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In previous pgoers we calculated the energy spectra of a hydrogen impurity located at the
center of spherical and parabolic quantum dots. In this work, a comparison of the eigenstates
of a hydrogenic impurity in spherical and parabolic quantum dots is discussed in detail.
Moreover, the Stark efect on the parabolic quantum dots is investigated. Our calcul ated
results reveal that for both spherical and parabolic quantum dots, the e genenergies are just
like those of a free-space hydrogenic atom, when the dot size is extremely small. On the
othe hand, the eigenenergies are also like those of a free-space hydrogenic atom when the
dot sizeis extremdy large, except that they are shifted by the confining potential. When the
dot size is between these two extreme situaions, the energy level splitting and degenerecy
of the energy levels are quite different for these two cases. The theoretical results show that
the energy plateau of the parabolic quantum dot is not obvious when compared to that of the
spherical quantum dot.

PACS. 73.21.L — Quantum dot: electron states.
PACS. 61.46 — Nanotechnology: structure.

|. Introduction

Due to the high progress in scientific technology in the past few years people can now
meke “artificdd atoms” or “ quantum dots’, asthey are cdled [1, 2]. Sincethe scale of these nano-
gructures has goproached to the size of an aom, physcids are trying to disclose the quantum
mechanism behind them. The amplest model is a hydrogen atom located at the center of a phericd
cavity with a discontinuous potentid to simulate the quantum dot. The exact solutions for this
mode have been reported by Yang and severd other researchers [3-6]. However, a phericd
cavity is still not good enough for a real quantum dot. In a previous work we reported another
modd, a parabolic quantum dot [7].

In this paper we cdculae the eigenstates of a spherical quantum dot (SQD) and a parabolic
guantum dot (PQD) and make a detailed comparison between them. Moreover, the Stark effect
on the parabolic quantum dots is investigated. In Sec. Il, we present an exact solution for a
SQD, which is simpler than that reported in our previous paper [5]. We aso discuss how a SQD
influences the impurity’ s wave function. In Sec. 1ll, we cdculate the eigenstates of a PQD; some
nove properties of this modd are found and compared with those of a gherica dot. Moreover,
we study the Stark effect on the parabolic quantum dots. The effects of dot size and externd
dectric fidd are discussed. A summary of the results is presented in Sec. V.
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Il1. Spherical quantum dot

[1-1. For mulation
The Hamiltonian of a hydrogenic impurity located at the center of a spherica quantum dot
can be written as

where
" ive  r<R
— 1 VO, 0
V (r) - O, r RO (2)

5

and 1, " and Z are the effective mass, dielectric congant and core charge, Vo and Ry are the
confining potentia and the radius of the SQD, and they are dl postive. The vdue of the confining
potentid Vo ranges from zero to infinity. The solution of the Schrodinger equation, Snce it is a
sphericdly symmetric potential field, can be written as:

. u(r
Arwe) ="y e 3
The radid solutions of the bound states can be expressed in terms of generalized hypergeometric

functions [8] as follows
Solution regular at r = 0:
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[1-2. Discusson

By imposing the boundary conditions on the solutions we can get a suitable E vdue for
every stae of the impurity. From it we can find the hydrogenic impurity’ s eigenenergies and wave
functions. To make our results more understandable, we let the reduced mass and the didectric
congtant be the same as for a free-space hydrogen, that is, the effective Rydoerg energy Ry is
equa to the Rydberg energy Ry (13.6 €V), and the effective Bohr radius a° is equal to the Bohr
radius ag (0.5294). Here we assume tha the confining potential Vo is 3 eV. For convenience, we
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FIG. 1. The eigenenergies of a sphericd quantum dot of 3 eV well depth, from the 1s to 3d states, as
functions of Rg.

dill use the principd number n to represent the eigenstate in order to compare with the corre-
sponding states of a free-space hydrogen.

In Fig. 1, we present the eigenenergies of the different n | gates as functions of the dot
radius. For each n state, the eigenenergy increases as the radius decreases It is found that when
the dot radius is extremey small, the eigenenergies of the impurity goproach the corresponding
energies of a free-gpace hydrogen: E 2 j R;‘,=n2. On the other hand, when the dot radius is
large enough, the eigenenergies approach a value which is equd to the confining potentid plus
the corregponding energy of a free-gpace hydrogen: E 2 (ZzRg’,zn2 + Vp). In the mean time,
when the dot radiusis & these two extreme situations, the eigenenergies are in | degeneracy just
as the degeneracy of a free-space hydrogen aom.

