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We give in this article a new discussion of the Hofstadter problem. We use the algebraic
methods of conventiond guantum mechanics to get the Bethe-Ansaz egudion, which weas
previously obtained via quantum group methods. The dgebraic calculations give a new
derivation of the Chambers formula.

PACS. 02.30.1k — Integreble systems.
PACS. 03.65.-w — Quantum mechanics.
PACS. 03.65.Fd — Algebraic methods.

I. Introduction

The problem of an dectron in a constant magnetic fied is an interesting academic subj ect.
Classicdly the dectron moves in a circle in a plane perpendicular to the magnetic fidd. The
quantum mechanical problem was solved by Landau [1] who obtained the wavefunction of the
problem in a certain gauge known as the Landau gauge. The energy levels came to be cdled
the Landau levels. The wavefunction depends on the gauge as wel as the boundary conditions
The wavefunction for the symmetric gauge was obtained by Laughlin [2]. The discretised version
of the Landau problem was investigated by Hofstadter [3]. This became known as the Hof-
dadter problem. The problem was sudied for the case of arationd flux. Periodicity reduces the
Schroedinger difference equation to a one-dimensional problem. The energy eigenvadues can be
obtained numericaly showing a butterfly pattern. It was shown by Wiegmann and Zabrodin [4]
that the Hofstadter problem for rationd flux possesses quantum group Uy (sl2) symmetries and
the energy eigenvalues a mid-band can be determined by a Behe-Ansatz equaion. Hence the
Hofstadter problem is an integrabl e system.

The appearance of quantum group symmetries in the Hofsadter problem is quite subtle. 1t
would be nice pedagogicd ly to re-examine the problem by the conventional algebraic methods of
quantum mechanics. The present pgper is an atempt in such adirection. This paper is organised
as follows. Section 2 is a recapitulation of the Hofstadter problem in its origind form. In the
Landau gauge we get an eigenvalue difference equation, the Harper equation. We condder the
case of rational flux denoted by the quantity Q. Pedagogicdly we solve the e genvalue equation
for low Q. The eigenvaues exhibit a cydic symmetry but this behaviour is not generic. Section
3is a new derivation of the Chambers formula[5] by dgebrac means. The Chambers formula
is the key formula determining the spectrum of the Hofgadter problem. In Section 4 we give
a discussion of the quantum group gructure of the problem asin [4]. In section 5 we use the
conventional algebraic methods of quantum mechanics to study the Hofgadter problem. It is
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shown that the same Bethe-Ansatz equation is obtained. In the | ast section we give our discussion
and conclusion.

[1. The Hofstadter problem

We consder an dectron hopping on atwo-dimensiond square | atice in a uniform magnetic
fidd. The hamiltonian is given by

x
H=  e"mmc)ca; &
hn;mi

where hn; mi denote nearest neighbours, cﬁ and ¢, are creation and annihilation operators, re-
ectivey for the dectron Wannier wavefunction. The flux per plaquette is denoted by © such
that

Yo .
elfnim = l®: 2

plaquette

We are going to study the case when © = 21/4% where P and Q are ratively prime integers.
The hamiltonian depends on the choice of a gauge. The mog popular Landau gauge is to
adopt

Aﬁ;ﬂ+9{ = 0, Aﬂ;ﬂ+y = nX© . (3)

In this gauge we have a plane wave along the y-axis and dong the x-axis we have a Bloch
wavefunction with periodicity Q.

An) = el g ey, (K); (4)
where

Uny+Q = Up,: (5

_ Thus, in this gauge the hamiltonian is separable and we obta n a one-dimensond difference
equation

3 -
eikXUn+1+ e ikxun_ 1+ ei(ky+n©) + el i(ky+n0) Un = Eup; 6
i

where E is the energy eigenvalue. This is just a Q £ Q matrix egenvdue problem for the
hamiltonian

telky + 1ileiiky el e etk
el *x 12giy 4+ 10 261 Ty g 0
: : . : : )
elkx 0 ¢¢¢ elky +eiiky

where 1 = ei®, To solve for E we have to ol ve a polynomiad of degree Q.
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It is not hard to show that the polynomial of degree Q determining E is of the form [5]
P(E) = 2(cos Qkx + cos Qky): (8)

That is E depends only on & = 2(cos Qkx + cos Qky) and for each value of @ we get Q E’s
As o varies we get Q energy bands.
It isindructive to list here some of the polynomials for low Q,

Q=2 E2j 4=n; ©)
Q=3 E3i 6E =n; (10)
Q=4 E*j 8E2+4=n: (11)

Hof stedter [3] found the range of E for dl @ and different Q by numericd cdculations. He found
the famous butterfly pattern for the spectra. Indeed, it is easy to write down the solutions of E
for low Q.

