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A new Lax integrable hierarchy associated with a properly isospectral problem with an
arbitrary function, which contans the Dirac isospectral problem, is presented in this paper.
As a reduction, a representative system of the generalized nonlinear Schrodinger equations in
the hierarchy is explicitly given. It is shown tha the Lax integrable hierarchy possesses a
bi-Hamiltonian structure by using the trace identity method. In addition, it is proved that the
Lax integrable hierarchy is also Liouville integrable.

PACS. 03.40.Kf — Waves and wave propagaion: generd mathematical aspects.

|. Introduction

As is well known, two central and important but difficult subjects in soliton theory and
nonlinear integrable dynamical systems areto search for new Lax integrable hierarchies and their
Hamiltonian structures [1-9]. The bi-Hamiltonian sructure is of particular importance, because
the demonstration of a bi-Hamiltonian structure for a sysem of partial differential equations is a
direct and degant method of proving its complete integrability [1-4]. Given aproperly isospectrd
problem and its auxiliary problem

Ax=U(u; DA; Ay, =V O(u; )A; )

with , being the spectral parameter for which , = 0, the compatible condition of system (1) is
evidently Axt = A, 1.€,

U, i VW +[U;v ] =o: 2

Genedly spesking, sysem (1) is over-determined. It is interesting and important, but difficult,
to search for the proper U and V ™ such that (2) represents a certain nonlinear Lax integreble
hierarchy and to construct its bi-Hamiltonian structure
+ +H, .
b, =350 i, €
tu tu
where u = (ug;Up;::i; Us) is the potential contained in the matrix U(u;,) and J and K are
symplectic operators i.e, J and K are linear and skew-symmetric operators and the Jacobi
equality of J and K holds as well. Also, +=tu = (x=tu;:::; +=tUs) stands for the variationd
derivatives
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It is well known that the isogpectral problem corregponding to the Dirac hierarchy reads [5, 6]
H 1 H 1

A — '_ . ,. — q b+r - ,_ Al .
Ac=UA=UCWA U= O o0 0 s A= o (5)

In this paper, we would like to discuss the isospectrd problem with an arbitrary function

Ax =UA =U(_; U)A;
M
U= q 5
i, +ri f@®+rd) i g

5

+r+f(q2+r2)ﬂ.' u‘:\lﬂ uzuqﬂ (©)

A= Ao ! I’;

where q and r are two scadar potentids, | a constant spectral parameter and f(g? + r?) is an
arbitrary smooth function of g° + r2.

The res of the paper is arranged as follows In Sec. Il, a new Lax integrable hierarchy
associated with (6) is obtained. In Sec. II1, using the trace identity method [ 7-9], it is shown that
the Lax integrable hierarchy is dso Liouville integrable and possesses a bi-Hamiltonian structure.
In Sec. 1V, the first two representative sysems of equations in the hierarchy are given, which
contains the generalized nonlinear Schrodinger equations, and their bi-Hamiltonian Sructures are
aso given. In addition, some remarks are presented.

[1. The lax integrable hierarchy associated with (6)

In order to derive aLax integrable hierarchy associated with (6) by using the zero curvature
equation, we firstly need to introduce the adjoint representation of (6)

H

Vx=[UiV]T UV i VU V=V = b_+c (7
iC ia
from which we essily have
8 2 2
< ax=2,bj 2rc+ 2bf(q° + r°);
_ bx=i2,a+2qcj 2af(q®+r?); ®
T cxk=20bj 2ra:
Substituting
a= g, b= b, c= ¢, C)
j. o j. 0 j. o0

(whereaj;bj; cj(j = 0; 1;2;:::) are all functions of g and r to be determined later.) into (8) leads
to

8 1 2 42

s an+1 =i 30nx +qcn i F(g°+ro)an;