Between these two extreme situations, the | degeneracy disgppears. For the same principd
number, when the dot radius decresses, the smaller | dates’ eigenenergies increase more quickly
than those of the bigger | dates. Thisis due to the fact tha, when the confining electron isin a
small | date, it digributes itsdf a the more outer part of the impurity than the electron in abig |
date, most of the time. While the dot radius is decreasng, the margin of the confining potentiad
pushes the amdl | state first. Hence, itseigenenergy is influenced earlier than the big | gae. Tha
iswhy the smdl | dat€ s eigenenergies increase more quickly than those of the big | state as the
dot radius decreases

The number of times that the energy increases is equal to the bump number of the dectron
radial probability distribution function. For example, snce there are two bumps in the radid



628 A COMPARISON OF THE EIGENSTATES OF ¢¢¢ VOL. 39

probability digribution function of the 3p state, the 3p stae’s eigenenergy has two incressing
times as the dot radius decreases from 30 ap to zero. The reason is that, when the margin of
the wel meets the outer bump, it will push the bump into the inner part of the impurity. During
this time the influence of the well is goparent, and hence the e genenergy increases more quickly.
When the outer bump has penetrated the well, then the node of the function is near the well’s
margin. During this time the eigenenergy increases slowly, and the changes of the dot radius seem
to have little influence on the impurity. However, when the margin meets the inner bump and
begins to push the bump, the eigenenergy increases quickly agan. It is found that not every dot
radius influences the eigenenergy. It depends on which state the confining ectron is in and what
the value of the dot radius is.

[11. Parabolic quantum dot

[11-1. Formulation

To dudy the interesting properties of a paraboli c quantum dot, we use parabolic coordinate
gystem. First we trandorm the coordinate system from spherical coordinates (°; ; ™) to parabolic
coordinates (»; ~; *) [9]. Taking the coordinate system as equd-potentid surface on the boundary,
we can simulate a parabolic cavity [7]. Let us congder a hydrogen impurity locaied & the center
of a parabolic cavity. The Hamiltonian of a hydrogen impurity indde such a cavity is

2

~ Ze
H=i2—1r2i StV (6)
where
(iVo; » - Ro;” - Ro
V =

0; otherwise:
The exact solution can be expressed as follows:
(%7 7) = up)e( )™ (7)
Ingde the cavity u(») is
Uin() > € "2 Fy (i ng;jmj + 1,27 ), ®

where

- pi (E + Vo)=2;

.z 1

Ny el E(jmj +1):
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where
—
-- iE.
2 1
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Equations (8) and (9) may be goplied to ©(") if the parameter Z; is replaced by Z, and the
varigble » isreplaced by ~, respectively.

When Ry = 0 or 1, we find that the expectation vaues of r and z can be expressed in
analytidy dosed forms, which are given as follows:

oM 1 oo
hri= n? gi 32, + lim® " . (10)
H 1
.3 5 .
hzi = En (z1i ) =2 (12)

where zj = Zj=Z.

The parabolic coordinate separation is the bet method for sudying the Stark effect of
hydrogen and the PQD. We assume that the external dectric fidd is a congant vector directed
dongthez axis. Supposetha the dectric fidd strength F isweek, so that the perturbation method
is applicable. The Hamiltonian can be written as H = Hg + H’. The unperturbed Hamiltonian
Hy is the same as that shown in Eq. (6). The perturbation H? is given as H? = eFz. Any energy
level of the PQD is degenerae except for the ground-state. The first order perturbation matrix for
these degenerate Sates is diagonal. The matrix dement is given by

HYj = hn; m;; ZijH'jn; my; Z;i = eFhzis;
independent of degeneracy. The corrected energy is

Ermz, = Egmzl + eFhzipnmz: (12)

[11-2. Discussion
For comparison, Vo is chosen to be 3 eV and the nudear charge Z isequd to 1. Different
vaues of Vo and Z can be used when needed. From Fig. 2, we find that:

(1) At Rp = 0 and 4, it has the correct limit. When the dot Sze is extremdy small, the
egenenergies E of theimpurity approach the corresponding energy of a free-space hydrogen:
E 2 j Rf,:nz. When the radius of the dot is large enough, the eigenenergies gpproach
vaues which are equd to the confining potential plus the corresponding energy of a free-
space hydrogen: E % j (Z?Rj=n?+\;). The resultsare the same as those for the spherical
quantum dot.

