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The pronounced specific heat anomaly observed in cuprate oxide superconductors with Gd
layers below the Néel temperature Ty is studied by using the modified spin-wave theory for
an anisotropic layer antiferromagnetic system. The present work eluddates that the anomaly
feature is mainly due to the large spin effect of the Gd®*-ion. Our result agrees well with
the experiments. In addition, the observed disappearance of the specific heat anomay in the
presence of a magnetic fidd is also obtained. The specific heat above Ty is calculated by
using a high temperature expansion. The breakdown of the generalized modified spin-wave
theory for the large-spin layer antiferromagnetic systems is explicitly demonstrated in the
evaluaion of the sublattice magnetization and correlaion function.

PACS. 75.30.Ds — Spin Waves.
PACS. 75.40.—s — Critical-point effects, specific heats, short-range order.
PACS. 75.50.Ee — Antiferromagnetics.

I. Introduction

An anttiferromagnetic (AFM) phase transition occurs in the rare-earth (R) ion layers of
high temperature cuprate oxide superconductors a a very low Néd temperaure Ty [1-11]. So
far it isbelieved that this AFM trangtion is not coupled with the superconducting Cu - O layers.
Among the compounds studied, the ones with Gd** -ion layers show a pronounced anomaly below
Tn in specific het measurements [1-11]. Such an anomay not only occurs in cuprate oxide
superconductors, but also in other Gd dloys [12-15]. The entropy obtained by directly integrating
theC=T j T curveover the anomaousregion is consistent with the magnetic mechanism scenario
[1-15]. Furthermore, the anomay is destroyed simultaneously, as the externd magnetic fidd
guenches the AFM ordering [11].

Blanco et al. [16] proposed a model with the amplitude-modul ated exchange coupling to
explain the specific heat anomaly in Gd alloys. Here we only consder the usual Heisenberg modd
with a layer structure to account for the specific heat anomay of high temperature superconductors
with Gd. Our reaults shows that the anomaly is mainly due to the large spin (S = 7/2) of the
Gd3*-ion. At the AFM transition, only part of the spin degree of freedom is frozen. Quantum
fluctuation of the remaining degrees of freedom contributes toward the specific heat anomaly.
Our andysis not only produces vdues of Ty and an in-plane exchange coupling constant in good
agreement with experiments [17], we aso obtain a good estimate of the vaue of the inter-layer
exchange coupling constant on the order of severd Kdvin.
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For atwo-dimensional Heisenberg system, the modified spin-wave theory (MSWT) proposed
by Takahashi [18] has been very successful. It predicts the long-range order a zero temperature
with quite accurate sublattice magnetization. Liu [19] has modified this method and generalized
it to layer systems. However, that author had not redized the breakdown of the theory near and
above the Néd temperature. This has been pointed out by severd groups in an gpproach smilar
to the MSWT [20-22]. These were atempts [23-26] to improve the MSWT or amilar theories
without sucdess. Since the specific heat anomaly sudied occurs at temperatures wel below Ty,
it is still appropriate to goply the MSWT. To estimate the specific heat above T, we use the
high temperatuure expansion method. In the presence of a magnetic field, the MSWT has a non-
Hermitian mean-fidd Hamiltonian. To avoid this non-Hermitiand problem, we applied the large
S expangon from the Holstein-Pri makoff transformation to calculate the specific heat.

The present paper is organized as follows In Sec. Il., the formdism of the MSWT
generalized for the layer system is shown. Results for the free energy, sublattice magnetization,
corrdation, and specific heat are presented. The breskdown of the theory near and above Ty is
exhibited diginctly therein. In Sec. Il1. the formdism for the large S expansion as wel as that
of the high temperaiure expansion are illudrated. The comparison of the numerical results to the
experimental mearurements[11] in the presence of a magnetic fidd isdepicted. Findly, a concise
conclusion is mede in Sec. 1V.

I1. Modified spin-wave theory

[1-1. Formalism
The Hesenberg modd Hamiltonian of the layer AFM in the form of a tetragonal latice
can be expressed as
X
H= JijSi ¢Sj; D
<ijj>
87 81= i3-S 55 (@ 7:° =xy;2); o
S¢=S(s +1),

where < i; j > denotes the couple of the nearest-neighbor of thei-th site, Jij = J (J-) represents
the intra-plane (inter-plane) exchange integrd. The lattice is assumed to be bipartite and divided
into A and B sublattices. On the sublattices A and B, the vacuum gate is defined as S? = S and
S% = S respectivdy. Following Takahashi [18], the Dyson-Maeev transformation is used to
transfer the spin operator into the boson-representation [27, 28].

