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Two schemes are proposed for the generation of multiatom entangled states with a single
cavity. In the schemes the cavity is always in the vacuum state and thus the cavity decay is
suppressed. The scheme can be used to teleport an atomic state with a single vacuum cavity.

PACS. 03.65.Bz – Foundations, theory of measurement, miscellaneous theories.
PACS. 03.67.Lx – Quantum computation.
PACS. 42.50.Dv – Nonclassical field states; squeezed, antibunched, and sub-Poissonian states;

operational definitions of the phase of the field; phase measurements.

Entanglement is one of the most striking features of quantum mechanics, which can not be
explained in classical terms. Recently, much interest has been paid to the generation of entangled
states of two particles, which provide for the possibility of testing local hidden theory against
quantum mechanics [1]. Furthermore, such entangled states are useful in quantum information
processing, e.g., quantum cryptography [2] and quantum teleportation [3]. Recently, two-particle
entangled states have been realized within a cavity [4] and an ion trap [5].

On the other hand, much interest has been paid to entangled states involving three or more
particles, referred to as Greenberger-Horne-Zeilinger (GHZ) states [6]. With such states, a set of
measurements is sufficient for demolishing local hidden theories, in contrast with the case using
two-particle states where the contradictions with locality is of a statistical nature [1]. Mermin
[7] has derived a Bell inequality for states and has shown that quantum mechanics violates this
inequality by an amount that grows exponentially with the number of particles. Apart from
fundamental tests of quantum mechanics, GHZ states have applications in quantum information
processing such as cryptographic conference, multiparticle generalization of superdense coding
[8], reducing communication complexity [9], and quantum secret sharing [10]. Recently, three-
photon GHZ states have been observed [11]. Entanglement of four trapped ions has also been
demonstrated [12], using the technique proposed by M¿lmer and S¿rensen [13]. In the context
of cavity QED, many schemes have been presented for the generation of multi-atom GHZ states
[14]. A three-particle entangled state has been succesfully produced within a cavity [15]. We
have proposed a scheme for the generation of entangled states for n atoms using n-1 cavities [16].
The first cavity is allowed to exchange energy with the environment, and the other n-2 cavities are
always in vacuum states and thus the cavity decay is suppressed. In this contribution, we propose
two alternative schemes for the generation of multiatom entangled states within the framework
of microwave cavity QED. This time we only require one cavity always in the vacuum state and
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thus the procedure is greatly simplified. We note that our schemes can also be used to teleport an
unknown atomic state with a single vacuum cavity.

We first consider two identical two-level atoms simultaneously interacting with a single-
mode cavity field. The Hamiltonian for the system is given by

H = H0 + Hi; (1)

where

H0 = !a+a + !0

X

j=1;2

Sz;j ; (2)

Hi = g
X

j=1;2

(a+S¡
j + aS+

j ); (3)

where Sz;j = 1
2(jejihej j ¡ jgjihgj j), S+

j = jejihgj j and S¡
j = jgjihej j, with jeji and jgji (j = 1,

2) being the excited and ground states of the jth atom, a+ and a are the creation and annihilation
operators for the cavity mode, !0 is the atomic transition frequency, ! is the cavity frequency, and
g is the atom-cavity coupling strength. In the case ± = !0 ¡ ! À g, there is no energy exchange
between the atomic system and the cavity. The energy conserving transitions are between je1g2ni
and jg1e2ni. The Rabi frequency ¸ for the transitions between these states, mediated by jg1g2n+1i
and je1e2n ¡ 1i is given by [16]

¸ =
he1g2njHijg1g2n + 1ihg1g2n +1jHijg1e2ni

±

+
he1g2njHije1e2n ¡ 1ihe1e2n ¡ 1jHijg1e2ni

¡ ±

=
g2

±
:

(4)

Since the two transition paths interfere destructively the Rabi frequency is independent of the
photon-number of the cavity mode. Then the effective Hamiltonian is

He = ¸

2
4 X

j=1;2

(jejihej jaa+ ¡ jgjihgj ja+a) + (S+
1 S¡

2 + S¡
1 S+

2 )

3
5 ; (5)

where ¸ = g2

± . The first and second terms describe the photon-number dependent Stark shifts,
and the third and fourth terms describe the dipole coupling between the two atoms induced by the
cavity mode. Assume the cavity field is initially in the vacuum state; the Hamiltonian reduces to