For Q = 2, we have the solutions

Eo =2%cosy; E1 =2%cos(u +%); (12)
where
Y= p§; and e +ei 1M = %: (13)
For Q = 3, we have the solutions
H 21/41] H 41/41]
Eo = 2%cospy; E1 = 2%cos u+? ;. Ex = 2%cos u+? ; (14)
where
b="2 and el +ei ¥ = P (15)
2
For Q = 4, we have the solutions
TR |
E, = 2%cos u+22/4 : n=012:3; (16)
where
— : . +
h= ID2; and e +ei ¥ = flpETn: (17)

These patterns are not generic since the spectra for higher Q do not have such symmetries.
We have another useful picture caled the Floquet picture where we denote

A, =eiMk<y - 18
n n
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and we can write the difference equation as
3 g

Anes+An; 1+ 17K +1inegiiy AL =EA,: (19

with the boundary conditions

The difference equation can be written as a trandfer matrix eguation

H An+1ﬂ H E i (1"elky + 1ingiik) ilm1 An ﬂ_ 1)
An - 1 O Ani 1 '

and the polynomid for the & genvalue problem can be written in an equivdent form

@) u q 1

T @ Y Ej (!nelky+ !ineilky) il A = giQkx 4 oi iQKx- (22)

1 0 '
n=1;::;Q

I11. The Chambers for mula

The Chambers formula is the key equation for generaing the spectrum of the Hofdadter
problem. So it is profitable to examine this equation in more detail. Indeed, origindly Chambers
[5] discussed this formula in the context of a network modd, that is he employed the Floquet
picture to interpret this problem. Another proof along similar lines was given by Wilkinson [6].
We are going to provide aproof of this formula in a more dgebraic way. Wethink that this proof
is more transparent and reflects the noncommutative nature of the magnetic translation operators
[7]. The hamiltonian can be written in an operator form

H=Tx+Ty+T;x+T;y; (23)
where the operators Tx, Ty satisfy the commutation relation
TxTy = 1Ty Tx: (24)

The flux is rationad so that 19 is unity. In this section we do not work with any concrete
representation.

The key ingredient of our proof is to observe that the hamiltonian to the Q-th power is
expressed as

(Mo +Ty+Tix +T, )0 =TR+TR+TS +T3, +::0: (25)

Now it is easy to verify that T.2, T39 and their conjugates commute with each other and with the

hamiltonian. Indeed, the operators T2, TyQ and their conjugates are proportiond to the identity
operator 0 that we can write

TR=e%%; and TR =€ (26)
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SoHQ and T2 + Ty + T3 + T3, have smultaneous eigenvaues E and o, respectively. The
remaning egenvaues can only be eigenvaues of H only and the possble combingtion is

o +ag; 2EQI 2+ ::: =E%; (27)

which isjust the Chambers formula
Indeed we can do better by deriving the possble form of the polynomials We are going to
manipulae products of the sum Tx + Ty. The first useful little formula is

n

| IT): (28)

(Tx + Ty)n =
1=0

where
N @i IM@i iY@ ity
N D [ D BT D
n:
I
form of the expanson
vt _ X
(1+!'X): |
i=0 |

(29)

The expression is cdled the gaussian polynomia and was known to Gauss long ago in the

1 1{l +1)=2X| : (30)

It is remarkable that for n = Q the formula simplifies to
(Tx+T)=TR +TR: (30)

The procedure becomes more complicated if we want to find the hamiltonian to the Q-th
power. Recursively we can find

(Tx+Ty +Tix+T; )" =(Tx+ Ty + (T; x + T )" + (T + Ty)"i 2

%i . . ¢ (32)
£ 2+ VT T + VT Ty +1i0
i=0

The other expressons are quite complicated. In the case n = Q we have the simpler expression
which yidds the Chambers formula as
EC =0 +2QERi2 +aqg; 4EQ 4 +:::: (33)

It is a spectecular fea of Wiegmann and Zabrodin [4] to demonstrate that the exact spectra
can be obtained by the Bethe Ansatiz. They found that thereis a quantum group symmetry in this
problem. We shall exploit these ideas in the next section.
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IV. Magnetic translations and the quantum group

