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The theory of Homogeneous Electron Gas (HEG), extensively used in solid-state and
semiconductor physics, is extended to explicitly include the effect of the first-order potential
gradient, whether the gradient be due to an external electric fidd or a gradual compositional
variation. The resulting approximation is called the First-Order Homogeneous Electron Gas
(FOHEG) in this work. Application of the first-order theory to the density of states shows that
extra state density is introduced below the band edge by the potential gradient, a phenomenon
called the Field-Induced Band Gap Narrowing (FIBGN) in this work. To study the validity
of the conventional and the first-order approximations, the carrier densities are computed by
both methods and compared with the exact solution to a spherical quantum dot which is so
idealized that its analytic solution is available It is found that the first-order theory better
matches the exact results than the conventional one at locations beyond the classical turning
point associated with the Fermi energy.

PACS. 71.10.Ca — Electron gas, Fermi gas.
PACS. 71.15.-m — Methods of electronic structure calculations.
PACS. 71.20.-b — Electron density of states and band structure of crystalline solids.

|. Introduction

The Homogeneous Electron Gas (HEG) modd of solid-state theory [1, 2] has been ex-
tensivey utilized in gandard semiconductor studies [3, 4]. In the HEG theory, the electrons are
treated as independent particles with a constant potentid energy. Since the potential energy is
independent of the position, dl orders of position-derivatives of the potentia energy identicdly
vanish except for the zeroth-order. Hence, the HEG can be considered as a zeroth-order theory.
In the quantum mechanicd trestment of this electron gas, the potentiad energy operator commutes
with the kinetic energy operator [5].

Phenomenologicdly, the potential energy becomes paosition-dependent when an d ectric field
or agradual compositional variation is present in the semiconductor. Under such a c rcumstance,
thepotential energy operator and the kinetic energy operator no longer commute[5], and, rigorously
gpeaking, the zeroth-order HEG is no longer vdid either.

This aticle explicitly accounts for the position-dependence of the potentiad energy to the
first-order. To be more preci s, the first-order potential gradient of the semiconductor, be it due
to an externd fidd or compodtiond variation, is explicitly taken into account, leading to an
goproximation cdled the First-Order Homogeneous Electron Gas (FOHEG) in this work.
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In Section 1, the FOHEG is introduced, and the expressions for the state dendty and the
carrier dendty are derived. The detals of severd important steps of the derivation are given in
Appendices A, B, and C. In Section Ill, the FOHEG is shown to reduce to the HEG as the dectric
fidd approaches zero. In Section 1V, the results of the approximations are given in two parts.
Fird, the state dengties of the FOHEG and the HEG are computed. Second, to sudy the vdidity
of the approximations, the carrier density obtained by both methods are compared with the exact
solution to a gpherical quantum dot which is 0 idealized that it is simply like athree-dimensond
ample harmonic oscillator. Findly, this article is concdluded by Section V.

Il1. Firg-order homogeneous dectron gas

In the theory of a homogeneous eectron gas, the dectrons are treated as independent
particles and individudly satisfy the Schrodinger equation,

HAi(e) ="Ai(r) with A=T+¥; (2)

n2
where A is the Hamiltonian, T = 2 and ¥ are the kinetic energy and the potentid energy
operators, respectivey, and Aj(¥) and i are, respectively, the eigenfunction and the eigenenergy.
The eigenfunction is normalized by~ A? (F)Ai(¥)d3k = 1.
The carier concentration can be cdculated by solving Eg. (1) and summing over all of the
probability dengty functions weighted by the Fermi-Dirac didribution,

> )
ne=2 INIQIRIGHE 2
where
£y = 1 3
O = e 3

is the Fermi-Dirac distribution, = 1=kT, and " is the Fermi leve of the system. The factor
of 2in Eq. (2) is due to electron spin.
If the Non-Local Dendty of States (NLDS) of the dectron,

>
D" 2 #(7 ")) i), @)

is introduced [6], the carier density can be calculaed by integrating over energy the product of
the Locd Density of States (LDS) and the Fermi-Dirac didribution,

z
n(r)= d"D(x"FC); ©
where the LDS is given by

D" = rloir'n D(¥; r;"): ©)
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The NLDS in Eq. (4) can be rewritten as a +-operator acting on a z-function [7],

-

DR =25 i 2 A+ (e T ™

where qu and quﬁ are the Hamiltonian and the adjoint of Igle Hamiltonian operating on the -
and Tl-coordinates, respectively. The completenessreation, ~ ; "7 (%) "i(¥) = (¢ j 1), has been
utilized in deriving Eq. (7).