H = ¸

2
4 X

j=1;2

jejihej j +(S+
1 S¡

2 + S¡
1 S+

2 )

3
5 : (6)

We send three ladder-type three-level atoms across a vacuum cavity sequentially. The
highest, mediate, and lowest levels are denoted by jii, jei, and jgi, respectively. The transition
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frequency between the states jei and jii is highly detuned from the cavity frequency and thus the
state jii is not affected during the atom-cavity interaction. Set L to be the length of the cavity, v
to be the atomic velocity. Let the second atom enters the cavity L=2v later than the first atom,
and L=2v sooner than the third atom. In this case the first atom exits the cavity when the third
atom enters the cavity and thus there is no interaction between these two atoms. The effective
Hamiltonian for the first and second atoms is given by Eq. (6). Assume that the three atoms are
initially in the states jg1i, 1p

2
(ji2i + je2i), and je3i, respectively. After the first atom exits the

cavity the first and second atoms are in the entangled state

jÃ (t)i =
1p
2
fjg1iji2i + e¡ i¸t[cos(¸t)jg1ije2i ¡ i sin(¸t)je1ijg2i]g; (7)

where t = L=2v: Choose the atomic velocity appropriately so that ¸t = ¼=2: Then we obtain a
two-atom maximally entangled state, i.e., Einstein-Podolsky-Rosen (EPR) pair [17]

1p
2
(jg1iji2i ¡ je1ijg2i): (8)

After the second atom exits the cavity the whole system is in the state

1p
2
e¡ i¸t[jg1iji2ije3i + cos(¸t)je1ijg2ije3i ¡ i sin(¸t)je1ije2ijg3i]

=
¡ 1p

2
(i jg1i ji2i je3i + je1i je2i jg3i):

(9)

In this way we obtain a three-atom maximally entangled state.
We now describe the second scheme. We send n atoms across the cavity sequentially. This

time we do not use the state jii. Let the (j + 1)th atom enter the cavity L=2v later than the jth
atom. In this case there is no interaction between the jth atom and (j+2)th atom. Assume that the
first atom is initially in the state 1p

2
(jg1i + ije1i) and the jth atom is in the state 1p

2
(jgji+ jeji)

(j > 1). When the first atom arrives at the center of the cavity it is in the state

1p
2
(jg1i + ie¡ i¸tje1i): (10)

Choose the atomic velocity appropriately so that ¸t = ¼=2: Then we have

1p
2
(jg1i + je1i): (11)

When the first atom enters the cavity the first and second atoms are in the state

1

2
[jg1i(jg2i+ je2i) + je1i(jg2i + je2i)]: (12)

When the first atom exits the cavity we obtain the transformation

jg1i(jg2i + je2i) ¡! jg1ijg2i + e¡ i¸ t[cos(¸t)jg1ije2i ¡ i sin(¸t)je1ijg2i]
= (jg1i ¡ je1i)jg2i;

(13)
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je1i(jg2i + je2i) ¡! e¡ i¸ t[cos(¸t)je1ijg2i ¡ i sin(¸t)jg1ije2i] + e¡ 2i̧ tje1ije2i
= ¡ (jg1i + je1i)je2i:

(14)

In this way the first and second atoms are prepared in the maximally entangled state

1

2
[(jg1i ¡ je1i)jg2i ¡ (jg1i + je1i)je2i]: (15)

When the third atom enters the cavity atoms 1, 2, and 3 are in the state

1

2
p

2
[(jg1i ¡ je1i)jg2i(jg3i + je3i) ¡ (jg1i + je1i)je2i(jg3i + je3i)]: (16)

When the second atom exits the cavity we have

jg2i (jg3i + je3i) ¡! (jg2i ¡ je2i) jg3i ; (17)

je2i (jg3i + je3i) ¡! ¡ (jg2i + je2i) je3i : (18)

Thus the state of the three atoms are

1

2
p

2
[(jg1i ¡ je1i)(jg2i ¡ je2i) jg3i + (jg1i+ je1i)(jg2i + je2i) je3i]: (19)

In this way we obtain a three-atom GHZ state. When the (n ¡ 1)th atom exits the cavity the n
atoms are in the maximally entangled state

1p
2n

[(jg1i ¡ je1i)(jg2i ¡ je2i):::(jgn¡ 1i ¡ jen¡ 1i) jgni

+(¡ 1)n¡ 1(jg1i + je1i)(jg2i + je2i):::(jgn¡ 1i + jen¡ 1i) jeni]:
(20)

We now make a comparison between the above mentioned two schemes. The first scheme
can not be used to generate maximally entangled states for more than three atoms while the
second scheme can. The first scheme only requires that the second atom be initially prepared
in a superpositon state while the second scheme requires that all atoms be initially prepared in
superposition states.