5 Do = Lanx +ren i F(q%+ r?)bn; (10

T Chap =201 1(qbn+l i ran+1);
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which give rise to the following recursve formulae
A _ _
Hanet! _Luanﬂ. Lo @U@+ 3042000 (12)
b1 b loi 2r0itr  2rBilqi F@2+r)

Cn+1 = 201 1(Obn+1 i ran+); Nn=1;2;: (12)

where @ = @=0x;001 ! = @i1@ = 1. If we take these initial values ag =hy =0; ¢y =0 =
const:, then (11) and (12) imply the following results

a =0q; by =0@r;, ¢, =0;

a = j %@rx i ®qf(q® +r?); by = %@qX i Orf(q2+r?); c2= %@(q2 +r?);
5 = i 7000+ 2BIF( + )b+ 8 1F (@2 + 1) + 200(a% + 1) + B4F2(q? + 1)
b = 0 i SOAF(P + )i S00(E +12) + 201 + 1) +0rF(q? + 1),

1
Ca = 50(rax i Ary) i 8(@* +r?)f(q® + r’);eee:
(13

In order to deduce a Lax hierarchy of nonlinear evolution equations from (6), we introduce the
auxiliary problem of (6), namely,

Ay, =VOA=vO( u)A; (14)

H 1 W 1
T e bt o, 0 ; (15)

nN)—¢n —
V=V +4n = bj i G i 4j > ton O

j=0
where the symbol \+"" denotes the selection of the pol ynomid part of | and +1,; +2n aefunctions
to be determined later. Therefore it is essy to prove that the compatibility condition, A,; = Ay,
of the Lax pair (6) and (14) generates the zero curvature equation, U, j VX™ + [U;V ™M] =0,
thet is to say,

i = i tnx = (F@2 +r?))e = 2(qge + rr) F(q® +r?); (16)
qt = 2bn+1 + 2ri1n; (17)
e = j 2an+1 + 20%2n = j 28n+1 i 20%1n: (18)

By using (16)-(18), we have

t1n= i ton = 201 1(qQc + rrof'(@® +r?)

19
=41Qi lfO(qZ + I’Z)(qbnﬂ i rane) =20 1f0(q2 + rz)Cn+1;x; (19
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and the following Lax hierarchy of nonlinear evolution equations:

b Ho T
U= 1 =Xa=M M (20)
rtn bn+1

where
L
i 8r@' M'@® +r)r  2+8r0 H'(g* +r¥)g
i 2+80F (> + r)r  j890F 1@ +r)g

By using (11), we know that (20) is equivalent to the hierarchy of nonlinear evolution equations:

TR no

Up = 0 =X, =ML"

n=1;2;:: (21)
e

n

[11. Bi-hamiltonian structure and liouville integrability

In this section, we would like to congruct the bi-Hamiltonian structure for the hierarchy
(21) and to prove that it isintegrablein Liouvill€ s sense. Wefirst need to introduce the following
new variables

G MO _Foana i o+ Ponn (22)
T e?, 2bn+1 i 4rfYg2 +r2)cnag
Noticing that ch+1 = 2@7 *(gbn+1 i ran+1), we get
H an+1ﬂ — H 2an+1 i 4qF(g? + rz)cn+1ﬂ . (23)
bn+1 2bn+1 i 4rf0(q2 + r2)Cn+1 ’
with )
U di 2f@ it 2fiQ? + 120l T
i 2rfli(@? +r2)@i 'r 5 +2rfli(g2+r?)@i '
Therefore we have the following recursive rdaion
H T H 1
Gret = 2an+1 i 49F(Q% + r2)cnsr _ NIl 2enti 49F'@2 +r2)cn+r (22

