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In this paper, based on a Lax pair of the Riccati form for the general KdV equation,
a new auto-Backlund transformation (ABT) is presented. As an application of this ABT,
since only integration is needed, a series of explicit and exact sol utions can be obtained which
contan soliton-like solutions. T his approach is important for finding more new and physically
significant exact solutions of nonlinear evolution equations.

PACS. 03.40.Kf — Waves and wave propagaion: generd mathematical aspects.

|. Introduction

It iswel known that Lax pars of nonlinear evolution equations play an important role
in soliton theory [1, 2]. For instance, Lax pairs could be used to gudy symmetries of nonlinear
evolution equations. In order to solve nonlinear evolution equations by use of the inverse scattering
method, finding Lax pairs of nonlinear differentid equationsisakey step[1-4]. However, for some
equations, this old method is too complex to work.

Recently, Tian et al. [5] presented an gpproach, which was obtained from sysems of
Lax eguations tha can be used to search for exact solutions of nonlinear evolution equations
However they only considered some simple and constant coefficient nonlinear equations They
did not sudy varigble coefficient inhomogeneous nonlinear differentid equations Recently, we
considered a Backlund transformation and exact solutions of the variable coefficient KdV equation

[6].
For the (1+1)-dimensional variable coefficient inhomogeneous KdV equation, that is, the
general KaV eguation [7, 8]

Ut i Uxxx i BUUy j 6Fu +x(12F% f)=0; @)

where T = f(t) isan arbitrary function of t. Many wel-known nonlinear wave equations, such
as the KdV equation (f = 0) and the cylindrical KdV equation (f = j 737) [9]

1
Uti Wooi Bulx + 2 U=0, @
are dl ecial cases of (1). Nonlocd Lie-Backlund symmetries of (1) have been discussed [7].
In this paper, we would like to further consider the new auto-Bécklund trangormation and some
exact solutions of (1).
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The reg of this pgper is organized as follows: In section 11, we find a new Auto-Backlund
transformation(ABT) for (1) by conddering Lax pairs of (1). In section I1l, by usng the ABT,
ome exact solutions for (1) are obtained, which contain solitary-like wave solutions When using
the ABT, only integration is needed. Findly, we give some conclusions and open problems.

[1. Leading to a new auto-backlund trandormation

For the given equation (1), by use of the WTC method [10] we essily show tha (1) passes
the Painleve test and the Lax pair for (1) can be written as

Ak = (. i u+FxA; (33
Av=[2(u+2,) +4Fx]Ax + (i ux +F)A; (30)
with
Z ¢
Jti 12F, =0; e _(b) :cexpl 12fdt ; (30)

where | = _(t) isafunction of only t and ¢ is an arbitrary constant.
In order to consider the Lax par (38)-(3c) further, we rewrite the above form. Introducing
the following Cole-Hopf transformation,

_ 0, s Ak
t= o A= (4)

and substituting (4) into (3a)-(3¢), yields the following Lax pairs of Riccati form
L=, +fxjuj 1% (5a)
L =(@Ffx+2u+4)(, +Fxj u)j 4Fx+2u+4 )12 +Qu,+ 4P uy; (5D
or
LW =.+fxjuj 1% (6a)
L =(AFfFX+2u+4 )1+ Qux +4F)T | Uxx: (6b)

It is easly shown that the compatibility condition, ¥y = Y, of (5a) and (5b) ((6a) and (6b)) is
just (1). Hence, we know that if u and ! are solutions of (5a) and (5b) ((6a) and (6b)), then u is
asolution for (1). Inorder to seek exact solutions of (1), we only need consider the Lax pairs (5)
(or (6)) of Riccati form for (1) here.

Proposition 11 Let

z
i, W

9y ax” @

ALY = (AFX+2u, +4,) 1, + uyy + 2F (D) + @
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z

i ¢
Bh(Xt) =i (4FxX+ 2u, + 4,)expl i 2 I1,dx
z z

. Z . z (8
¢ £ ¢ o
+2A(X; 1) expl i 2 !1,dx dx+% expl i 2 I,dxdx:

If (uy, ¥, ) satisfy (5a) and (5b), then A, (X;t) and B, (X; t) are both functions of only t, namdly,
Anx(X;t) =0 (ice;; An(Xt) =A®); Bnx(X;t) =0 (ice;; Bp(xt)=B(): (9

Proof: Usng (5a) and (5b) and differentiating An(X; t) and Bn(X; t) with respect to X,
regpectively, it is easily shown that (9) istrue.