We now turn to the problem of atomic state teleportation. Quantum teleportation has been
demonstrated using optical systems [18] and NMR [19]. A scheme has been proposed to teleport
the internal state of a trapped ion [20]. In the optical regime, Bose et al. [21] have proposed
a novel scheme for teleportation of an atomic state via cavity decay. The scheme requires the
ability to trap a single three-level atom in a cavity. In the context of microwave cavity QED,
several schemes have been proposed for the teleportation of an unknown atomic state [22]. In
these schemes the cavities act as memories, which store the information of an atom and then
transfer it to another atom after the conditional dynamics. Thus these schemes require that the
cavities be initially cooled to the vacuum states and have a very high quality factor, which is
experimentally problematic. We have proposed two alternative schemes, insensitive to the cavity
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decay, for realizing atomic state teleportation [16, 23]. However, these two schemes require two
cavities. We note that the atomic state teleportation can also be achieved using only one cavity
always in the vacuum state.

Assume that atom 1, which is to be teleported, is initially in a superposition state

jÁ1i = ceje1i+ cg jg1i; (21)

where ce and cg are unknown coefficients. Atoms 2 and 3 are initially in the state je2ijg3i. Atom
2 enters the cavity L=2v later than atom 3, but L=2v sooner than atom 1. When atom 3 exits the
cavity, atoms 2 and 3 are in the entangled state

jÃ 0
(t)i = cos(¸t) je2i jg3i ¡ i sin(gt) jg2i je3i : (22)

With the choice of ¸t = ¼=4; we obtain the maximally two-atom entangled state

1p
2
(je2ijg3i ¡ ijg2ije3i); (23)

where we have discarded the common phase factor e¡ i¼=4:
The state for the whole system can be expanded as

jÃ1;2;3i =
1

2
[jª +i(ceje3i + cgjg3i) + jª ¡ i(ceje3i ¡ cgjg3i)

+j© +i(cejg3i ¡ cgje3i) + j© ¡ i(cejg3i + cgje3i)];
(24)

where jª § i and j© § i are the Bell states [24]

¯̄
ª § ®

=
1p
2
(¡ i je1i jg2i § jg1i je2i); (25)

¯̄
© § ®

=
1p
2
(je1i je2i § i jg1i jg2i): (26)

When atom 2 exits the cavity we obtain the evolution of jª § i

jª § i !
½ ¡ ije1ijg2i

¡ jg1ije2i : (27)

Again, the common phase factor e¡ i¼=4 is discarded. On the other hand j© § i involve two
terms je1ije2i and jg1ijg2i; which do not undergo transitions but impart phase shifts during the
interaction.

Then the sender (Alice) performs a joint measurement on atoms 1 and 2 separately. The
outcomes je1ijg2i and jg1ije2i correspond to jª +i and jª ¡ i, respectively. If Alice obtains
outcome je1ijg2i, she can tell the receiver (Bob) that atom 3 has been prepared in the initial state
of atom 1. While if Alice obtains jg1ije2i she tells Bob to perform the following transformation
on atom 3

µ
1 0
0 ¡ 1

¶
: (28)
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In this way Bob can exactly convert atom 3 into a replica of the original state of atom 1. On
the other hand, Alice can not distinguish j© +i from j© ¡ i. Thus, if she obtains outcome je1ije2i
or jg1ijg2i the procedure fails. Therefore, the present scheme is a probabilistic one with the
probability of success being 50%.

In summary, we have proposed two schemes to prepare multiatom maximally entangled
states with only one empty cavity. In the schemes several appropriately prepared atoms are sent
through an empty cavity one by one. If the distances between two adjacent atoms are chosen
appropiately we can obtain a maximally entangled state for these atoms. Futhermore, we note that
the teleportation of atomic states can also be achieved using only one vacuum cavity.

This work was supported by the National Natural Science Foundation of China under Grant
No. 60008003, Fujian Provincial Natural Science Foundation of China under Grant Nos. K20004
and F0110027, and Funds from Fuzhou University.
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