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The pronounced specific heat anomaly observed in cuprate oxide superconductors with Gd
layers below the Néel temperature TN is studied by using the modified spin-wave theory for
an anisotropic layer antiferromagnetic system. The present work elucidates that the anomaly
feature is mainly due to the large spin effect of the Gd3+-ion. Our result agrees well with
the experiments. In addition, the observed disappearance of the specific heat anomaly in the
presence of a magnetic field is also obtained. The specific heat above TN is calculated by
using a high temperature expansion. The breakdown of the generalized modified spin-wave
theory for the large-spin layer antiferromagnetic systems is explicitly demonstrated in the
evaluation of the sublattice magnetization and correlation function.

PACS. 75.30.Ds – Spin Waves.
PACS. 75.40.–s – Critical-point effects, specific heats, short-range order.
PACS. 75.50.Ee – Antiferromagnetics.

I. Introduction

An antiferromagnetic (AFM) phase transition occurs in the rare-earth (R) ion layers of
high temperature cuprate oxide superconductors at a very low Néel temperature TN [1-11]. So
far it is believed that this AFM transition is not coupled with the superconducting Cu - O layers.
Among the compounds studied, the ones with Gd3+-ion layers show a pronounced anomaly below
TN in specific heat measurements [1-11]. Such an anomaly not only occurs in cuprate oxide
superconductors, but also in other Gd alloys [12-15]. The entropy obtained by directly integrating
the C=T ¡ T curve over the anomalous region is consistent with the magnetic mechanism scenario
[1-15]. Furthermore, the anomaly is destroyed simultaneously, as the external magnetic field
quenches the AFM ordering [11].

Blanco et al. [16] proposed a model with the amplitude-modulated exchange coupling to
explain the specific heat anomaly in Gd alloys. Here we only consider the usual Heisenberg model
with a layer structure to account for the specific heat anomaly of high temperature superconductors
with Gd. Our results shows that the anomaly is mainly due to the large spin (S = 7/2) of the
Gd3+-ion. At the AFM transition, only part of the spin degree of freedom is frozen. Quantum
fluctuation of the remaining degrees of freedom contributes toward the specific heat anomaly.
Our analysis not only produces values of TN and an in-plane exchange coupling constant in good
agreement with experiments [17], we also obtain a good estimate of the value of the inter-layer
exchange coupling constant on the order of several Kelvin.
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For a two-dimensional Heisenberg system, the modified spin-wave theory (MSWT) proposed
by Takahashi [18] has been very successful. It predicts the long-range order at zero temperature
with quite accurate sublattice magnetization. Liu [19] has modified this method and generalized
it to layer systems. However, that author had not realized the breakdown of the theory near and
above the Néel temperature. This has been pointed out by several groups in an approach similar
to the MSWT [20-22]. These were attempts [23-26] to improve the MSWT or similar theories
without sucdess. Since the specific heat anomaly studied occurs at temperatures well below TN,
it is still appropriate to apply the MSWT. To estimate the specific heat above TN , we use the
high temperatuure expansion method. In the presence of a magnetic field, the MSWT has a non-
Hermitian mean-field Hamiltonian. To avoid this non-Hermitianal problem, we applied the large
S expansion from the Holstein-Primakoff transformation to calculate the specific heat.

The present paper is organized as follows. In Sec. II., the formalism of the MSWT
generalized for the layer system is shown. Results for the free energy, sublattice magnetization,
correlation, and specific heat are presented. The breakdown of the theory near and above TN is
exhibited distinctly therein. In Sec. III. the formalism for the large S expansion as well as that
of the high temperature expansion are illustrated. The comparison of the numerical results to the
experimental mearurements [11] in the presence of a magnetic field is depicted. Finally, a concise
conclusion is made in Sec. IV.

