap (i) (15)

i=1 i=1
=53C3(a;b) + s5Cq(a; b);

The form of equaion (15) can be written as

3 2 3
C(1) Cs(a;1) Ce(a1)

gc(a; 2) z §C3(ai 2) Ce(a2) z Css

S6

(16)

C (.a; n) Cgl(a; n) Ce(an)

wherea , 0, nisthe number of sampling points.

The measured dataof the wavefront W (X;y) has optica random noise that makesit difficult
to evduate the wave-aberration coefficients directly. In our approach an algebraic expression
W (x;y) isfitted to the set of wave front measurements by a least-squares error method. The new
form of wave front can be written as

W (x;y) = $30¢ +y?) + & (X2 + y2); (17
if g isthe difference between the wave front ith measurement and its fitted value
ei = WGy i WX y)i; (18)



VOL. 40 JN-YI SHEU, RONG-SENG CHANG, ¢¢¢ 25

I
05/ |
%
.J/I ‘\ e, J‘A«:mwi Ao e, ’V-\»J Y wl‘ L;C&\ASL“‘L‘LMJ'“AMM
50 100 150 200 50 100 150 200
(a) (b)
"’ - T T S e ey i CTTTTT T eTy
L ) J J
I N
05( | . % 0.5% JJ N N
w C;x - ‘
0 L\ \jw;j,,‘gyv'«.}wn—.m,,flwﬁm_{fk.m @J 0 V”"x o] ! i, JL.‘W m»,-»m‘)‘:w.‘v»w‘\ {
50 100 150 200 50 100 150 200
© (@)

FIG. 2. Spectra of noisy signal (solid line) and Mexican-hat wavelet(dashed line) for dilation factor (a) a
=32 (b)a=14,(c)a=0.7 ad (d) a =0.3.
x (frequency); vy (normdize frequency spectrum)

the sum of squares of the errorsis denoted by

=<
E= (&) (19)

From equation (16) to equation (19), it is goparent that for a given suitable dilation factor a, the
coefficients in the estimate W (x; y) are solved to minimize E.

IV. Computer simulation

In this paper, we try to estimate the defocus coefficient and pherical aberration coefficient
by using the WT method and the LS method. The performance of the new wave-front estimate
agorithm was tested by computer smulaion. The simulation isalso repeated for the LS algorithm
for the purpose of comparison.

To tes the method described above, we begin with the simple but very important case in
which the corresponding Smulated wave-front can be expressed as

W (X;y) = j 4:150¢ + y?) + 3:55(x% +y?)2 + n(x;y); (20)

the coefficients corregpond to defocus and spherica aberration and are given in wavelength units
they are preset as sz = j 4.15 (defocus), s = 3.55 (spherical aerration), and n(x;y) is Gaussan
white noise, the added Gaussian white noise is generated randomly.

In the ted, the data are uniformly sampled over a 65*65 grid (4225 points in the unit
square), and the noise mean and variance are preset as 0 and 0.41.
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For the examples shown here, the aberration coeffic ents represented by the Seidd aberration
coefficients are estimated both by the LS method and by the WT method, respectivdy. From
equation (9-1) and equaion (9-2), the W3 (defocus) and We (sphericd) are determined. From
equation (16) the defocus and spherical aberration coefficient can be computed by the WT method
(given a suitable parameter a for the minimized E).

Thefreguency spectra of boththenoisy wave-front and the Mexican hat wavelet for different
dilations a are depicted in Fig. 2. Notice tha in Fig. 2(a), the band-pass filter, which is the
gpectrum of the Mexican hat wavelet, blocks the high-frequency range, which is the spectra of
the random noise. This spectrum is far beyond the cut-off window of the band-pass filter. The
ectrum of random noise is broadly spreading, having less influence on the waveet transform. In
contrast to Fig. 2(a), the frequency filtering window of Figs. 2(b)-2(d) covers the noise frequency
dominate range, which may produce numericd error.

