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The specific heat Cy  is calculated in this study using the prediction of an Ising model
for the II-11l phase transition at 0.05 GPa and for the I1-IV phase transition at the pressures
of 019, 0.99 and 2.1 GPa close to T¢ for the NH4Br crystal. The values of the critical
exponent for the specific heat of NH4Br which we determine from our analysis, are close
to the predicted values of 1/16 (T < Tc) and 1/8 (T > T¢) obtained from the 3d Ising
model. Our calculated specific heat Cy | agrees well with the experimental Cp below Tc in
the antiferro-ordered (phase I11) and ferro-ordered (phase 1V) phases of NH4Br. Above Tc
(disordered phase 11) there occur discrepancies between our calculated Cy; and the observed
Cp for NH4Br.

PACS. 63.70.+h — Statistical mechanics of latice vibrations and displacive phase transitions.

I. Introduction

NH4Br exhibits a , -type of phase trangtion at 234 K (P = 0). This transition occurs from
the disordered  phase (phase 11) to the antiferro-ordered © phase (phase 1), as the temperature
decreases from high temperatures. As the temperaure decreases further, the antiferro-ordered °
phase trandforms into the ordered + phase (phasel V). All these phase trangormations occur at zero
pressure. In the disordered — phase, which has a CsCl type crystd structure with Of symmetry;
the ammonium ions are randomly distributed between two energetically equivadent states[1]. In
the antiferro-ordered ° phase the NH tetrahedra have an anti-paralel arangement in the a-b
plane and they tend to orientate along the c-axis This phase has a tetragond structure with Dap
symmetry, wheress the ferro-ordered + phase has a CsCl structure with T symmetry, in which
dl the NH; ions are pardld to each other.

As the presaure incresses from the amospheric pressure, there occur phase transformations
between the disordered , antiferro-ordered © and theordered + phasesin the NH4Br crystal. There
aso occur phase transformations between the , © and * phases in NH4Br, as the concentration
varies with the temperature. Various P-T and X-T phase diagrams for ammonium and deutero-
ammonium bromide have been given in the literature. The first experimental P-T phase diagram of
ammonium halides was obtained [2] and it has been modified [3]. A generd P-T phase diagram
in ammonium and deutero-ammonium haides, which locate the tricritica and multi-criticd points
on the disordered  and ferro-ordered + phase line, has dso been reported [4]. The T-X phase
diagramsfor the NH4BryxCl 1; x System have been given as experimental gudiesin the literature [5-
8]. Some theoretical phase diagrams in ammonium hdides have dso been introduced in previous
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gudies [9-11]. Recently, we have obtained the P-T phase diagram of ammonium hdides using
mean fid d theory [12]. More recently, we have dso obtained the T-Xg, phase diagram for the
NH4BrxCl1; x system [13].

The , -phase transitions in NH,4Br have been qudied extensvely usng various experimenta
techniques[ 14-20] and also some theoretical methods [9, 21-23]. We have reviewed some of those
dudies and we have calculated the Raman frequencies of some latice modes using the observed
volume data for NH4Br [24].

The , -phase transition in NHsBr can dso be sudied by cdculaing its specific heat. In
our previous study [25] we have developed an Ising mode superimposed on an Eingein and/or
Debye model. By applying this modd to the ammonium haides, we have been able to calcul ae
the specific heat C,,, due to the neares-neighbour spin interactions using our observed Raman
frequencies in the NH4Cl system [26, 27] at zero pressure. At higher pressures, we have gpplied
our mode to the NH4Cl system to calculate the specific heat Cy for its tricriticd and second
order phase transitions by andysing our observed Raman frequencies [27, 28]. We have also
goplied an 19ng model to NH,4Br to caculate the specific heat Cy/ | closeto its , -phase transition
a zero pressure, using our observed Raman frequencies in this crysta line system [ 28, 29].