Invoking the integral representation of addtafunction, the NLDSin Eq. (7) can beexpressed
a

Z
D(r; 10"y =2

Z
a3 dl .. it S ooy
(21/4~p)3 gl/je'! ol 13 WAL giptri )=, ®

The integrand of Eq. (8) can be expanded by using the following formula, derived in Appendix
A and Ref. [7],

)
2 .
|i] iPr=— — ipt=~g- 2" 2m

; ©)

where § is the momentum operator, and p and ¥ are the momentum and position vectors, respec-
tively. Following the treatment in Ref. [7], the exact NLDS can be further expressed as

YA YA
D(¥; P;") =2 (2?/3'3)3 31/' il B SOV HVOlginiri )=-
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where § and 60 operae on the #- and r-coordinates, repectively, andV ~ V (¥) and V!~ V().
The Hermiticity of the Hamiltonian, Ago = A, has been used in deriving Eq. (10). Thisintegra
is very difficult, if not impossble to evduate unless the simplifying assumption is made tha
only algebraic terms with first order gradient of V. are retained. The gpproximae NLDS is, thus,
obtained,
YA
D(¥; F; ™) % 2

dp Z 4
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The approximate LDS, then, follows by letting i ¥ ¢ asin Eq. (6),
fart e 551V (9] i (V)2
N i " alfliomi i m .
DEI%2 o Gy 2 : (12

This approximation only retains the first-order derivative terms of the potential energy, and is called
the Fird-Order Homogeneous Electron Gas (FOHEG) theory in this work. Note that Eq. (12) can
aso be derived by retaining higher order commutator rdations, this alternative derivation is given
in Appendix B.

The integrd over p in Eqg. (12) can be performed with the formula

Z 3 -

Bp 62 m 3
iom = —— :
@3S T Hier (13)
and the LDS in Eq. (12) is evaluated to be
3 A
1 m % 1 . . 52313
DE"™ == . 1= il V(R)lgiia®!®. 14
®=% e gt o 9
with a8~ —EV)”
-
For further evduation of Eq. (14), the Fourier representation of [8, 9]
Z 1
el 1@ = dtAie™' with b® =3a%; (15
il

and the complex integrd of [10],
1“1 dr

i 2
et = P-02p(e); 16
2hiz 113 Pro2u®) (19
are utilized, where Ai and | ae regectivey, the Airy and gamma functions as defined in
Ref. [11], u is the unit step function, and the derivaion of Eq. (15) is given in Appendix C. The
LDS in Eq. (14), thus, results in arather compact form,
3 s L4
P 1 4 m 2,1 - l_

D) =Py 55 b . dt Ai(t)(t +1)z; (17)
whereb3 ~ 3a8 = % and 2 = “i¥- A one-fold numerical i ntegration needsto be performed
to evaluate the LDS.

Once the LDS is obtained, the carrier density follows directly from Eq. (5),

4 H mb l %Z 1 21 _ N
e =Pz 5 dT  dt Aift)(t+ D)2 (D); (18)
4 4 il it

where

1
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f( ) 1+ e‘i(qi ':IF) (19)
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is the Fermi-Dirac digtribution in normdized quantities, * = &, 1 = "V and e = ELL
Note that (1. =)="("j "g). A two-fold numericd integration has to be performed for the
evadudion of the carrier density given by Eq. (18).

[11. Relations to homogeneous dectron gas theory

In this section, it will be shown that thefirst-order homogeneous dectron gas theory of this
work reduces to the homogeneous dectron gas theory as the dectric fidd gradudly diminishes
Specificdly, it will be demongrated that the LDS in Eq. (17) and the carrier density in Eq. (18)
goproach the results of the homogeneous dectron gas as the electric fidd vanishes.

If jrVj ¥ 0,thenb ¥ 0™, and the analys's of the limiting behavior of the LDS in Eq. (17)
isdivided into two cases, depending on the signof (" V).