Proposition 22 Set the following rel aions

@ : :
Un+1 = 2@7["1 Mn(x, t)] + Un + 2!nx, (108)

!n+1=i@@—x[lnMn(x;t)]i In; (n=1;2;3;:); (10b)
with
Z i Z ¢ £ Z a
Mp(X;) = exp j 2 Ihdxdx+exp § 2 An(t)dt
Z Z

£ i ¢ o (11)
Moi Bp()exp 2 An(t)dt dt:

where My is arbitrary constant. If u, and 1, satisfy (58) and (5b), then up+1 and Y41 Aso
satify (5a) and (5b).

Proof: It isonly needed to provethat un+1 and 'h41 satisfy (5a) and (5b) ((6a) and (6b)),
namely

Vet =, + X Uneri Th0q; (129)
!n+1;t = (4fX + 2un+1 + 4}) !n+]_;x + (2Un+1;x + 4f) ! n+1 | un+1;XX: (12b)
In what follows we prove (12a) and (12b) separately.

(i) The Proof of (12a):
Because up and !, sdisfy (68 and (6b), namely
hx =. +TXi Upi !%; (139

5

!n;t = (4fx + 2un + 4;) ! n;x + (Zun;x + 4f) ! n i Un;xx; (13b)
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we obtan
2
Vnolix = i @@7(In Mn)i (, +Fx)+un+12; (14)
2 @2 2
LH X Upsri YR =i @7(lnMn)i (+x)+u,+ 13
g 0 Hg T2 )
From (11) we have
: T
ax (M) =exp'j2 T,dx Mil; (16)
@ i L e i E e
@7(InMn)= i2lhexp 2 Iadx Mi-jexp i4 UITadx ML a7)

Substituting (16) and (17) into (15b) we get

2
12 = i =
“n+1 | @X2

L X Upa INMp i (, +FX)+u, + 13 (18)

Therefore, from (14) and (18), it is dearly seen that (12a) holds.

(if) The Proof of (12b):
Differentiating (10b) with respect to t yidds
Z ¢ . z
Vvt =i Tnt i 2! !ndxtexpI i 2 Ihdx Mri,1
z

i ¢ _ (19)
iexp j2 Yidx MpeMjiZ
with
z z z
£ i ¢ i ¢
Mpt= 1 expI i 2 I,dx dxgi An(t)expI i Apdt
ot 2 Z ¢ o
£ Moi Bn)exp  An(t)dt dt j Bp(t) (20)
z

i ¢
= i An(®)Mn(x;t) + (4Fx + 2up, +4b)expI i 2 Ihdx:

Substituting (20) into (19) and combining the condition that un and !, satisy (5b), i.e, (138)
and (13b) yidds
£ i 2 ¢ o
Vot =Umx i @GF+2up) Ta+exp § 2 Yodt ML (4Fx+2u,+4)
i ¢ . i ¢ ..o (21)
Mo i2lnexp 2 LdxMiljiexp j 4 1.,dx Mi2:
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According to (10b) and (16), (21) can be rewritten as follows
!n+1;t = Un;xx + (4f + ZUnx)! 1+ (4fX =+ 2Un =+ 45)!n+1;x: (22)
From (108) and (12a) which has been proved, we easly get the following equations

Un= Un+1+ 2V n+1:x =Un+1+2(, +TX | Uj+1 i !‘2+1)

. 23
=2(, +Xi Y1) i Un+as
Unx = i Un+1;x i 4¥n+1tn+yx +2F
) (24
=jUn+xi 40n+1(, +TXj Un+1i Theo) +2F,
Unxx =i Un+xx + 4Vn+1Un+1x i 4FTn+t
(25)

i 4(, +TXj Un+ri 3!r21+1) Vh+iix:

Substituting (23)-(25) into (22), we can obtain (12b), tha is to say, (12b) is dso true. Hence we
have completed the proof of this propostion.
According to propostion 2, we have

Propostion 3: (108 and (10b) form a new Backlund transformation for (1). Where un; !
satify (5a and (5b) ((6a)and (6b)) and M, satisfies (11) as well as ,¢ i 12f, =0, ie,
. =cexp( 12fdt).

I11. Applications of the ABT and explicit exact solutions

For a solution (up; 1) of (5) or (6), only integration is needed, then we can get another
explicit exact solution (Up+1; 'h+1) Of (5) or (6) by using the ABT (10a) and (10b). According
to the same procedure, we can dso obtan the third solution (Un+2; 'h+2) of (5) or (6), and so
on. Thusit is easy to see that un; Un+1; Una2;::: in these conclusions are jugdt exact solutions of
(1). In what follows we choose the following cases to illudrate the ABT.