II. Modified spin-wave theory

II-1. Formalism
The Heisenberg model Hamiltonian of the layer AFM in the form of a tetragonal lattice

can be expressed as

H =
X

<i;j>

Jij ~Si ¢~Sj ; (1)

[Ŝ®
i ; Ŝ¯

j ]= i²® ¯° Ŝ°
i ±ij (®; ¯;° = x; y; z);

Ŝ2
i = S(S +1);

(2)

where < i; j > denotes the couple of the nearest-neighbor of the i-th site, Jij = J (J?) represents
the intra-plane (inter-plane) exchange integral. The lattice is assumed to be bipartite and divided
into A and B sublattices. On the sublattices A and B, the vacuum state is defined as Sz = S and
Sz = ¡ S respectively. Following Takahashi [18], the Dyson-Maleev transformation is used to
transfer the spin operator into the boson-representation [27, 28].

Sm
¡ = am

y; Sm
+ = (2S ¡ am

yam)am; Sz
m = S ¡ am

yam; m 2 A; (3)

Sn
¡ = ¡ bn; Sn

+ = ¡ bny(2S ¡ bn
ybn); Sn

z = ¡ S + bn
ybn; n 2 B: (4)

The commutation of the spin operator in Eq. (2) is consistent with the boson operator commuta-
tions.

[am; am0 y] = ±mm0; [bn; bn0y] = ±nn0; (5)
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[am; am0 = [bn; bn0] = [am
y; am0y] = [bn

y; bn0y] = 0; (6)

[am
y; bn] = [am; bny] = [am

y; bn
y] = [am

y; bny] = [am; bn] = 0: (7)

The Hamiltonian (1) can be written as

H =¡ 1

2
(zJ + z?J?)NS2

+J
X

l;i2A

X

±

·
S(ay

liali + by
l;i+±bl;i+± ¡ ay

lib
y
l;i+± ¡ alibl;i+±) +

1

2
ay

li(by
l;i+± ¡ ali)

2bl;i+±

¸

+J?
X

l;i2A

X

±z

·
S(ay

liali + by
l+±z;ibl+±z ;i ¡ ay

lib
y
l+±z ;i ¡ alibl+±z;i) +

1

2
ay

li(b
y
l+±z ;i ¡ ali)

2bl+±z ;i

¸
;

(8)

where l denotes the l-th layer, ¾ (±z) denotes the nearest-neighbor lattice vectors parallel (per-
pendicular) to the plane. z (z?) is the intra-(inter-)plane coordination number, equal to 4 (2) in
present work.

By means of the mean-field theory treatment, the k-space representation of the Hamiltonian
derived from the Fourier transform is written as

HMF =

µ
¡ 1

2
zJ + z?J?

¶
NS2 +

X

k

0(zJÂ + z?J?Â?)(ak
yak + bk y bk)

¡
X

k

0(zJÂ°k + z?J?Â?°k
?)(ak y b¡ k

y + akb¡ k);
(9)

where
P0 represents the summation over half of the first Brillouin zone. Â and Â? are defined

as

Â ´ S ¡ hby
l;i+±bl;i+±i + halibl;i+±i = S ¡ hay

lialii + hay
lib

y
l;i+±i;

Â? ´ S ¡ hby
l+±z ;ibl+±z ;ii + halibl+±z ;ii = S ¡ hay

lialii + hay
lib

y
l+±z ;ii:

(10)

°k and °?
k are the intra- and inter-plane geometrical factor, respectively, defined as

°k ´ 1

z

X

±

eik¢± ; °?
k ´ 1

z?