2bn+1 i 4rfo(g2+ rd)cn+1 2bne1 i ArfU(g2 +rd)cn+1

L aogR(@@+ e 20R(g2+ 20l g

il — a — il i
where N ero(qz + I’z)@i 1r % i 2rf0(q2 + rZ)@i 1q and NitLN is a
recursive operaor.
Therefore the hierarchy (21) can be rewritten as
H q )l H qﬂ
Uy, = r‘“ =Xn =JGn+1 = KGp =Ct6=0J2" " (25)
t

n
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where

with

T |
J=MN = JuJe o (26)
Jo1 2
H il
K=MLN = Ku Ko : (27)
Kor Koo

Ju =i 4r@iMFY(g? +r2)r 4R +r2)r@i

ji2 =1+ 412 +r?)r@t tg + 4r@i 1F(g? + r)g;
jau =i 1+4F(q7 + r2)q0' 'r + 490" F'(0* + r)r;
Jz =i 4502 +r)q@i g i 4907 1F(q® +r?)q;

ki1 =%@ i 2r@T 'r+2r@ MF(q? + r’)q@ i 20F'(q” + r?)q@ 'r
+4r@i 1rf'(q? + rA)F(g? + r?) + 4rf (@ + r2)F(q? + r)@i ir
i 8r@i 1qf'(q? + r)@qf'(g? +r2)@i r
i 8r@i Lrf'(q? + r2)@rf'(g? +r2)ai r;
kiz =i F(q? +r?) +2r@' 1q +20qf'(q* +r*)@' 'q + 2r@* 'rf'(q’ + r’)@
i 4r@1 taf'(g2 + r))f (g2 +r?) i 4rf'(g? +r2)f (g% +r)eiq
+8r@i 1qf'(g* + r?)aqf'(q® +r?)e’ g
+8r@i 1rf!(g? + r2)@rf' (g +r2)@i iq
kor =T (q° +r?) + 2007 'r i 2007 'af'(@® + 1)@ i 20rF'(q® +r)@i *r
i 4970 +r)f (@ + r))@i 'r i 4907 'rf'(g? + r)f(q® +r?)
+8001 *qf'(q? + r?)@qfi(q® +r?)@i ir + 8@ tri’(g* + r?)arf’(g* +r?)0i ',
ka2 =%@ i 2007 1q i 2987 F(q® + r?)r@ +20rf(q* +r*)@' ‘g
+4q@ 1qf'(q® + r)f(q® +r?) + 4qf (@2 + r) (g2 + r?)@i 1q
i 898" af'(g” + r?)eaf’'(g* +r?)e’ '
i 8007 'rf'(g® + r2)@rf’(g> +r?)0’ 'q:
Proposition 1: The 2 £ 2 matrix integro-differentid operators J and K defined by (26)

and (27) are Hamiltonian operators for the arbitrary function (g2 + r?).
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Proof: It is easy to see tha J is a kew symmetry operaor, i.e, J° = j J and J saidfies the
Jacobi identity, that isto say,

< Z;3WW[IX]Y > +cyclic(X; Y;Z) ~ 0(mod@):

whee X = (X1:X2)T, Y = (Y1;Y2)T, Z = (Z1;Z2)" and 3'(u)[g] denotes the Frechet deriva
tiveof J,i.e, J(u)[g] = %J(u+2g)jz=o. Hence J is aHamiltonian (symplectic) operator [1-3].
According to the same argument as in the above theory, we can alo prove tha the operator K is
aso a Hamiltonian(symplectic) operéor.

Following the same notion applied in Refs. [8], the Killing-Cartan sandard form is defined
by < X;Y >= const: ¢tr(XY). For convenient calculation, we take const: = 1. Hence direct
calcul aion gives

<v; & omoa; 49F(0% + e <V, W by 4rfl(g? +r¥)c;
@q er (29)
@uU

<V; >=j 2C:

5

According to the definition of the trace identity [ 7, 8], we can give the concrete form of the trace
identity associated with (6)

U _ o0 -0
@, @, @q
where © is a congant to be determined later. Substituting (9) and (28) into (29), and comparing
the coefficients of _ 1 "i 2 an both sides of (29) yidds

Sev o= v i< e @

+
E(i 2ch+2) =(° i Nni 1)(an+1 i 49F(q% + r?)cn+1;