Casel Take -

i ¢
u; =, +xf =cexp ' 12fdt +xf; 1,=0: (26)

5

Itis dzear that (up; 1) isza solution ofz(6), thus we get
i ¢
1.dx =g(t); exp ! i 2 1.dx dx=exp[j 29(t)]x + h(t): (27)

Here g(t) and h(t) are both integral functions of t. Thus according to the definitions of
Aq(b); B1(t) and M1 (X;t), we have .

i ¢
Ac(t) =ge +3F; Bui(t) = he+2hge +3hf  6cexp' i 29+ 12fdt ;
z

i ¢
My(x;t) = exp(j 2g)x +h + expl i 206 fdt
Z z

0 z

£ i e} i ¢ @
My i hy +2hg; +3hf j 6cexp j 29+ 12fdt exp 2g+6 fdt dt :
(29)
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Finally, according to the ABT (10a) and (10b), we obtain
z
i ¢ ©
u, =xf +cexp ' 12fdt i 2exp(i4g) exp(j 29)x+h
z Z

i ¢ £ £ i
+exp'i 2gj 6 fdt £ Moij ht + 2hgy + 3hf 6cexp'i 29
z z

¢a ¢ 2,
+ 12fdt exp(eg+6 fdtdt '~
Z (29)

© -
'2=i ex(i 20) exp(i 29)x +h+exp' i 29 i 6 ft

£ i ¢a
Moi [ht +2hge +3hT j 6cexpI i 20+ 12fdt
i z
1 ¢ Qai 1
exp 2g+6 fdt dt ;

where f = f(t), g = g(t) and h = h(t). Itis dear tha u, is araiond fractionad solution for
(2). From the solution (uz; ¥2) of (6) again, by virtue of the auto-Backlund transformation (10),
we can aso derive another exact solution of (1). But the forma solution is raher complicated,
we omit it here.

Case2 Take another solution of (6), namely,
z z

i ¢ i ¢
wxt) =xF+(ci Dexp' 12fdt: 1;=1exp 6fdt : (30)

where 1 & 0 is an arbitrary congant. Then by use of (30), we have
z z

i ¢
1;dx = 1exp ' 6Ft x+ k1 (t);
? i - ¢ 1 £ R ett g a
exp j 2 hidxdx=j 2—19xp i 21xe i 6fdt j 2ki(t) + ko (D); (3D
where ki (t), ko (t) are integrd functions of t. Thus we obtain
R
Ax(t) = (6c i 12)e BT+ 3F +ky(t); Bu(t) =0: (32

Substituting Aq(t); B1(t) into My(x; t) yidds

1 £ ¥ erat “
Mi(x; t) =i 2—1exp i 21xe IZ 6fdt j 2klz(t) + ko (1)

£ R o (33
+Moexp i 2(6ci 12) e gt +  3fdt+ ki(t) :
Finally, via use of the Backlund transformation (10), we can obtain
z
. 2 - ¢
up(x; t) = Z(Mlxlez' MED 4w + Ci 1Yexp' 12fdt
Mz (34)

¢
L(xt) =j I\I<I/I1X i Texp' 6Fdt -
1
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In fact, ux(X; t) is a soliton-like sol ution for (1), which can be rewritten as follows.

(@ When sgn() = j sgn(kz (t) + Mo exp[i 2(6¢ i 12)R eR 18fdtgg + i 3fdt + k1 (1)]),
we get a bel-type soliton-like solution for (1),
.z ¢ . Z ¢ 0 R
u(x:t) =xf +(cj 12exp' 12fdt +212exp '12 fdt sech® j 1xe 6fdt
Z 1 £ £ Z .
i . 3fdti k()i 5In i 2tka(D) i 22Moexp i 2(6c i 12) ¢ Bfdgy (35)
a

oio}
+  3fdt+ke(t)

R R R
(b) When sgn(2) = sgn(ka(t) + Moexp[j 2(6¢cj 12) e ®T%dt+ 3fdt+ ki (1)]), we
get asingular soliton-like solution for (1),
i - ¢ i f_ ¢ o0 R
ux;t)=xf +(cj 12exp  12fdt +21%exp 12 fdt csch® j 1xe 6fdt
‘ 1 £ £ Z q
i 3fdtj ki(t)j =In 2tke(t)+22Moexp j 2(6¢cj 1?) e 8fdigt (36)
z o0
+  3fdt+ki(t)

IV. Conclusons

In summary, we have derived a new auto-Backlund trandformation (ABT) for the variable
coefficient inhomogeneous KdV equation (VCIKdVE) by virtue of aLax pair of the VCIKdVE.
Based on the ABT, three types of exact solutions are obtained, which may be important for ex-
plaining some physical phenomena This gpproach may be extended to other systems of nonlinear
differential equations and higher dimensiona nonlinear wave equations, Lax pars may be applied
to find other properties, such as synmetries, conservation laws and so on. These problems need
to be studied further.
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