It is well-known that an dectron in a congant magnetic fidd exhibits magnetic translationd
invariance[7]. In our problem, in the Landau gauge and the Bloch picture, we have the following
two operators Ty and Ty, explidtly as

o 1
01 ¢6¢ 0 0
0 0 ¢6¢ 0 0
Tx=B: : . : e (34
0 0 ¢¢ 0 1
10 ¢¢ 0 0
and
o 1
1 0 ¢¢ 0 0
0 12 ¢¢¢ 0 O
Tyw=B: : . = = e (35)
0 0 ¢¢¢ 1Rl 0

0 0 ¢ O 1Q

It is intereding to note that such a symmetry first appeared in connection with integrable models
in [8]. The two operaors have the commutation reation

TxTy = 1Ty Tx: (36)

The phase factor just reflects the gauge invariance of the problem. The hamiltonian for the
Hofstadter problem can be decomposed as

H=Tx+T;x+Ty+T;y: (37)

It should be noted that T,? and T)9 commute with Tx and Ty simultaneoudy because of the
periodic boundary conditions and hence with the hamiltonian H.

On the other hand thereis the quantum group theory sudied extensively in the eighties [9,
10]. Relevant to our discussion is the dgebra Uqg(sl2) (ag-deformation of the universal enveloping
dgebra of sly) generaed by the dements A, B, C, D with the commutation relaions

AB =gBA; BD =gDB,;
DC =qCD; CA:qAC; 2 (39)
AD=1; [B;C]:%:
qi Q!

The deformation parameter isq = el. Asq ¥ 1 it gives the classical sl, algebra : (A? j

D?)=(qj qi') ¥ S3,B ¥ S,,C IS, . Thecentre of this dgebrais the Casimir operator

A P
q'2Ai 92D

c= "
qi gt

+ BC: (39
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Thereisa cyclic (2j + 1)-dimensional finite representation of the dgebra

o 1
¢ 0 ¢¢ 0 0
0 ¢lil ¢e¢ O 0
A=B : . o (40)
0 0 ¢e¢c qii*t 0
0 0 ¢ 0 gqil
O 1
0 [, ¢¢ 0 O
0O 0 ¢¢ O O
B=g: : . g (41)
0 0 ¢t¢ 0 [2j]
0 0 ¢¢ 0 0
and
0 1
0 0 cec
[2j]], 0 ¢6¢ 0O O
C=F : : . i & (42)
0 0 ¢e 0 0

0 0 ¢ [1, O

where [n], = (@" i ' ™=(q i ' ') and @ = § 1. In this representation the value of the
central elerpent cis

1!2

qj+% i gidiz
gi gt

=l +3E: 43

Now we can observe that the operators Ty, Ty and the generators of the quantum group
Uqg (sl2) are somewhat related. Fird of dl we mug teke (2j + 1) = Q. The following correspon-
dence can be checked to be true.

TiyTx=8 qAZ; T; xTy =8qi D2
T+ Ty =i(@@i o' HB; (44)
Tix+Tiy=8§i(@i q'1)C;
with
TxTy = 0°TyTx; (45)
where we have q = eiz, whence q@ = j 1 for P odd and q@ = 1 for P even. The § signs

correspond to P being odd and even, respectivey, since then the centrd dement will have the
correct value of j 4(q i qi 1)? for P odd and O for P even. In the following discussion we shall
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adopt P to be odd. Explicitly, with the present representation for A, B, C and D, we can solve
for Tx and Ty

o) _ 1
qgil 0 ¢t 0 0

0
0 0 @2 ¢t 0 O

T=ii : : : .o : (46)
0 0 0 . 0 qi@D
i o o0 .0 0
(o) 1
0 g 0 ¢¢ 0 O
0 0 g2 ¢¢ 0 O
T,=if | N (47)
0 00 . 0 q@DY
gQe 0 0 .0 0

There is some freedom in choosing the correspondence of the operators Tx, Ty and the
eements of the quantum group. Wiegmann and Zabrodin [4] discovered tha the above identifi-
cation corresponds to @ = 0 in the chiral gauge. Indeed, if we observe that BQ = 0, implying
elQkx + ¢iQky =, Thus the Hofgtadter hamiltonian for the mid-band point can be identified as

H=i@i q'")(B+C) (48)
and the difference equation can be written as a functional equation
(21! +az)? (@) izt + 01 12)2 (" '2) = B2 (2): (49)
Now we know that 2 (z) isa polynomial of degree Q j 1,
1
f@= @i zm): 0
m=1

With this ansatz, the functiona eguation can be written as
t 9z i Zm

ZjZIm

N s -
4Zi Zm . ., i1 i1l
—ZiZmII(Z +q'-2)

i(zi!+q2) = E: (51)

m=1 m=1

The left-hand side of this equation is a meromorphic function, wheress the right-hand sde is a
congant. The residues mug all vanish. Theresduesat z = 0 and z = 1 are zeroes without
further restriction. The zeroes of the residues & z = zy, give the Bethe Ansatz equation,

q+22 ¥ gz zm .