20n+1 i 4rfl(@2 +r2)cne)':

(30)

Tofix thevalueof °, wetaken =0in (30) and find ° (28 r;2@q) = 0, from whichwe get © = 0.
Therefore we have

1
H 2an+1i 49F'@% +r?)eny _ #Hn _ j#Hni1

= = = =a :
G 2bn+1 | 4rf(g2 + rd)cn+1 +U +U Gn; (31)
with the Hamiltoni an functions satisfying
_ Ln+2. e
H”+1_n+1’ =1;2;:::: (32

Therefore the hierarchy of nonlinear evol ution equations (21) possesses the following bi-Hamiltonian
dructures from (22) and (31):

b
u, = M =x,=3 Hnet _ 2, (33)
It +u U

n
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In fact, we can easly show that the Hamiltonian functions fHhgY = 0 sdisfying *Hoet =

o
atha(n  0) ae dl common conserved densities for the whole Lax hierarchy (21) and they
commute with eech other under the Poisson bracket associated with the Hamiltonian operator J.

A direct calculation shows that

VA z
+ + + +Hm:
fHn Hnga = < ':”;J -l+-lum >dx= < ':”;Ja "2'[3' L > dx
z B z B
— <iHn;anJiHmi1>dX: <aiHn,JiHmll>dX (34)
Tu Tu tu Tu

= fHn+1; Hm; 193 = ¢¢¢= fHm;Hhg3; n;m _ O:

Therefore we get THn; Hngy = 0. During the course of the proof of (34), we used the following
formula

Ja =MLN=K=jK =j@2)>=ja%)"=2a%y;

which is obtained from propostion 1, i.e, J° = j J and K® = j K. In addition we can dso
derive

tHy - +Hp,
[Xn, xm] — J n. m

U’ Hu

+
=Jﬁan;ng=0; n,m. O; (35)

which shows that every system of the generdized Dirac equations possesses infinitey many
commuting symmetries FX,g_,. Thusaccording to the theoremin Ref. [8], we get the following

proposition:

Proposition 2: (&) The Lax integrable hierarchy (21) is an integrable Hamiltonian sysemin
Liowville s sense. (b) The Hamiltonian functions THRg are conserved densities of the whole Lax
integrable hierarchy (21) and they are in parwise involution under the Poisson bracket associated
with the Hamiltonian operator J.

In addition, we can directly verify

Vi, =[V™:V], n, 0 (36)
whenuy, = Xy, i, Uy, i VO +[U; V] =0;n | 0. Infact, weeasily find that Vy,, i [V(W;V]
satisfies the adjoint representation of Ax = UA and that Vg, i [V ™);V] vanishes at u = 0.
Therefore (36) holds for n , 0 because the adjoint representation Vx = [U; V] has uniqueness
namely, if Vx = [U;V] and V vanishes & u = 0 vanishes then V itsdf vanishes.

V. Examples and Remarks

Example 1. Let n =1, (21) reduces to a sysem of nonlinear evolution equations

Y
2 Gr, = @0y j 20rF(Q2 +r2) + 40 r@i 1(qgy + rr )2 + r?);

o, = Oy +20qF(G2 +12) § 48001 (qa, + rr,) T2 + r?) (37
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Example 2: Let n =2, (21) becomes a new system of nonlinear evolution eguations

1
Gt = 5000 | ®[af(@® + r)lx i @axf(g?+ r?) +0r(g? +r?)
+20rf2(q2 + r2) +2r@1 1% + r2)[e (rgx i ary) (389)
i 20 (92 + r2)f(q2 + r?)lx;

fie =5000ci OIFF(Q? + ki OrF(e? +12) i 00(¢? +1?)
i 209F2(g2 + 1) 2001 “F@Q% + r2)[@(rax i qrx) (38b)
i 20(g? + r3)f(q? + r?)]x:
which have the bi-Hamiltonian structure
H 1 +Hs3 _ +H>

o = xy= 372 = k=2,
lts +U +U

Ut; =
with the Hamiltoni an functions

1 1
Hs = 20a Hz = 20(raxi aro i 8(a° + r’)f(e® +r?):