In this study we cdculate the specific hest Cy | onthe basis of the ISng modd by directly
andyzing the experimentally measured Cp data [20] for the 11-111 phasetransition a the pressure
of 0.05 GPaand for the 11-1V phase transition at the pressures of 0.19, 0.99, and 2.1 GPain the
NH4Br crystd. We determine the values of the critica exponent a for the oecific heat for each
presaure condition, which are cdose to the predictions of a 3d Ising modd.

In Section 2 we give an outline of thetheory. In Section 3 we present our cdculations and
results. Our discusson is given in Section 4. Findly, conclusions are given in Section 5.

[1. Theory

The Isng Hamiltonian of a system can be written as
>
Hi =J(V)  %i%j; €y
H]
where%; and %; are the Ising spin variables for the nearest-neighbour interactions and J(V) is the
exchange integral depending upon the volume.
The free energy of this system having the Isng Hamiltonian is defined as

Fi(3(V);T) =i KTOJ(V)=KT); 2
where © is the logarithm of the partition function defined as
z=xei H=kT. ©)
[N}
Since the specific hea is the second derivative of the free energy, we then have
w2

CV|=k ﬁ © X (4)
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where ©” denotes the second derivative of © with respect to J=kT. Eq. (4) is the andytica
expression of the specific heat Cy for an I9ng system.

The divergence behaviour of the specific heat Cy | can be obtaned from the power-law
formulafor the free energy,

Fi = A+ Ajj2i, ®)

where a is the critical exponent for the specific hea, A} and A’ are the parameters defined as
Al =JA; and A’ = JA. Here Ay and A are dimensionless constants In Eq. (5) the reduced
temperature is " = jT j Tcj=Tc, where Tc is the critical temperature. By taking the second
derivative of © with regpect to J=KkT according to Eq. (2), where we use Eq. (5), we get the
power-law formula for the specific heat (Eq. 4):

Cvi =i IAZ,(Li @i ©®
C

In order to obtain Eq. (6), we neglect the j"ji @ term which diverges weekly near Tc.
[11. Calculations and results

We cdculated here the specific heat C,, | according to the prediction of an Ising modd
(Eq. (6)) using the observed Cp data [20] for the I1-11I phase trangtion at 0.05 GPa pressure and
for the 11-1V phase transition a the pressures of 0.19, 0.99 and 2.1 GPain NH4Br.

[11-1. 11-111 Phase Transition of NH4Br at 0.05 GPa

For the phase transition from phase Il (disordered ) to phase Il (antiferro-ordered °) in
the NH4Br crygsal, we fitted Eq. (6) to the experimentally observed Cp daaat P = 0.05 GPa
[20], below and above the criticd temperature (Tc = 226 K). From our andysis, we obtained
the value of the critical exponent, a = 0.06 for the pecific heat and JA = j 632.75 Jmoali ! for
T < Tc. Above thecritical temperature (T > T¢) our analysis gave us the vduesof a = 0.11 and
JA = 461.99 Jmoli %, asgivenin Tablel. By assuming that the values aand JA do not vary in
the phases of 11 and 111, respectivey, we were able to predict the specific heat Cy using Eqg. (6).
We plot our cdculated Cy,;, with the observed Cp data [20] as a function of temperature at P =
0.05 GPa for NH4Br (Tc = 226 K) aove T (phese I1) and bdow T¢ (phase I11) in Fig. 1.