Smi =am’; Sm™ =(2Si an’am)am; SH=Si am’am; M2A; (3
Sni =i bn, Sn+ =i bl’ly(ZS i bnybn); Snz =i S +bnybn; n2B: (4)

The commutation of the pin operator in Eq. (2) is consigent with the boson operator commuta
tions.

[am; amoy] = fnmos [Ons Doyl = #ano; ©)
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[am; am = [bn; bro] = [am?; ame¥] = [bnY; breY] = 0; (6)
[amy; bl = [@m; bny] = [amy; bny] = [amy; bny]l = [am; bn] = 0: (7)
The Hamiltonian (1) can be written as

1
=i E(ZJ + Z?J?)N S2

>x< X 1 ) >
+J S(a%/iali +b¥;i+tbl;i+¢ i a%lib%/;i_g_i i aibivs) +§a¥i(b¥;i+i i @) brive ®)
Li2A # .
<X X 1 >
+J? S(a“all +b|++ |bl++ i a||b|++ i i aI|b|++ |) + a (b|++ i i aIl) bI+iZ i

) 2
Li2A +,
where | denotes the I-th layer, % () denotes the nearest-neighbor latice vectors paralld (per-
pendicular) to the plane. z (z>) is the intra(inter-)plane coordination number, equd to 4 (2) in
present work.
By means of the mean-field theory treetment, the k-space representation of the Hamiltonian
derived from the Fourier trandform is written as
H il . X
Huwr = i 52+ 2237 NS2+  U(zJA +2535A5)(aax + bk y by)
A LS ©
i "@IA° +2232A5° ) (ak Y by kY + akb; K);
Kk

P N N
where ! represents the summation over half of the first Brillouin zone. A and A~ are defined
as

A” S i by, brivsi +hasbrivei =S i hafiani +halbl i

A (10)
A2” S i hbfee iblrsy;il +haribies, il =S i hafjani +hayby,, ;i
°k ad °|f are the intra- and inter-plane geometricd factor, respectivey, defined as
o - 12X e oz 1 ke
k E . e ) K ; . e : (]_1_)
The Hamiltonian (9) can be diagonadized by the Bogoliubov trandormation,
®, = cosh pay i sinhpyhy;
(12)

Y= i sinhpkak + cosh phy:

Following reference [ 18] we use a chemical potentid 1, then the energy dispersion of the boson
is obtained as
q

"L i (k2000 (13)

5
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where | ~ zJA +z?J?A?i 1o zJA=b, and 5~ Z'>J'> . hSh,i equds to the sublatice
megnetization M for T - Ty, Eq. (3) and (4) give S j M = hamyaml = hbnYbni. By virtue of
the boson density matrix

0
1 X" _
h=exp k@B + 1 k) (14)
K

we can cdculae
) L 1
hayiYauiol = hby:j+ Dol = F(ri i rio) i S
hayiYby-j++i = hbyj+sYaii = g(3);

hayiYDj++, il = hb|+iz;iyalii T 02(x);
TR

X
f(O):% ‘g ! % coth("k=2T):;
K 1 | (’ ok + ’707)2 i
X o 47 o?
g@) = % g7k 7k coth("k=2T);
ko 1i(°%+ ’°°°)2 q
X 7o 4 707 o?
02(%) = % KT 7k 7“ coth("k=2T):

k 1i C k+">°°)2

At afinite temperature, we have three self-consistent equations

s+%:|\/| + £(0): (15)
;3 =M +g(3); (16)
T2 =M+ g (1)

For "> =7, Egs (15)-(17) coincide with the formadism for the isotropic three-dimensional AFM
(3D) case in references [19, 21]. At "> = 0, the above equations would be identical to those
of the isotropic two-dimensond (2D) case [18, 19]. At a temperaure above Ty, by virtue of
the condraints M = 0 and J»=J = cond., Egs. (15)-(17) are sufficient to determine the three
vaiables, ", "> and ,. At T < Ty, M must be determined. The exigence of the Goldgone
mode for long range order AFM phase requires ~ + " = 1, hence there are still three variables