X

±z

eik¢±z: (11)

The Hamiltonian (9) can be diagonalized by the Bogoliubov transformation,

®k = cosh µkak ¡ sinhµkby
k;

¯y
¡ k = ¡ sinhµkak + cosh µkby

k:
(12)

Following reference [18] we use a chemical potential ¹, then the energy dispersion of the boson
is obtained as

"k ´ ¸
q

1 ¡ (´°k + ´?°?
k )2; (13)
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where ¸ ´ zJÂ +z?J?Â? ¡ ¹, ´ ´ zJÂ=¸, and ´? ´ z?J?Â?=¸. hSz
mi equals to the sublattice

magnetization M for T · TN , Eq. (3) and (4) give S ¡ M = ham
yami = hbn

ybni. By virtue of
the boson density matrix

½ = exp
1

T

0X

k

"k(®k
y®k + ¯¡ k

y¯¡ k); (14)

we can calculate

hali
yali0i= hbl;i+±

ybl;i0+±i ´ f(ri ¡ ri0) ¡ 1

2
±ii0;

hali
ybl;i+±i= hbl;i+±

yalii ´ g(±);

hali
ybl+±z ;ii= hbl+±z;i

yalii ´ gz(±z);

f(0)=
2

N

X

k

0 1q
1 ¡ (´°k + ´?°?

k )2

µ
1

2

¶
coth("k=2T );

g(±)=
2

N

X

k

0 ´°k + ´?°?
kq

1 ¡ (´°k + ´?°?
k )2

³ °k

2

´
coth("k=2T);

gz(±z)=
2

N

X

k

0 ´°k + ´?°?
kq

1 ¡ (´°k + ´?°?
k )2

µ
°?
k

2

¶
coth("k=2T):

At a finite temperature, we have three self-consistent equations

S +
1

2
= M + f(0); (15)

´¸

zJ
= M + g(±); (16)

´?¸

J?z?
= M + gz(±z): (17)

For ´? = ´, Eqs. (15)-(17) coincide with the formalism for the isotropic three-dimensional AFM
(3D) case in references [19, 21]. At ´? = 0, the above equations would be identical to those
of the isotropic two-dimensional (2D) case [18, 19]. At a temperature above TN , by virtue of
the constraints M = 0 and J?=J = const., Eqs. (15)-(17) are sufficient to determine the three
variables, ´, ´? and ¸ . At T < TN , M must be determined. The existence of the Goldstone
mode for long range order AFM phase requires ´ + ´? = 1, hence there are still three variables
´, ¸, and M. In order to treat the singularity of the Bose-Einstein condensation at k = 0, we
follow reference [18] to use the density of state function

!(x; x0)´ 2

N

X

k

0
±(x ¡ °k)±(x0 ¡ °?

k )

'
·

2

¼2
K(

p
1 ¡ x2)

¸ ·
1

¼

1p
1 ¡ x02

¸
:

(18)
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Therefore, f(0), g(±), and gz(±z) in Eqs. (15), (16), and (17) are rewritten as

f(0) =

Z 1

¡ 1

Z 1

¡ 1
dxdx0!(x; x0)

1p
1 ¡ (´x + ´?x0)2

1

2
coth

µ
"(x;x0)

2T

¶
; (19)

g(±) =

Z 1

¡ 1

Z 1

¡ 1
dxdx0!(x;x0)

´x + ´?x0
p

1 ¡ (´x + ´?x0)2
x

2
coth

µ
"(x; x0)

2T

¶
; (20)

gz(±z) =

Z 1

¡ 1

Z 1

¡ 1
dxdx0!(x; x0)

´x + ´?x0
p

1 ¡ (´x + ´?x0)2
x0

2
coth

µ
"(x; x0)

2T

¶
: (21)

Then the free energy per site is obtained

F
N

= ¡ ¸

2

µ
¸´2

zJ
+

¸´?2

z?J?