[11-2. 11-1V phase transition of NH4Br at 0.19 GPa

We fitted Eq. (6) to the observed Cp data[20] & P = 0.19 GPa (T¢c = 208.7 K) for 1I-1V
(disordered  -ferro-ordered +) phase transition in NH4Br above and bdow T. From this fittting,
we obtained the value of a = 0.10 as the critical exponent for the specific heat and the vdue of
JA = 54758 IJmalil for T < Tc. Also, we obtained that a = 0.16 and JA = j 410.85 J
moli 1 for T > T, according to Eq. (6), asis dso given in Table I. By taking those values of a
and J A as constants in the phases of 11 and IV, respectively, we then cadculated the specific heat
Cv according to Eq. (6). We give our plot of Cy versus T, with the Cp daa[20] & P = 0.19
GPa (T¢c = 208.7 K) dove Tc (phase 11) and below T¢ (phase 1V) of NH4Br in Fig. 2.
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FG. 1. Our caculated Cy, (Eg. (6)) asa func-

tion of temperature at 0.05 GPa for the
I1-1Il1 phase transition in NH4Br (Tc
= 226 K). The expeimental Cp data
shown here are taken from Ref. [20].
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FIG. 2. Qur calculated Cy, (Eg. (6)) asafunc-

tion of temperature at 0.19 GPa for the
[1-1V phase transition in NH4Br (Tc =
208.7 K). The expeimenta Cp data
shown here are taken from Ref. [20].

TABLE |. Our vdues of the critica exponent afor the gecific heat and the J A values (Eq. (6))
for thell-11l phasetransition (0.05 GPa) and I1-1V phase trangtion (0.19, 0.99 and 2.1

GPa) in NH,4Br.
P(GPa) Tc(K) T<Tc T>Tc
a i JA(Jmoli 1) a i JAUmali 1)
0.05 226.0 0.06 632.75 0.11 461.99
0.19 208.7 0.10 547.58 0.16 410.85
0.99 2495 0.08 771.98 0.15 516.29
21 2804 0.05 94.41 0.18 57747
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FIG. 3. Our calculated Cy, (Eg. (6)) asafunc-
tion of temperature at 0.99 GPa for the
I1-1V phase transition in NH4Br (T¢ =
2495 K). The expeaimental Cp data
shown here are taken from Ref. [20].

[11-3. Il1-1V phase transition of NH4Br at 0.99 GPa

We d 50 anaysed the Il-1V phase transition in NH4Br at the pressure of P = 0.99 GPa by
means of Eq. (6) using the literature Cp data [20]. This andysis gave us the vaues of a = 0.08
and JA = 77198 IJmolil for T < Tc and dso a = 0.15 and JA = j 516.29 Jmoli I for
T > Tc, where Tc = 249.5 K. Our values of a and JA are tabulated in Table I. We assumed
here that our values of a and JA reman constant in the phases Il and 1V, respectivey. Under
this assumption, we cdculaed the secific heat Cy using Eq. (6). Our cdculated Cy; and the
observed Cp data [20] are plotted against the temperaure for the II-IV phase transition & P =

099 GPa (T = 249.5 K) for NH4Br in Fig. 3

[11-4. 11-1V phase transition of NH,Br at 2.1 GPa

We performed the same andysis for the II-IV phase trandtion at P = 2.1 GPa usng the
Cp daa[20] for NH4Br. From our fitting (Eg. (6)), we had the exponent value of a = 0.05 and
JA = 954.41 Jmoli 1 (T <T¢), thevaluesof a=0.18 and JA = j 57747 Jmoli 1 (T > Te),
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FIG. 4. Our calculated Cy, (Eq. (6)) as afunc-

tion of temperature at 2.1 GPa for the
[1-1V phase transition in NH4Br (Tc
= 280.4 K). The experimental Cp daa
shown here are taken from Ref. [20].
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where Tc = 280.4 K for the NH4Br crystal. Those vaues are given in Table |. We then used
those constant vaues of a and JA to cdculae the specific heat Cy according to Eg. (6). We
plot our cdculated specific hest Cy | and the observed Cp data [20] as afunction of temperature
a P =21GPafor NH4Br in Fig. 4.