Firg, supposetha ("j V) >0. AsjrVj 1 0,b ® 0", then? ¥ 1 andb2="j V.
Equation (17) is rewritten as
3 "3l 4
D(¥;") ¥ 41/ ST P d At V)2
4= .
s g T (20
5 LI l-
ﬁﬁ W2 "Mi V)z;

R
ere the integral of Ai(t) isidentifiedto bel becauseitisknown from Ref. [11] that 01 dtAi(t)
170 dtAi) = L.

Second, suppose that ("j V) <0. AsjrVj X 0,b ¥ 0", then™ ¥ 1. Theintegration
interval diminishes. Hence, D(¥;™) ¥ 0.

Conclusively, asjrVj ¥ 0,b ¥ 0%, theLDS in Eq. (17) reducesto

a .
4  m 3 1 .

D(F") =P 5,5 (i VUi V) if jrvj o, (2)
which is the dengty of states of the homogeneous electron gas in sandard semi conductor physics
textbooks [3, 4].

The carrier density a the low-fidd limit, therefore, follows from Eq. (5),

W T 1
_ mkT "BV e N
n() =2 ? F% KT if jrvj o (22
where
7 .
1 1 t
M) = — . (23)

is the Fermi-Dirac integral of order j and argument x [12]. For non-degenerate semiconductors,
(V i "r) > 3KT, the carrier density given in Eq. (22) further reduces to

R SRRV

w2z P T

n(e) =2 (24)
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Equation (24) indeed is the carier density of the homogeneous dectron gas and is frequently
used in elementary semiconductor textbooks [3, 4].

Moreover, the carier density of a system with very large Fermi energy, "¢ AV, can be
shown to reduce to the dasscd limit of free-eectron gas by the following arguments.

Because of the Fermi-Dirac distribution function, the integrand of the carrier density integrd
given by Eq. (18) is negligibly small if " isafew KT larger than "g. Hence, when the Fermi
leve islarge, negligible error is introduced into the integrd by the approximation where the LDS
is gpproximated by Eg. (21), and the Fermi-Dirac distribution is gpproximaed by a unit step
function. The carrier density is, then, evaluated to be

m(FlV)

n(F) = 572 (25)
This is the dasdcd limit of the fird-order theory. Noting that Eqg. (25) involves no potentid
gradient, the carrier density is independent of the gpplied dectric fidd if the Fermi levd is far

above the conduction-band edge, and can be re-expressed in a more popular form,

- 1
Koo (e V)R

n(1=)— 02 with kg = ) (26)

which is the carrier dengity of the free-electron gas given in solid-state textbooks [1].

Therefore, it isshownin this section that the homogeneous dectron gas isthe low-fidd limit
of the first-order homogeneous dectron gas of this work, and that the first-order theory reduces
to the classcd limit of the free-dectron gas & large Fermi energy.

IV. Reaults and discussions

In contrast to the conventiond Homogeneous Hectron Gas (HEG) theory, the First-Order
Homogeneous Electron Gas (FOHEG) theory of this work explicitly takes the potential gradient
into account. The potential gradient effects will be illugrated in this section by comparing the
Local Dendty of States (LDS or simply DOS) and the carrier density obtained by both methods.

The DOS's obtained by the FOHEG in Eq. (17) and by the HEG in Eq. (21) are plot-
ted in Slg 1 by solid and dashed lines, respectivdy. In this plot, the DOS is normdized

by (4=""%)(M=2%~2)3=2p'=2, and the normalized energy scale is T = (" j V)=b with b® =
~%jrVj?=8m. Comparison of the DOS's calculated by the FOHEG and the HEG shows two
festures. First, the potential gradient causes the waviness of the DOS curve. And the waviness
gradudly diminishes as the normdized energy increases, indicating tha the effect decreases with
increasing energy. Second, at energies below the band edge (" <V or 1< 0), the HEG predicts
vanishing DOS, whereas the FOHEG shows that the potentid gradient introduces states in the
forbidden band gap predicted by the flat-band theory. These induced states are due to quantum
tunnding of wave functions beyond the dassicd turning point. The tunneling effectively low-
ers the conduction band edge and reduces the band gap, leading to a phenomenon cdled the
Fidd-Induced Band Gap Narrowing (FIBGN) in this work. Obviously, explicit negligence of the
potentid gradient in the conventiond theory can not account for this tunneling effect.
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FIG. 1. Thenormalized density of states is plotted asafunction of the normalized energy (2= ("'j V )=b).
The DOS's predicted by the FOHEG and by the HEG are sketched by solid and dashed lines,
respectively.

