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Biomolecules, such as DNA, are often moddled by the inextensible Worm-Like Chain
(WLC) model when pulled by an external force. We examine the classical mechanical solution
of a WL C arbitrarily grafted at one end while stretched with an external force acting on the
othe end. Shape eguations governing the configuraions of the WLC can be derived. Detail
chain configuraions can be solved numerically for arbitrary contour lengths and grafting
conditions. Analytic results for the case of low force (linear regime) limit as well as near the
fully stretched limit (strong force) and long chain limit are also derived.

PACS. 87.15.By — Structure, bonding, conformation, configuration, and isomerism of
bi omol ecul es.

PACS. 36.20.Ey — Conformation.

PACS. 61.25.Hg — Macromolecular and polymer solutions; polymer melts; swelling.

I. Introduction

Current experimental techniques such as opti ca/magnetic tweezers and micro pipette with
fluorescence microscopy, enable the direct manipulaion and observation of the behavior of a
sngle macromolecule of Sze scde & the micrometer level. Because of their gppropriate sizes
biomolecules such as DNA, actin and microtubules have been quite intensdy investigated by
sngle-molecule force experiments in recent years. The mogt fundamental physical properties are
concerned with the force-extension behavior of such a chain stretched under an external force.
The macromolecule is usually grafted with one end on some subdrate or a large sphere held by a
tweezer and the other end is also atached to another large sphere and pulled by an externd force
These force experiments can often be used to tes the models for macromolecules in polymer
physics. In paticular, the elastic properties of a single double-stranded DNA(dsDNA) molecule
has drawn most of the research interest in this area due to its possible reations to biologicd
functions [1-8]. In contrast to a flexible polymer in solution, dsSDNA has a relaively large
bending perd gence length, and often is moddled by the worm-like chain (WLC) model [9-15] at
the most coarse-grained level . Although more sophi sicated modd s[16-22] can describe the nove
dastic behavior of dSDNA better, especially in the large force regime in which the dsDNA takes
an S-form, the WLC model provides a rather accurate description for the dagic behavior for the
dsDNA that dill remans in the B-form. On the other hand, many other frequently encountered
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biomolecules such as actin and microtubule dso exhibit large bending stiffness and the WLC
model can also be used as the amplest theoreticd modd to account for ther dastic behavior.

The statisticd mechanica treatment of the WLC model under an external force has been
sudied several times by various authors [9-15, 23-25]. Standard techniques such as the Green
function/path integrd agpproach in polymer physics can be applied to the modd. Many useful
guantities such as the mean chain extenson and corrdation functions [ 15, 24, 25] can be calcu-
lated andyticaly, which also compare favorably with the force experiments in some force regime.
However, in such approaches only the averaged quantities can be calculated and detail ed infor-
mation such as configurations of the chain or the explicit functional form of the chain curve under
given grafting conditions cannot be obtaned. On the other hand, there was little study on the
WLC using cdlasscd mechanical gpproaches [26]. The dassica mechanical solution of the same
gystem can provide further indght into the physical behavior of the WLC. Such a treatment is
physically vdid if thermal fluctuations of the chain can be neglected, such a case can be redized
when the externd force is large or the persistence length of the chain is large. In this paper, we
develop the classical mechanical solution of the WLC under an externd pulling force, under arbi-
trary grafting angles and contour lengths. Detail chain configurations can be explicitly calculated.
Anaytic results for the low and high force regimes can be obtai ned.

I1. Worm-like chain under a pulling for ce

The WLC modd, dso known as the Kratky-Porod chan [9] regards a chain molecule as
aslende cylindrical dadtic rod with afixed contour length L and the polymer is represented by
the differentiable curve r(s) parametrized by the arc length s. The unit tangent vector is given
by t(s) = dr=ds. The constraint jtj = 1 imposes the inextengbility condition of the chain and
often leads to difficulties in an and ytica trestment of the model. Suppose the chain is fixed a
thes =0 end by grafting a small portion of its segment & some fixed angle to the substrate (see
Fig. 1), and an external force f is pulling the chain a the other end a s = L, then the energy of
the system is given by
o Mg

o 2 ds
where - is the bending stiffness. To proceed with our analytica cdculaions the coordinae
gystem with f = f2 and t ~ (sinpcosA;sinpsinA; cosp) is taken such tha the jtj = 1
condraint will aways be fulfilled. Minimizing Ewc for given initial grafting orientation
t(0) = (sino cosAo; sinplo sin Ag; cos o), one arrives at the Euler-Lagrange equations