(2) The modd shows levd crossng for the n = 2 and n = 3 states, just like a ghericd
quantum dot does. But the energy plateaus of this modd is not so obvious as the ones in
sphericd quantum dot. The results for principd quantum numbers n =1, 2, 3 are shown
in Fig. 2 for demonstréti on.
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FIG. 2. The eigenenergies of a parabolic quantum dot in the low excited states n = 1, 2, 3 as functions
of Rp. Compared with a spherical quantum dot, the energy plateaus are not obvious.
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FIG. 3. (a) The electron probability distribution of a PQD for the staten = 3, m = 0, Z; = 1/6, when
Ro equals 0 or infinity. (b) The electron probability distribution of a PQD for the state n = 3,
m =0, Z; = 5/6, when Rq equals O or infinity.

For each Z; & 1=2 gatewithfixed n and m, thereexists adegeneratestate withz§ = 1j Z;.
For fixed quantum number n =3, m = 0, we plot the electron probability digribution of the states
with Z; = 1/6 and 5/6, regectively, in Figs 3a and 3b. Thereaults show that: (1) the probability
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digribution is not symmetric in the z = 0 plang (2) the smaller probability digribution concen-
trates in the upper part of the dot for the smaller Z;; (3) they are mutually symmetric inthe z = 0
plane (for the Z; = 1/6 state, with z changed to j z, the probability didribution is the same as
thet for Z, = 5/6). Therefore, the degeneracy of thispair can not be destroyed by the Sze of the dot.

TABLE I. Results of the theoretical calculation. Different dot size, quantum number of the states
expectation vadue of z , and egenenergy are respectively listed in columns1to 4. The
last column shows the energy levd splitting caused by the Stark effect with dectric
fidd strength F =5£ 10i 4 a:u:®

Ro/a n jmj Z; hzi=a Ene(eV) Er (eV)
2 0 14 ; 3/4 -3;3 -3.4014 -3.4422 ; -3.3606
1 1/2 0 -34014
3 0 1/6 ; 5/6 -9;9 -1.5117 -1.6342 ; -1.3892
0 12 0 -1517
1 13; 2/3 -45; 45 -15729 ; -1.4505
0 2 1/2 0 -15117
4 0 18 ; 7/8 -18 ;18 -0.8504 -1.0953 ; -0.6055
0 3/8; 5/8 -6;6 -0.9320 ; -0.7688
1 14 ; 3/4 -12 ;12 -1.0137 ; -0.6871
1 1/2 0 -0.8504
2 3/8; 5/8 -6;6 0.9320 -0.7688
3 1/2 0 -0.8504
2 0 14 ; 3/4 -2.5428 ; 2.5428 -4.3038 -4.3388 ; -4.2692
1 1/2 0 -4.5824 -45824
3 0 1/6 ; 5/6 -8.2017 ; 8.2017 -1.7747 -1.8863 ; -1.6631
0 12 0 -1.5726 -15726
1 13; 2/3 -4.5555 ; 4.5555 -1.7822 -1.8442 ; -1.7202
4 2 1/2 0 -1.6976 -1.6976
4 0 18 ; 7/8 -16.8867 ; 16.8867 -0.9789 -1.2087 ; -0.7491
0 3/8; 5/8 -5.6008 ; 5.6008 -0.8830 -0.9592 ; -0.8068
1 14 ; 3/4 -12.0783 ; 12.0783 -0.9526 -1.1169 ; -7883
1 1/2 0 -0.9504 -0.9504
2 3/8; 5/8 -5.8015 ; 5.8015 -0.9210 0.9999 -0.8421
3 1/2 0 -0.8633 -0.8633

°dectric fidd strength in atomic unit a:u: = 051422082 £ 102 V/m
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FIG. 4. (a) The energy splitting of the Stark effect as a function of the electric fidd strength for a PQD
as Rp equals 0. (b) The energy splitting of the Stark effect as a function of the electric field
strength for a PQD as Rg equals 4a