In order to study the vdidity of the FOHEG and the HEG, the carrier dendties obtained by
both approximations are computed and compared for sysems with analytic solutions. The exact
solution to an ided spherical quantum dot with the confinement potential of

V(F) = %m!zrz (27)

isused as atest vehicle, wherem, !, and r are the effective mass the angular frequency, and the
radial digance from the origin, respectively.

In this article, the ided quantum dot is hypotheticd and is assumed to be manufactured
by continually changing the composdtion x of AlxGay; xAs crystd from 0 to 0.4 in the radid
direction. Since AlxGay; xAs with X - 04 is a direct-band materia, and the conduction band
edge difference between Al Gag. gAs and GaAs is about 0.448 eV, the angular frequency of the
ideal spherica quantum dot is taken 0 that ~1 = 35.8857 meV in order to have enough quantum
levels within the confinement potentid.

If the compositiona dependence of the effective mass of AlxGay; xAsis ignored, the ided
quantum dot is essentially a three-dimensional Simple Harmonic Oscillator (SHO) with the eigen-
energy of

E,=~1! n+g ; (28)

where n = 0;1;2;:::, and n = 0 corresponds to the ground state. The GaAs effective mass of
m = 0.067 mg is assumed in the reg of the computation, where mg is the dectron rest mass
The carrier densities obtained by the exact solution, the FOHEG, and the HEG approxi-
mations to the above hypothetica quantum dot are plotted in Fig. 2 by solid, dashed, and dotted
lines, respectively, for Fermi energies a j 0.1 eV, the zeroth (Eg = 5.3829£ 10i 2 eV, ground
level), the fourth (E4 = 1.9737£ 10i 1 eV), and the tenth (Eyp = 4.1269£ 10i 1 eV) quantum
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FIG. 2. The carrier densities of a three-dimensional SHO are plotted as functions of location for
Fermi energies at j 0.1 eV, the zeroth (E; = 5.3829 £ 10i 2 eV, ground level), the fourth
(E, = 1.9737£ 10i ! eV), and the tenth (E;o = 4.1269 £ 10i * eV) quantum levels of the
SHO. The carrier densities obtained by the exact solution, the FOHEG, and the HEG ae drawn
by solid, dashed, and dotted lines, respectively.

levels of the SHO. Three features are observed in the figure. Firg, both the FOHEG and the
HEG deviae from the exact solution at low Fermi energies (for instance, "g = j 0:1 eV and
Eo). There must be a large enough number of quantum levels below the Fermi leve for the
FOHEG prediction to sufficiently approach the exact solution (for instance, " = E4 and Eqp).
Second, comparison of the FOHEG results with successively higher Fermi levels (" = Eo; Ea,
and E1p) shows that systems with more quantum leves bel ow the Fermi level better approach the
exact solution, demonstrating the satigica nature of the approximation. Third, qjajial locations
exceeding the classicd turning point associated with the Fermi energy, re = 2"g=m12, the
HEG starts to deviate from the exact solution more sgnificantly; whereas the FOHEG better
matches the exact results. This is due to the fact that the tunnding effects of the wave functions
beyond the classca tumning point isincluded in the formulation of FOHEG asillustrated in Fig. 1.

V. Condusions

In this artide, the Homogeneous Electron Gas (HEG) theory in the literature is extended
to incdude the effects of the first-order derivative of the potentid energy. This approximation is
called the First-Order Homogeneous Electron Gas (FOHEG) theory in thiswork, and is gpplicable
to bulk semiconductors with band-bending.
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The state density and the carrier density obtained by the FOHEG theory are expressed by
formulae given by Egs. (17) and (18), regpectively. These expressions reduce to the flat-band
equations frequently encountered in standard textbooks when the d ectric field approaches zero.

The deng ty of statesis computed and compared with theresults of the homogeneous € ectron
gas. It is found that, because of the tunneling of wave functions beyond the dassicd turning point,
the dectric field introduces states in the forbidden band gap of the homogeneous eectron gas
Hence, the conduction band edge is effectively lowered, and the band gap is accordingly narrowed,
a phenomenon called the Fidd-Induced Band Gap Narrowing (FIBGN) in this work.