, ., and M. In order to treat the sngularity of the Bose-Eingen condensation a k = 0, we
follow reference [18] to use the density of state function

. 22X
16xX)” X CEK %K)
.k (18)
2 PrsTl 1 -
KCIDD fps
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Therefore, T(0), g(¢), and gz(%) in Eqs (15), (16), and (17) are rewritten as

. Zi 11 Zill dxd 1 (x: 1) pl i (,i_'_ ,?XO)Z% H "(>2(irx0)ﬂ; W
g(®) = Zillzi 11 dxdx’1 (x; x°) pl i’)z,t(:)iixo)z gco i "()2(;1_)(0) ; (20)
Us(2) = Zi 11 Zill x4 (6 X) o i,)((’;’:i(i,x())z ?oothu "(’Z‘;TXO )! : 1)
Then the free energy per ste is obtained
E=y ;u o ;;jiﬂ + 7 e+ Din(e+ 1 1 melnmg e

k

where Rk isthe Bose-Einstein distribution function. Theintra-plane and the inter-plane correation
functions are written as

<S)i 0Spise > = A2 =M + g

A (23
< S)i 6Si41,;i >= A2 = [M +g ()%
From Eq. (22), the specific heat Cy, can be calculated
TR |
L 02" F
Cm=i TW N (24

[1-2. Numerical results

The numerical results for the free energy, neares-neighbor corrdation function, sublattice
magnetization, and specific hea obtained by the MSWT ae exhibited in Figs. 1-4. Ld’s firg
examine Fig. 1(a) for S = 1=2. Given afixed vaue of J»>=J depending on the temperature there
are two lowest energy solutions for Egs. (19)-(21). One solution, denoted as fo, has M = 0,
~ =0, and "> =0; here the spins are completely uncorrdated. This state has no energy but only
atemperature independent entropy. Above a certain temperature fo becomesthe lowes free energy
olution. The other low temperature solution has a finite sublattice megnetization M and finite
win corrdations A as shown in Fig. 2. Results for a series of values of J»=J are plotted. For
J- = 0, the two-dimensond result as denoted by 2D in Fig. (1) has M =0 and "> =0. Inthe
inset of Fig. 1(a), point A denotes the temperature T, = 0:91J [18] above which the completdy
uncorreaed solution Ty has lower free energy than the 2D reault. Point C (T¢) in the insat isthe
crossover temperature for fy and the isotropic three-dimensional result with J»> = J. Clearly for
vaues of J» = J between 0 and 1, the finite M solution becomes ungable whenever it meets
the T solution at a temperature somewhere between Ta and T¢. Hence the theory breaks down
near and above the crossover temperature. Since the sublatice magnetization M is finite a the
crossover temperature, thus before we reach the Néd temperaure, the theory dready produces



VOL. 39 Y. M. NIE, P. Y. HSIAQ, Y. F. CHIANG AND T.K. LEE 611

0.0 T T T

02} -0
fO
- L f
04r - 20 °
E E - 2D -
08l -30 - 55416 18 20 22 24
2D § ™
g 40+
0.8 F . .
—65 3
1.0
| 50 Ty
-1.0 .
1 n S— — 1 1 1 " _60 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0 12 0 5 10 15 20 25
TN TN
@ (b)

FIG. 1. Free energy as a function of temperature for () S = 1/2 and (b) S = 7/2. The curve fy is
defined by ( =0;"- =0),1D by (" = 0;75), 2D by (";"» = 0). The remaining curves,
denoted by (J»=J =) 0.1, 0.2, 0.4, 0.6, 0.8, 1.0 with specified ("; ), depict the anisotropic
layer antiferromagnet, respectively. The insat of each pand depicts the selected portion of the
curves g, 2D and J»=J = 1.0 about Ty. The points B, C, D denote the states still preserving
the sublattice magnetism. At point A the 2D solution is replaced by the unphysical solution fg.

unphysicd results. The unphysca nature of the solutions is dso reflected in having two solutions
of g+ M inFig. 2(a), g, + M in Fig. 2(b) and M in Fig. 3(a8 & agiven temperaure.