The results of our andysis of the test wave-front are liged in Table I, induding the rms
of the preset wave front and the estimate reaults of the two dgorithms. As shown in Table |1,
before the noise was added, the wave-front estimated by the two dgorithms is shown with high
accuracy. The condstent results identify the correctness of the new adgorithm. After the noise
was introduced, the reduced coefficients have a dight difference from the preset ones of the new
dgorithm. The error of the reduced coefficients and the rms vaue of the estimated wave-front
from the WT method is less than that of the LS method. The contour of the origind wave-front
and recongructed wave-front by the two algorithms are depicted in Fig. 3. Fig. 3(a) is a contour
plot of W(X;y) which describes the true topography of the wave-front. The contour plot of
tht wave-front in Fig. 3(b) was calculated usng the WT method, while the contour plot of the
wave-front in Fig. 3(c) was found usng the LS technique. The contour mgp found usng the WT
method agrees quite well with mgp computed by original wave-front. On the meridiond section
(x = 0), the original aberration function and reconstructed aberration function obtained by the
two dgorithms are depicted in Fig. 4, it is shown that the WT method provides a better reaults
than the LS method, epecially in the middle part of the wave-front.

The SNR was computed to quantify and compare the capability of the WT adgorithm with
the LS algorithm. The SNR was determined as follows:

SNR = 101094 (Es=En): (2

TABLE Il. Results of computer smulation.

preset free from noise noi se added
Sddel coefficients WT LS WT LS
S3 =-4.15 -4.14999 -4.14999 -4,08581 -3.82135
Se = 3.55 3.54999 3.54999 3.38177 3.25416

rms = 0.640 0.640 0.640 0.638 0.633
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FIG. 3. The (a) contour of the original, (b) reconstructed by the WT method, and (c) by the LS method
in a unit square exit pupil .

Here, Es is the sum of squares of the datavalues in the original wave-front and Ey is the sum of
quares of the random noise. The wave-fronts tesed in our smulations were created by adding
Gaussian white noises to the original wave-front. Table Il shows the SNRsof the two algorithms
for the test wave-fronts and Gaussian white noises. For further comparison, the SNR value as a
function of the variance of the noise vdue was dso investigated. Fig. 5 indicates that the WT
method can provide a better SNR than the LS method.
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FIG. 4. Wavefronts derived using the WT method (salid line), the LS method (dashed line), and the true
wave functtion (dot line) of the axial case (x = 0).
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FG. 5. The comparison of SNRs under input noise

In summary, these simulation results indicae that the performance of the new algorithm

is better than that of the LS method. In these simulations, dl results were conducted by using
Matlab version 5.2.0 [14].
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TABLE Ill. SNRs of the different dgorithms.

Gausdan hoise SNRs of tes wave fronts (dB)
mean variance origind WT LS
0 0.102 23.90 23.74 23.01
0 0.151 19.89 19.70 18.79
0 0.207 15.54 16.34 15.25
0 0.270 13.68 13.46 12.18
0 0.339 11.18 10.94 9.46
0 0.412 8.96 8.70 7.03
0 0.490 6.95 6.48 2.78
0 0.570 513 487 9.62
0 0.653 3.47 3.20 0.89
V. Condusion

In this paper, a new technique for the direct evduation of rotationally symmetric wave
aberrations of an optical system is presented. The random noise has infinite extensions in space,
but the wave et transform locaizesthesigna in both the space and frequency domains By varying
its dilation parameter, this method evauates the wave-front with a suitable filter (suitable dilation
factor a) to obtan a unique value of the wave aberration coefficients. It is therefore immune
to the noise and able to estimate the rotationally symmetric wave aberrations accurately. The
WT method also provides a better SNR than the LS method. Using the SNR, we numericdly
demondrate that the WT method can do a better job than the LS method.

This method also can be applied in other fidds such as interferogram reduction and
aberration extraction in the Hartmann tes. In future work, we are going to fit the primary (Seidd)
aberration by using the two-dimensiond discrete wavdet transform (DWT)
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