To study the vdidity of the FOHEG and the HEG theory, both gpproximations are used to
cdculate the carier density of an ideal sphericd quantum dot. The spherica quantum dot is so
idealized that it is esentidly a three-dimensiond simple harmonic oscillator, which provides a
case with exact solutions for comparison with the gpproximeate methods.

Because of the statigicd naure of the approximation, the FOHEG reaults better match
the exact solution for sysems with more quantum levels bdow the Fermi level. Moreover, a
location exceeding the dassical turning point, the carrier dendty predicted by the FOHEG theory
meaiches better the exact result than the conventional HEG theory because the FOHEG ind udes
the tunneling effects over the turning point.
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Appendix A: Derivation of Equation (9)

Although Eg. (9) had been derived in Ref. [7], a more trangparent derivation based on
meatrix mechanics [5] is given in this appendix.

The displacement operator in the momentum pace isgiven by T (p) = eif"L‘A’z", wherep is
the momentum displacement and ¥ isthe position operator. The momentum diisplacement operator,
T (p), is unitary, namdy, it satisfies T (p)'T () = T (p)T ()Y = 4. The translation in momentum
aceis thus, T (§)YPT (p) =P +p, where B is the momentum operator.

Applicdion of the momentum translaion operator to the Hamiltonian given in Ej. (1)
yields,

A 4 g)2
TEAT e =PIy, (A

Therefore, the momentum translaion operator acting on e- A gives

) ; S&Eﬁ Y] ) 2 Jgi ﬂé\ vV ;
T(p)ye-qu(p):ei |pt19:~e-lqe|p09:~:e 2m T ® = %e omtm T ® : (AZ)

Equation (9) follows immediatdy from Eq. (A2) if the position representation of the above operator
equation is taken.
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Appendix B: Alternative derivation of Equation (12)
It was shown in Ref. [7] that
n o
eAB = AL 06y doeftAB | (B1)

where ® is a parameter varying from 0 to 1, d® is the infinitesimal differentid of ®, and 11 ©
represents the product of the infinitesmal exponential operator behind it. Note that

X an
fAR =" L ApB (B2)
n=0 n!
and
GAN"B = [[eee[[B; AT; AJ; ot ; AT Al B3

where the operator A gppears n times on the right-hand side of Eq. (B3).

From Egs. (B1) to (B3), the gpproximetion to eA+B can be obtai ned as follows
Suppose tha [A;B] & 0 and [[A:B]:A] & 0, but [[A;B];B] = 0 and [[[A; B];A;A] =
[MIA; B]; Al;B] = 0. Then the firg three terms of Eq. (B2) are non-vanishing. And the fol-
lowing formula is obtained,

Only one of the two second-order commutators is retained in the supposition.
Operators A and B are substituted by j 10 and j 51T, resedtively. It can be shown that
the commutator equdities and inequalities in the suppositions of the second order approximation

are either exactly or goproximately satidfied if the second- and higher-order derivatives of V ae
ignored. In particular, the two non-vanishing identities are given by

¢ 1% %rv ¢p (B5)
and

;v = ~—r:](rv erv): (B6)
Substituting the approximations in Egs. (B5) and (B6) into Eq. (B4), it follows that

o I5A — i iI5(0+F) @i i (rV i i3V gige rV @i i F - B7)

When the above exponential Hamiltonian operaor acts on a plane wave, the following approximate
eguation emerges,

oi IEFGIPI=~ 3, i P50V + 205 PV g 5o (rV P gipt=-, (BY)
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Substituting Eq. (B8) into Eq. (8), and noting the Hermiticity of the Hamiltonian, the NLDS in
Eg. (11) and the LDS in EqQ. (12) are rederived.

Appendix C: Derivation of Equation (15)

In this appendix, the function ei ia®!? js shown to be the Fourier transformation of the Airy
function by using itsintegrd representation given in Refs. [ 7-9],
- 1237913 221 (h i P | 2 p§ il 2)
el =2 gt J.(20)+J 1(2t) el 1138 4+ K, (2!t R (C1)
3 0 3 i3 Y 3

where J and K ae the Bessd functions. Observing the relaions between Bessd functions and
Airy function, Ai, given by Ref. [11],

_1 0 %,
J%(Zt)+Ji%(2t)—(3t)%Al i (30 (C2)
and
1/4p§ 3 2’
Ky(2t) = - A (3)F ; (C3)

Eq. (15) is obtained by changing variablest ¥ (3t)5.
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