We also dudy the Stark effect on the parabolic quantum dots. In Table I, we lig some
results of the theoretical calculation. Specifically, different dot size, quantum number of the Sates,
expectation value of z, and elgenenergy are respectivey listed in columns 1to 4. The energy leve
wlitting caused by the Stark effect with electric field strength F = 5£ 10i 4 a:u. is listed in
the last column of Table I. From the results we note tha the values of jhzij of a stae @& Ro =
0 ae larger than those at all other dot sizes For n = 2 states there exigs a minimum value a
Ro = 4a, where the margin of the dot meets the bumps and they are compressed most seriously.
The expectation vdue of z is a very important term for caculating the Stark effect for all dates.
By Eq. (12) we can compute the energy leved spitting under a week external dectric field. In
Fig. 4, we show the energy splitting of the Stark effect as a function of the electric field srength
with two different dot szes (Ro equas 0 and 44). Figure 4a indicates that the energy plitting
due to the Stark effect is mogt extreme as R equals 0, because the value of jhzij is the largest
in this situation. The number of the splitting levelsis2n j 1 for any principal quantum number
n. In Fig. 4b, for the n = 2 state, the effect of dot sizeislarger than the Stark effect. Figure 4
explicitly shows that the effect of a confining potentia serioudy competes with the Stark effect.
These two effects reault in a maximum number of splitting levels of n(n + 1)=2.
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[11-3. Comparison between the SQD and PQD

Inside the SQD and PQD the wave functions are dl in the form of the generalized hyper-
geometric function 1 F1, while outsde the dots they are dl in the form of 2Fo. But the jFj of the
PQD are more complicated than those of the SQD. The wave functions of the SQD are symmetric
inthe X j y plane but those of the PQD are not (if z1 & 1/2). For each stae of the SQD or
PQD, the eigenenergy increases from j (Z2Ry=n? +Vjp to j Z?Ry=n? asthe dot size decreases
But the degeneracy and energy splitting are very different for these two quantum dots When Rg
equals to zero, each jn;m; z11 state of the PQD is a linear combination of the jn;I; mi states
with different | in the SQD. The state of any principa quantum number n and the § maxi mum
jmj with z; = 1/2 in the parabolic coordinate representation corresponds to the maximum orbita
angular momentum " in the spherical coordinate representation. The corresponding relion is

IN; 8 jMjmax; 21 = 1221 ¥ jNn; "max; 8§ jMjmaxd: (13)

For example for n=6,m = § 5,z; =z, = 1/2, weobtanhri = 39=Z from Eg. (10). This result
can dso be obtained for the ™ = 5 state from the following formula [10] in gherical coordinate
Soace:

I PN
hri= 3n“j (C +1) =2Z: (29

At Rp =0and 1 the égenenergi esare in n’-degeneracy like the degeneracy of a free-space
hydrogen atom. Between these two extreme Stuations, the n2-degeneracy disappears. For any
soedific n, it is found that the maximum number of the splitting leved s is [(n + 1)=2]2 if n is odd,
and n(n+ 2)=4 if niseven. This phenomenon is very different from the spherical quantum dat,
where the number of the maximum splitting leves isn for any principa quantum number n.

The calculation of Stark effects for the SQD is much more difficult than that for the
PQD. For the SQD, the perturbation matrix is non-diagond. Moreover, every matrix dement is
complicated when calculated. When Rg equals to zero, the SQD is the same as the PQD. They
both become a hydrogenic atom in this goecific dtuation. In spherical coordinates, the first order
perturbation matrices for the degenerate sates are not diagonal. Hence, the calculation of each
matrix dement is quite tedious However, it is much easier to cdculate the marix dements in
parabolic coordinates. When Rg equd s to zero, combining Egs. (11) and (12), we get an analytic
closed form:

H 3 1

Ermz, = Eg +eF Enz(zl i 22) =Z. (15)
This equation is in fact identicd to that derived by Scharzschild and Epstein [9] on the base of the
old quantum theory, which thus justifies the derivation of the equations discussed in this paper.

V. Condusion

This article contains new reaults on different types of quantum dots. We gpply different
coordinates to sudy the characteristics of a hydrogen impurity in different cavities and meke
detailed comparison between thetwo quantum dots under study. We solvethe Schrodinger equation
to obtain the system wavefunctions, eigenvadues, and their degeneracy analytically. We find that
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the parabolic quantum dot has several features different from those of a spherical quantum dot. The
competition of the dot size effect and the Stark effect are also studied. Since many researchers are
now working on the dectronic gates in a quantum dot, these results would be helpful for people
to undergand quantum dots and manufacture an artificid atom.
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