Ai sinpcospd? (F=-)sinp =0; 2
sin? pA = constant; ©)

with boundary conditions pu(0) = o, A(0) = Ao and w(L) = A(L) = 0. These shape equations
can also be derived from the equation of equilibrium of the chain [27] such that the total moment
acting on an dement ds must be zero:

dM _
o =fEt (4)

1, #

EwLc = i f¢t ds 1
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FIG. 1. Schematic picture of a chan grafted at one end and pulled at the other end by a force f. The
angle between the grafted segment and f is .
The bending moment M of arod with bending rigidity - (but without twist rigidity) is

_ dt,
M=-tf ()

Direct cdculation gives
dt=ds = (ucospcosA j AsinpsinA;pcosusinA + AsinpcosA; j psinp)
and hence
M = - (j usinA j AsinpcospcosA;pcosA j AsinpcospsinA;Asin? p): (6)
Therdforethe B.Cs at thes = L end, (L) =A(L) =0 are equivalent to the vanishing moment
a thefreeend: M(L) = 0. Using f£ t = fsinpu(j sinA;cosA;0) and directly differentiating
M, one gets from Egn. (4)

i fsinA j pAcosA + A2sinpcospsinA j cosAdA sinpcospj=ds = j (F=-)sinpsinA;  (7)
AcosA i pAsinA A2sinpcospcosA i sinAdfA sinpcospi=ds = (f=-)sinpcosA; (8)

d(A sin?)=ds = 0: 9

Egn. (9) is the same as Egn. (3). Himinaing the fourth terms on the LHS of (7) and (8) gives
Ai A2sinpcosp = (F=-)sinp, which is the same as Egn. (2).
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The solution of the shape equations is easily obtained to be A(s) = Ao, i.e the chain lies
in the same plane. And by a simple integration, the solution of | is given by
r—_
of _Fw du
. . cospj cosu’

(10)

where u. ~ (L) is obtained by solving for it from the following rdation involving an improper
integral,

Yk e g
u
—L= p— (1)
. W COSHL_ j cosu
Once the solution p(s) is obtained, the locus of the chain can be obtained easly from
UZ S Z S ﬂ
r(s) = sinp(u)du; 0;  cosp(u)du ; (12
0 0
with r(0) a the origin. Inthefollowing, the dimensionless quantitiessC © =L ads”~ =S

will be used for convenience.
[11. Validity in for ce experiments

The WLC modd has been used for various giff chain like molecules in different experimen-
td sysems such asDNA, actin and microtubule. The typical vaues of the parametersinthe WLC
model in typical experimenta situations are andyzed in the following. For most experiments &
room temperatures (KT = 4£ 10i 21)), the bending rigidity - in the WLC modd is rdated to the

persistence length of the chain, “p, as - = "pkT. Therefore, in terms of p, the dimendonless C
is given by r uo
E= 2f " L
KT p

The typicd pergstence lengths for dsSDNA, actin and microtubules under ordinary conditions are
50 nm, 17 *m and 5.2 mm respectively. For current force experiments on DNA mol ecules, the
externd dretching forces are around the order of pN. Let ¥ = ® pN, then ong,can essily edimate
thepvalus of the dimensionless Ie?gth C for these biomolecules, Cona ™ 5 ®(L="p), Cactin ~
30" ®(L="p), Cmicrotubute ™ 1600" ® (L="p). Therefore, in most experimentd stuaions, C >> 1
holds for microtubules and actin filaments. For DNA molecules in mogt experiments, L » 10 -
1001m, and hence Epya =>> 1 dso holds, unless T is as small asinthefN range[28], in which
cae Cpna can be of O(2).