Remark 1: If we take f(q2 + r?) = g° + r? in (38a) and (38b), (38a) and (38b) reduce to
a sygem of generdized nonlinear Schrodinger equeti ons

y
" s = i 30h | 40q(a0x + 1) + Or(Z + 12) | 20r(q2 + )%

fis = 000 i 407(d0x + 1) i 04(0° +r7) +20q(* + )% 9

If wetekeq = i Imw, r = Rmw, then Eq. (39) reduces to a generalized higher-order nonlinear
Schrodinger equetion

iwg, = §®WXX i 2iI0W(jwj?) i ®wjwj’ + 20wjwj*:
Remark 2. When £ (g2 + r2) = 0, (21) reduces to the Dirac hierarchy. Therefore the Dirac

hierarchy is a special case of (21). According to the above-mentioned results, we can draw some
concdlusions about the Hierarchy of Dirac equations [5, 6]

b ! Tu_ 1 TS| uo 9

_ Otn _v — 0 2 Tan+1 _,, @+l _ .y 94
Ut,, o Xn 20 b M by ML'N (40)

where
Lt et iteeaei ' Mo 2t Pl
T @i 2r@ttr  2r@ g T j20 0 T 0 3
Therefore we have
g g g 10 2r@'tr  2r@itg

JEMN=yy o 0 KEMIN= ot 1a 2081 Y
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It isclear that J and K are both Hamiltonian operators. The hierarchy of Dirac equations
(40) dso possesses the following bi-Hamiltonian structures
T
u= 1 =xp,=J
t re n +U +U

iHn-}-l _ KiHn .

with the Hamiltonian functions satisfying Hn, = % (n =1;2;:::). These rexults are the

same astheonesin Ref. [6]. They are dl common conserved densties for the hierarchy of Dirac

equations and commute with each other under the Poisson bracket associated with the Hamiltonian
tHn+1

operator J. In addition, there exist many commuting symmetries X, = JTgnlz0 for every
gystem of Dirac equations

Remark 3: Many new hierarchies of nonlinear evolution equations and their Hamiltonian
dructures can be obtained when we choose f () = sin¢, cos ¢, sinh ¢, tanh ¢, e8¢, In¢; etc. The
resulting hierarchies mugt have a non-polynomid form in the potentials g; r and their derivatives
with respect to x.

Ack nowledgements

The author is very graeful to thank the anonymous referee for his/her vduable advices
and corrections to the paper, as wdl as Prof. Fan Engui for his enthusiastic guidance and hep.
This project is supported by the Chinese Basic Research Plan “ Maheméatics Mechanization and
A Plaform for Automated Reasoning” (G1998030600), the National Natural Science Foundation
of China (10072013) and the Doctord Foundation of China (98014119).

References

“E-mail: yanzy@student.dlut.edu.cn

[ 1] F Magri, J. Math. Phys. 19, 1156 (1978).

[ 2] Y. Nutku, J. Math. Phys. 28, 2579 (1987).

[ 3] W. X. Ma, J. Phys. A: Math. Gen. 31, 7585 (1998).

[4] W. X. Ma, and M. Pavlov, Phys. Lett. A 246, 511 (1998).
[ 5] D. B. Jordan et al., J. Math. Phys. 32, 3015 (1991).

[ 6] W. X. Ma, Chin. Ann. of Math. 18B, 79 (1997).

[ 7] G. Z. Ty, i. Sin. A 31, 28 (1988) (in Chinese).

[8] G. Z. Ty, J. Math. Phys. 30, 330 (1989).

[ 9] Z.Y. Yan, Chaos, Solitons and Fractals, 13, 741 (2002).