¶
+

2T

N

X

k

0

[(~nk + 1) ln(~nk + 1) ¡ ~nk ln ~nk]; (22)

where ~nk is the Bose-Einstein distribution function. The intra-plane and the inter-plane correlation
functions are written as

< Sli ¢Sl;i+± > = Â2 = [M + g(±)]2;

< Sli ¢Sl+±z;i >= Â?2 = [M + g(±z)]2:
(23)

From Eq. (22), the specific heat Cm can be calculated

Cm = ¡ T
@2

@T2

µ F
N

¶
: (24)

II-2. Numerical results
The numerical results for the free energy, nearest-neighbor correlation function, sublattice

magnetization, and specific heat obtained by the MSWT are exhibited in Figs. 1-4. Let’s first
examine Fig. 1(a) for S = 1=2. Given a fixed value of J?=J depending on the temperature there
are two lowest energy solutions for Eqs. (19)-(21). One solution, denoted as f0 , has M = 0,
´ = 0, and ´? = 0; here the spins are completely uncorrelated. This state has no energy but only
a temperature independent entropy. Above a certain temperature f0 becomes the lowest free energy
solution. The other low temperature solution has a finite sublattice magnetization M and finite
spin correlations Â as shown in Fig. 2. Results for a series of values of J?=J are plotted. For
J? = 0, the two-dimensional result as denoted by 2D in Fig. (1) has M = 0 and ´? = 0. In the
inset of Fig. 1(a), point A denotes the temperature TA = 0:91J [18] above which the completely
uncorrelated solution f0 has lower free energy than the 2D result. Point C (TC ) in the inset is the
crossover temperature for f0 and the isotropic three-dimensional result with J? = J. Clearly for
values of J? = J between 0 and 1, the finite M solution becomes unstable whenever it meets
the f0 solution at a temperature somewhere between TA and TC . Hence the theory breaks down
near and above the crossover temperature. Since the sublattice magnetization M is finite at the
crossover temperature, thus before we reach the Néel temperature, the theory already produces
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(a) (b)

FIG. 1. Free energy as a function of temperature for (a) S = 1/2 and (b) S = 7/2. The curve f0 is

defined by (´ = 0; ´? = 0), 1D by (´ = 0; ´?), 2D by (´; ´? = 0). The remaining curves,
denoted by (J?=J =) 0.1, 0.2, 0.4, 0.6, 0.8, 1.0 with specified (´; ´?), depict the anisotropic
layer antiferromagnet, respectively. The inset of each panel depicts the selected portion of the
curves f0, 2D and J?=J = 1.0 about TN . The points B , C, D denote the states still preserving
the sublattice magnetism. At point A the 2D solution is replaced by the unphysical solution f0.

unphysical results. The unphysical nature of the solutions is also reflected in having two solutions
of g + M in Fig. 2(a), gz + M in Fig. 2(b) and M in Fig. 3(a) at a given temperature.

In Fig. 4(a) the ratio of specific heat to temperature Cm(T )=T is plotted as a function of
T for J?=J = 0.1, 0.6, and 1.0. Notice that above TC , the completely uncorrelated state which
has constant entropy has the lowest free energy. Thus there is no specific heat.

Figs. 1(b), 2(c), 2(d), 3(b), and 4(b) are for larger spin S = 7/2. The results are quite
similar to S = 1/2, except for the low temperature Cm(T)=T . There is a pronounced shoulder
or anomaly for S = 7/2 shown in Fig. 4(b) in comparison with Fig. 4(a). This anomaly is also
larger for smaller J?=J . Since the smaller the value of J?=J, the closer the system approaches
two dimensions and the quantum fluctuations are larger. Hence the anomaly is due to the large
spin and strong quantum fluctuations. Before we fit the experimental data in Ref. [11] for Gd3+,
we shall also examine the result in the presence of the magnetic field.

III. In the presence of a magnetic field

III-1. Formalism
In the presence of a magnetic field, magnetizations in the A and B sublattices have different

magnitude. Thus hal
yali 6= hbm

ybmi. This makes the Hamiltonian (Eq. (9)) no longer Hermitian
from the mean field approximation of the MSWT. We have attempted to add complex conjugate
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(a) (b)

(c) (d)

FIG. 2. (a) Intraplane and (b) inter-plane correlations plotted for S = 1/2 for each different value of J?=J .