IV. General solution of p(s)

For general given vaues of L, u(s) is obtaned by numerical integration in Egn. (10), but
the vaue of | has to be solved from Egn. (11) fird. The numerical evaluaion of the improper
integral in Egn. (11) is given in the Appendix. Fig. 2 displays the vaues of p_ as solved from
Egn. (11) as afunction of L for different initid grafting directions It clearly shows that . ¥ 0
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FIG. 3. Solution of p(s) for the WLC under dif-
ferent initial grafting directions. L = 10.

FIG. 2. Solution of y_ as a function of C solved
from Eqgn. (11) for different initid graft-
ing orientations.

Pl
FIG. 4. Configurations of a L = 10 WLC under various stretching forces. The initial grafting angle
U = 10*. From I€ft toright: f=- = 0.1, 1 and 10 respectively.

as C becomes large which agrees with the andysis in the next section. In fact p_ is practicaly
zerofor L » 10 regardless the values of [,. Fig. 3 showsthe variation of u asafunction of s from
numericd integraiing Eqn. (10) with different initid conditions for C = 10. Once the solution of
1(s) is obtained, the full configuration informetion of the WLC can be computed via Egn. (12).
Fig. 4 shows the chain configurations of a WLC of L = 10 under different pulling forces showing
that the chan is bent by the external force. The corrdation between the initid grafting direction

rapidly decays dong the contour and the decay is faster for gronger forces.
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HG. 5. Solution of u(s) for the WLC under different reduced pulling forces in the long chain limit with

Ho = 10%.

V. Long chain/strong force regime

In the case of a grong pulling force and/or long chan limit, C ¥ 1 (ie. £ ¥ 1 or
L ¥ 1), oneexpectsy. ¥ 0 dncethe end of the chain will be aligned by the external force f.
This has dso been verified in the numerical result of p in Fig. 2. In this limit, one easily gets
from Egn. (10) that

- il . . Ho™

u(s) = 4tan' - exp(j s)tan ik (13
Theinitid grafti ng orientation decays exponentidly fast dong the contour length. Also C diverges
asLC " jlimy soln(tanp =tany,). Fig. 5 displays p(s) for various reduced stretching forces
in the long L limit as given by Eqgn. (13).

The rdative end-to-end extension of the chan projected dong the direction of the force,
Z=L, which is the most common quantity measured in force experiments is given by

z 1%t
L1 . cos u(s)ds: (19
In the strong force limit, one expects Z=L ¥ 1 and, from Eqgn. (10), that p_ ¥ 0 and -2 =
2f(cosy j cosp) = 2f(1 j cosp). Thusone has
Z Z

z 1 1 p.—
lj —=— 1j cosp(s)) ds = — 1§ cos pdu: 15
|LL0(| u(s)) E o i Cos pdu (15
Thus the approach to the fully extended limit behaves as
z.2"F !
1;i £=%2 ~ 1icost . (16)

L L f 2
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The p? goproach to the fully stretched limit is in agreement with the results dotained by statisticd
mechanicd approaches usng standard polymer physics techniques [15, 25]. This is expected
ance, near the fully gretched limit, the possble chan configurations are greetly reduced and are
dominated by the dassical trgectory, which vdidates the use of classcd mechanics

VI. Low force regime

For f = 0, one clearly has the trivial graight chain solution of p(s) = u_. = . For low
vaues of T, one can expand around the trivid solution systematically. Fird, . can be expanded
in powers of £ as (see Appendix)

_ Ao Bora. Cog 4.

HL =Ho i 4|: +16E i 64E +0O(C%); (17
where A, B, and C,, are given by Egn. (25) in the Appendix. In a Smilar way, (s) and hence
cosp(s) can be expanded in a power series of & and s (see Appendix). Findly the rdative
extension can be expanded in powers of L, or explicitly in ¥ as follows

. H |
2 21 4
Aos;nuo fl-_ : % By Sin i % . c0s fL

Z
= =cosl

5 +¢0C; (18)

.2
The extension projected in the pulling direction is given by Z j Lcos, and hence the linear
extension is given by
L3 .,
R = 3—_sm Ho: (29
Obvioudy, for y, = 0, R = 0 since the WLC is inextendble. The linear extension coefficient
is / sin? pol3=-