In Fig. 4(a) the ratio of specific heat to temperature Cr, (T )=T is plotted as a function of
T for J»>=J = 0.1, 0.6, and 1.0. Notice that above Tc, the completdy uncorrdated sate which
has congant entropy has the lowest free energy. Thus there is no spedific hest.

Figs 1(b), 2(c), 2(d), 3(b), and 4(b) are for larger spin S = 7/2. The results are quite
amilar to S = 1/2, except for the low temperature Cm(T)=T. There is a pronounced shoulder
or anomady for S = 7/2 shown in Fig. 4(b) in comparison with Fig. 4(a). This anomay is dso
larger for smdler J»>=J. Since the amaller the vdue of J>=J, the doser the sysem gpproaches
two dimensons and the quantum fluctuations are larger. Hence the anomdy is due to the large
soin and strong quantum fluctuations. Before we fit the experimental datain Ref. [11] for GaB™,
we shall also examine the result in the presence of the magnetic fidd.

[11. In the presence of a magnetic field

[11-1. Formalign

In the presence of a magnetic field, magnetizations in the A and B sublattices have different
megnitude. Thus ha,Ya,i & hb,,Yb,i. This makes the Hamiltonian (Eq. (9)) no longer Hermitian
from the mean fidd approximation of the MSWT. We have attempted to add complex conjugate
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FIG. 2. (a) Intraplane and (b) inter-plane corrdations plotted for S = 1/2 for each different vaue of J»>=J.
(c) and (d) arefor S =7/2. The dispersion of the result Ty can be read off from the intersection
points of the dotted line and the curves. Here the points A, B, C, and D are same as in Figure
1.

terms by hand to fix this non-Hermitian problem. Nevertheless, we do not obtain any good physcd
result. Hence the MSWT is abandoned for the work in the presence of an external magnetic fidd.
Ingead, we congder the paramagnetic date in which the magnetic fidd is strong enough to
guench the antiferromegnetic long-range order. Hence we use the Holgein-Primakoff (HP) [ 29]
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FIG. 3. Sublattice magnetization plotted as a function of temperature for (@) S = 1/2 and (b) S = 7/2 for
several vdues of J»=J.
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FIG. 4. C,=T plotted as function of T=J for (8) S =1/2 and (b) S = 7/2 for several values of J>=J.

transformation to meke alarge S expansion & low temperaure. Due to the failure of MSWT to
producerdiable results above T, we usea high temperature expansion to estimate the specific heat
above Tn . Beddes, we make an extrapolation to low temperatures by using the high temperature

expansion.
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[11-1-1. Large S expansion
In the presence of a magnetic field, the Hamiltonian is written as
> > >
H=J Sii¢S;j +J> S¢S gtsH  S%i (25

li<i;j> l;i li

where g is the Lande g-factor and 1 g is Bohr magneton. Assuming the field is strong enough to
destroy the AFM, the spin operators on each site can be transferred by the HP trandormation

H 1=
P— aiiYai
i= 2S5 1j —'23' aii;
H 712
. p— aI-YaI.
él‘i = 2Sa;i’ 1ij ? ;
§:=Si aai

To assume the spin to be 0 large, the gpproximation of the expang on to order of 1=S is given as

H 1
Pe . adai
§:u 25 1 1S

ajYay;
4s

ai;

H
élii Yy pﬁany 1
The Hamiltonian Eq. (25) is gpproximated as [30, 31]

H 2%(ZJ +725J-)NS?

XX
i [S(a’ai + aj+’aj4z) (26)
i + >
i 2S(aig+) i g*eH (S aPai):
i
Eq. (25) can be diagonalized as
1 X

H=5(z+ J2z2)NS? i glgHNS +  "rawax: (27)
K

The energy dispersion, energy per site and the specific heat of bosons are obtained

"«=1iJzSLi °k)i J2z2S(i °F) +greH;
<X

[l
~

il
P

(28)
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where N is the number of sites.