(c) and (d) are for S =7/2. The dispersion of the result TN can be read off from the intersection
points of the dotted line and the curves. Here the points A, B , C , and D are same as in Figure
1.

terms by hand to fix this non-Hermitian problem. Nevertheless, we do not obtain any good physical
result. Hence the MSWT is abandoned for the work in the presence of an external magnetic field.
Instead, we consider the paramagnetic state in which the magnetic field is strong enough to
quench the antiferromagnetic long-range order. Hence we use the Holstein-Primakoff (HP) [29]
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(a) (b)

FIG. 3. Sublattice magnetization plotted as a function of temperature for (a) S = 1/2 and (b) S = 7/2 for
several values of J?=J .

(a) (b)

FIG. 4. Cm=T plotted as function of T=J for (a) S =1/2 and (b) S = 7/2 for several values of J?=J .

transformation to make a large S expansion at low temperature. Due to the failure of MSWT to
produce reliable results above TN, we use a high temperature expansion to estimate the specific heat
above TN . Besides, we make an extrapolation to low temperatures by using the high temperature
expansion.
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III-1-1. Large S expansion
In the presence of a magnetic field, the Hamiltonian is written as

H = J
X

l;<i;j>

~Sli ¢~Slj + J?
X

l;i

~Sli ¢~Sl+1;i ¡ g¹BH
X

li

~Sz
li; (25)

where g is the Landé g-factor and ¹B is Bohr magneton. Assuming the field is strong enough to
destroy the AFM, the spin operators on each site can be transferred by the HP transformation

Ŝ+
li =

p
2S

µ
1 ¡ ali

yali

2S

¶ 1=2

ali;

Ŝ¡
li =

p
2Sali

y
µ

1 ¡ ali
yali

2S

¶ 1=2

;

Ŝz
li = S ¡ ali

yali;

To assume the spin to be so large, the approximation of the expansion to order of 1=S is given as

Ŝ+
li ¼ p

2S

µ
1 ¡ ali

yali

4S

¶
ali;

Ŝ¡
li ¼ p

2Sali
y
µ

1 ¡ ali
yali

4S

¶
:

The Hamiltonian Eq. (25) is approximated as [30, 31]

H =
1

2
(zJ + z?J?)NS2

¡
X

i

X

±

[S(ai
yai + ai+±

yai+±)

¡ 2S(aiai+±
y)] ¡ g¹BH

X

i

(S ¡ ai
yai):

(26)

Eq. (25) can be diagonalized as

H =
1

2
(Jz + J?z?)NS2 ¡ g¹BHNS +

X

k

"kak
yak: (27)

The energy dispersion, energy per site and the specific heat of bosons are obtained

"k = ¡ JzS(1 ¡ °k) ¡ J?z?S(1 ¡ °?
k ) + g¹BH;

E =
X

k

"k=N ;

Cm =
@E
@T ;

(28)
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where N is the number of sites.

III-1-2. High temperature series expansion
The Hamiltonian for the high temperature expansion of an antiferromagnet can be treated

as in [32, 33]

H´ H0 + H1;

H0 ´ ¡ g¹BH
X

li

~Sz
li;

H1 ´ J
X

l;<i;j>

~Sli ¢~Slj + J?
X

l;i

~Sli ¢~Sl+1;i:

The logarithm of the partition function can be expressed as a series

ln Z= lnZ0 ¡ ¯ < H1 >0 +
¯2

2!
[< H1

2 >0 ¡ < H1 >0
2] + : : :

+
(¡ ¯)r

r!
[< H1

r >0 : : : ] + : : : ;

Z0= Tr[exp(¡ ¯H0)];

< Hn
1 >0=

T r[Hn
1 exp(¡ ¯H0)]

Z0
;

¯ ´ 1=kBT:

(29)