VII1. Condusion

In this paper, we developed the dassical mechanicd treatment of the semi-flexible WLC
under an external force and cadculated systematically the solution of the classical path of the
WLC for any given contour length and initid grating direction. Anaytic expressons for the
olution p(s) and the relaive extenson in the low force and long chain limits can be derived.
This method can be employed to tackle more realistic and sophisticated chain models in dsDNA
[29] and the WLC model that incl udes torsional rigidity [16] to obtain vauable insights into these
complicated modes. Furthermore, the classical mechanicd approach could dlow one to compute
many detailed dynamicd properties of the chain that would otherwise be impossible by the path
integral formalism in sandard polymer physics

However, one should always bear in mind that the present gpproach makes physical sense
based on the grounds that the chain is highly stretched such tha the dassicd path dominates.
Thus our results should be physicaly vaid in the high force regime, but one should be very
cautious in attempting to apply the result in the low force regime. Only in the case of very Hiff
chain with -=(kT) » L (i.e. lp is comparable to the chain length) that our low force result will
aso be physically goplicable. In this sense, our low-force dassical mechanical results would be
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prectically more useful for actin and microtubule, that are not very long, or for DNA at unusudly
low temperatures. Otherwi se the entropic nature of theelasticity of the chain would have important
contri butions
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Appendix

To evduae numerically the improper integrd in Egn. (11), the integrand is decomposed
into two parts as
Z o Z o
L= P(u)du + G(u) du; (20)
HL ML

where G(u) © P—2——j P(u) foru & p_ and G(u) = 0. P (u) gives the dominant

COS |y_j cosu

contribution of C and is obtained by expanding the original integrand up to fourth order:
1

2
1 cot 11 3
P(U) =P—r—= 1i uL(Ui W)+ H+ocotfpl (Ui p)%
sinp (Ui p) .ﬁ‘ 4 3 8
cot 1 5
i s S+ cot?u (Ui w)° (21)
8U 3 16 q
11,3 2w + 2 oot VA
+32 5+400t u._+64cot M (U )™

The integrd of P (u) can be essily evaluated andyticadly while the integral of G(u) is evaluated
numerically usng the 4th order Simpson’s method. One can easily sees that the integrd of P is
convergent, with
Z L c o
PUdu=2 FELE10 a i 1)+l § 107 i ollo i 1O+l i B)* + 0t
HL

(22)
and
a _1 .
C 12tanp’
oMy 3 ﬂ_
b = o T4
20 3 8tan?y -
1 M 5 1 ()
C = —— ZH+—u— ;
S56tany. 3 16tan?p
H
4 = 11 3 35

— .+ +
288 5 4tan?y.  64tan*p
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In fact, one easily sees that, by expanding the integrand of the integrd in (11), L is given
by the RHS of Egn. (22) plus higher order terms. For small  (smdl L), u_ i po is smdl and
one can safdy truncate the series. a, b, ¢ can also be expanded as a = a, + £2=sin,=48 + ¢¢¢
and b = b, + O(E?2), where the subscript , denote the quantities defined in Eqn. (23) with p_
replaced by . The series representation of (11) can be inverted to give

A B C
Ho=Ho i B+ REt i E® +O(EP); (24)
where
Ao = sinl;
1. .
B, = &—45|n2p0, q (25)
C, = i+§sin2uo+@coszp0 SiN o:
12 60 1440

Similarly, by expanding the integrand in Eqgn. (10) and inverting the series, one arives a

3 - 3
B
W) =Hoi 2% L2 (Ci 99 +22 T4 (Li 9)°)
4 16
c 2 - (26)
i6_2 8§ (& s)®) + ¢ee:
cos U(s) can further be expanded and hence the reative extenson can be cdculaed
Zy
21 s u(s)ds = cos o + lA0 sin poC2
L Lo 6
) 1 I (@)
i EBO sinlo + %AO COSHoy L4+ ¢Ce;

then the small T expangon for the relaive extension is given in Eqgn. (18).
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