1+qz|2_ 1=1;:::;Qi 1; (52
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and E isgiven by the sum of the roots zi,
o
E=ii(@iq'")  zm: (53)
m=1
Since E s real, thus the z,, mug be red or come in complex conjugate pars. Also it is essy
to see that E and j E are both solutions This verifies tha this is the spectrafor the mid-band
point, @ = 0. It may be useful to i nvestigate the symmetries hidden in the Bethe Ansatz equation.
V. Algebraic methods for the eigenvalue problem
We reexamine the egenvadue problem here using purdy dgebraic methods. This is to
demystify the Bethe-ansatz like equations proposed by Wiegmann and Zabrodin [4]. To proceed,
we start with the hamiltonian
H=Tx+Ty+Tix+T;y; (4

in purely algebraic form. We are going to take the basis with the operator T; yTx diagonalised.
Thus we take any eigenvector

T; yTxjul = ujui : (55)

Since T; yTx is unitary, u is a phase and part of it can be absorbed into the wavefunction. We
shall specify u later. The operators Tx + Ty and T; x + T; y act like the rotation operators,

(Tx + Ty)jui » jlui, (56)

Since we have

(Mix+Tiy)(Tx +Ty) =2+T,; yTx+T; xTy: (59)

We can determine the coefficients for the rotation up to a phase by
3 .

(Tx + Ty)jui = uz +uiz jlui (59)

and
a .

(Tix+Tiyiui= q''uz +qui 2 jiitui; (60)

where q = 13, We can choose a vaue uo for u. Hence juoi, jluoi, :::, j1Qi lugi form a

complete orthonormd bags.
The vaue of ug is rdated to the parameter & which we defined previously. Indeed, the
operator (Tx+ Ty)R is adiagond matrix proportiond to theidentity. The midband point problem,
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o =0, considered by Wiegmann and Zabrodin [4] is especidly smple. Thisimplies that Tx + Ty
is a nilpotent matrix and the vaue of ug is determined to be

UW=ijl: (62)

Hence, for the midband point we have the basis

jki=ji 1"*1; k=0::::Qj 1: (62)
and
s .
(Tx +Tyjki =i gD qf <D e+ 1i; (63)
s .
(Mix+Tiyiki=i ¢“j q'* jkij 1i: (64)

We now expand our energy eigenvectors in terms of our basis vectors as

ik
Ei=  cki: (65)
k=0

The coefficients ¢ determine the eégenvalues of the problem. It is useful to express these coeffi-
cients as the symmetric functions of the roots of the polynomial

4@ = (i zm)
m=1
66
o %
= oS
k=0
snce the action of (Tx + Ty) and (T; x + T;y) on 2 (z) is especidly simple. We adopt the
normalisation that cq; 1 iS unity.
i ) . C
(Tx+Ty)2 (@) =iz '¢® (@2) i qi*2(qi'2) ; (67)
ia N
Tix+Tiy2 @ =izt ' (@) i 2 (@' '2) : (69
By the same manipulation we get the Bethe-Ansatz equation Eq. (52). It is easy to seetha the
energy eigenvd ue E is given by
i ¢
E=|'qiq'1ch2: (69)
For odd Q, obvioudy there is a zero energy solution. The zero energy egenvector can be
readily written down. The coefficients ci’s are zero for odd k and
qniqin

CQin =i CQj nj2; for n odd: (70)
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Hatsuga, Kohmoto and Wu [11] observed that in this case the roots of the Bethe-Ansatz equation
are given by

Zp = 002N 2:0q1 2M2; m=1:105(Q§ 1)=2: (70)

VI. Discusson and condusion

In this article we have given another viewpoint for gudying the Hofstadter problem. We
would like to emphasise that purdy dgebrac manipulations give moreingght into this problem. It
can be seen tha the present derivation of the Chambers formulais more cogent than the previous
arguments. Inshort, thealgebra ¢ manipulations here can be more accessibleto theaveragelayman.
This shows that quantum group symmetries are not essentid for the Bethe-Ansatz equation. Of
course adeeper understanding of these quantum group symmetriesis gill waitingfor us to explore.
A few points should be noted. The cyclic permutation symmetry of the energy egenvaues is not
generic. However, for specific casesthis symmetry is very degant. It would be niceto investigate
under what conditions this symmetry is manifest. Also for certain values of Q the problem of
sudy should possess fermionic behaviour. Such fermionic representations should be an interesting
ubject.
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