The specific heat can be derived from the logarithm of the partition function

Cv = kBT
@2

@T 2
(T ln Z): (30)

In the present work, Cv=T is calculated up to terms of the fifth order of inverse temperature as

Cv=T ¼ Cv(1)(T)=T 3 + Cv(2)(T)=T 4 + Cv(3)(T )=T5 + : : : : (31)

III-2. Comparison between numerical results and experimental measurements
In Fig. 5, the comparisons between numerical work for the layer antiferromagnet with S =

7/2 and experimental measurements on GdBa2Cu4O8 [11] are shown. In Fig. 5(a), we adjusted
both parameters J?=J and J to fit the specific heat anomaly at T = 1K on GdBa2Cu4O8

[11]. The best values are J = 185 mK and J?=J = 0.05. So far there is no direct measurement
to determine the values of J and J? for GdBa2Cu4O8. Our work provides a good estimate
for them. In the electron-spin resonance experiments, the intra-plane isotopic exchange integral
was estimated to be 181 mK for GdBa2Cu3Oy [34] and 156 mk for Gd0:01Y0:99Ba2Cu3O6 [17],
respectively. The measured anisotropic interaction energy is 51.7 mK for Gd0:01Y0:99Ba2Cu3O6

[17]. This is determined mainly from the contribution of the dipolar interaction. Hence, our
results are quite consistent with the above measurements. Our value of TN ¼ 2.82 K is somewhat
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(a) (b)

(c)

FIG. 5. The Cm=T plotted as a function of T for our fitted result and the experimental measurements
on GdBa2Cu4O8 [11] for external magnetic fields (a) H = 0 Tesla, (b) H = 4 Telsa and (c)
7 Telsa. In (a), the solid line is the result of the MSWT. In (b) and (c), the solid lines are the

results of the large-S expansion. The dashed line gives the high temperature expansion results and
the small cross symbols are the experimental data. In (a) the dotted line in the low temperature
regime is the extrapolation of the high temperature expansion result. The curves for the high
temperature expansion results are truncated at the temperature such that the highest order term
Cv(3)=T contributes about twenty (ten) percent of the total value in panel (a) ((b) and (c)). The
fitting parameters are J = 0.185 K and J?=J = 0.05.
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larger than that of the experimental measured value TN ¼ 2.27 K. Notice that MSWT breaks
down before the Néel temperature TN is reached. Hence our estimate of TN is unreliable. To
get some feeling about the result above TN, the dashed line is the result of the high temperature
expansion method. The dotted line is the extrapolation result.

The numerical results in the presence of external magnetic fields H = 4, 7 Tesla are exhibited
in Figs. 5(b) and (c) respectively. We assumed that the Gd3+ layers have no AFM long range
order at H greater than 4 Tesla. Our numerical results agree very well with the experimental
measurements at low temperatures.

III. Conclusions

The specific anomaly observed in experiments [1-15] is explained by a usual Heisenberg
model with a layer structure. The experimental observed disappearance of the specific anomaly in
the presence of a high external field [11] is also reproduced. Comparison between the result for S
= 1/2 and that for S = 7/2 shows that the specific anomaly is due to the large spin of Gd3+ ion.
We notice that the anomaly seems to be more pronounced for small J?=J. Hence the quantum
fluctuation also plays a role. The in-plane exchange coupling constant we obtained is close to the
experimental value [17, 34] and so is the value of inter-layer exchange coupling constant.

For the isotropic 2D antiferromagnet, the MSWT is quite successful at low temperatures.
Although there is also an unphysical solution at high temperatures, it is of no physical relevance.
However for the 3D anisotropic layer, this unphysical behavior obtained in the MSWT occurs
at temperatures below the Néel temperature TN . To avoid the complication arising from the
breakdown of the MSWT, we use different methods to understand the properties of the anisotropic
layer AFM at low and high temperatures. To use a single method to describe the properties for
all temperatures is quite desirable and is left for future work.
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