[11-1-2. High temperature sries expanson
The Hamiltonian for the high temperature expansion of an antiferromagnet can be trested
asin[32, 33

H”™ Ho+ Hy;
X
Ho™ igtsH  S7%;
> i X
H™ J SiitSj+J> S ¢Si+ui:
I;<i;j> Li

The logarithm of the partition function can be expressed as a series

-2

INZ=1InZgj ~ <Hi >p +ﬁ[< Hi?>0j <H;>02+:::
= \I )
+(|r|) [<H1">p:::]+::;
Zo=Trlexp(i Ho)l; (29)
o o
<Hp >o= Tr[HY e>§>0(, Ho)];
e 1=|(BTZ

The specific heat can be derived from the logarithm of the partition function
@2
Cv= kBTW(I' InZ): (30)

In the present work, Cv=T is cdculated up to terms of the fifth order of inverse temperature as

Cv=T % CV(T)=T3+ CvO(T)=T*+ CvO(T)=T% +::: (31)

[11-2. Comparison between numerical results and experimental measurements

In Fig. 5, the comparisons between numericd work for the layer antiferromagnet with S =
7/2 and experimental measurements on GdBa, Cu,Og [11] ae shown. In Fig. 5(8), we adjused
both parameters J»=J and J to fit the specific heat anomdy at T = 1K on GdBa;CusOs
[11]. The bed values are J = 185 mK and J»=J = 0.05. So far there is no direct measurement
to determine the vadues of J and J» for GdBa;CusOg. Our work provides a good estimate
for them. In the dectron-gpin resonance experiments, the intra-plane isotopic exchange integrd
was estimated to be 181 mK for GdBapCuzOy [34] and 156 mk for Gdy:01Y0:00Bap CuzOg [17],
regoectively. The measured anisotropic interaction energy is 51.7 mK for Gdy:01Y 0:09BaxCusOg
[17]. This is determined mainly from the contribution of the dipolar interaction. Hence, our
results are quite consigent with the above measurements. Our value of Ty % 2.82K is somewhat
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HG. 5 The C,=T plotted as a function of T for our fitted result and the experimental measurements
on GdBa,Cu,0g [11] for externd magnetic fields (8) H = 0 Teda, (b) H = 4 Telsa and (c)
7 Telsa. In (a), the solid line is the result of the MSWT. In (b) and (c), the solid lines are the
results of the large-S expansion. The dashed line gives the high temperature expansion results and
the small cross symbols are the experimentd data. In (a) the dotted line in the low temperature
regime is the extrapolation of the high temperature expansion result. The curves for the high
temperature expansion results are truncated at the temperature such that the highest order term
Cv®=T contributes about twenty (ten) percent of the total value in panel (a) ((b) and (c)). The

fitting paraneers are J = 0.185 K and J»=J = 0.05.



VOL. 39 Y. M. NIE, P Y. HSIAO, Y. FE CHIANG AND T. K. LEE 617

larger than that of the experimental measured value Ty % 2.27 K. Notice tha MSWT breaks
down before the N&d temperature T is reached. Hence our edimate of Ty is unrdigble. To
get some feding about the result aove Ty, the dashed line is the result of the high temperature
expansion method. The dotted line is the extrgpolation result.

The numerical resultsin the presence of external magnetic fidds H = 4, 7 Teslaare exhibited
in Figs 5(b) and (c) respectively. We assumed tha the Gd®* layers have no AFM long range
oder & H greater than 4 Tesla Our numerical results agree very wel with the experimentd
measurements a low temperatures.

II'l. Conclusions

The specific anomaly observed in experiments [1-15] is explained by a usud Heisenberg
moded with alayer structure. The experimenta observed disgppearance of the specific anomaly in
the presence of a high external field [11] is also reproduced. Comparison between the result for S
= 1/2 and that for S = 7/2 shows that the specific anomaly is due to the large spin of Gd3* ion.
We natice that the anomaly seems to be more pronounced for small J»=J. Hence the quantum
fluctuation dso plays a role. Thein-plane exchange coupling congant we obtained is close to the
experimenta value [17, 34] and sois the value of inter-layer exchange coupling constant.

For the isotropic 2D antiferromagnet, the MSWT is quite successful at low temperatures.
Although there is dso an unphysical solution at high temperatures it is of no physical relevance
However for the 3D anisotropic layer, this unphysical behavior obtained in the MSWT occurs
a temperatures bedow the Ned temperature Ty. To avoid the complication aising from the
breskdown of the MSWT, we use different methods to understand the properties of the anisotropic
layer AFM at low and high temperatures. To use a single method to describe the properties for
dl temperauresis quite desirable and is left for future work.
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