V. Discussion

We calculated here the specific heat Cy usng Eq. (6) predicted by an Ising modd, as a
function of temperaure for the I1-111 phase transition at 0.05 GPa (Fig. 1) and for the II-IV phase
transitions a the pressures of 0.19 GPa (Fig. 2), 0.99 GPa (Fig. 3) and 2.1 GPa (Fig. 4) in the
NH4Br crystd. For this calculaon, we fird detennined the vaues of the criticd exponent a and
JA by fitting Eq. (6) to the experimental Cp data for each constant pressure above and below
Tc. Using the constant values of those fitting parameters, we then cd culated the specific heat
Cy, acording to Eqg. (6), as indicated above. Our cdculated Cy/, is in good agreement with
the observed Cp daa bdow Tc for the I1-111 and 11-1V phase transitions which in fact, seems to
emageat » 235K, asshown in Fig. 1.

For the 11V phasetransition in NH4Br & the pressures of 0.19, 0.99 and 2.1 GPa, the vaues
of the criticd exponent, namdy, 0.10, 0.08 and 0.05 (Table 1) bdow T¢ describe satisfactorily
the observed behaviour of Cp, according to Eq. (6), as seen in Figs. 2-4, repectively. Above Tc
we have the exponent values of 0.16, 0.15 and 0.18 for the pressures of 0.19, 0.99, and 2.1 GPa,
respectively, which seem to describe the critical behaviour of thespecific heat less satisfectorily. In
fact, for the temperatures far away from T¢ in the disordered phase Il, as indicated above, Eq. (6)
isno longer vdid. Thus, regarding our exponent values (Tablel), the vaue of » 0.1 describes the
criticd behaviour in NHsBr as seen from Figs. 1-4. Above Tc our calculaied Cy | agrees with
the Cp data up to the temperatures of nearly Tc +50 K for the pressures of 0.05 GPa (Fig. 1) and
0.19 GPa (Fig. 2), whereas for 0.99 GPa (Fig. 3) and 2.1 GPa (Fig. 4) this agreement is valid up
tonearly Tc +30K and T¢ +10 K, respectivey, according to the experimental Cp data available.
In fact, the critical exponent a describes the critical behaviour of Cy,, closeto T, according to
Eqg. (6). It seemstha for the II-11l phase transition in NH4Br (P = 0.05 GPd), our value of a =
0.06 bdow T¢ (Table 1) describes this critica behaviour of Cy | satidactorily, whereas above Tc
our value of a= 0.11 (Table) describes the observed behaviour Cp reasonably well, up to» 275
K. Above this temperaure, we get osdllaionsin Cy, and Cp for thell-111 phase transition (from
the disordered  phase to the antiferro-ordered © phase) in NH4Br. Also, the vaue between 0.1
and 0.2 describes the criticd behaviour of Cy | and Cp for the 1l-1V phase transition (from the
disordered  phase to the ferro-ordered + phase) in NH4Br. Disagreement between our caculated
Cy and the observed Cp [20] at the high temperatures, as indicated above T (Figs 1-4), may
be attributed to the disordering effects which emerge due to the random orientati ons of the NH;
ions.

Our vaues between 0.1 and 0.2 for the criticd exponent a which describes the divergence
behaviour of the specific hest Cy, and Cp of NH,Br, can be compared with the predicted vaues
of 0.066 (1/16) for T < T¢ and 0.125 (1/8) for T > T¢ dueto a 3d Ising modd. So, the Il-l11
and lI-1V phasetrangtionsin NH4Br can be explained by a power-law formula (Eg. (6)) predicted
by an Ising model.

We dso note heretha we compared our calculated Cy | with the experimentd ly measured
Cp data In fact, we initially used the Cp data to caculate Cy,. Closeto Tc, the specific
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heat Cy diverges, whereas Cp remains congdant but it shows anomaous behaviour dose to T¢
according to an I9ng model superimposed on an Eingein and/or Debye model which we have
devdoped [25]. Thus, it is convenient to fit the Cy expression (Eqg. (6)) to the experimentdly
messured Cp, so that the criticd behaviour of both C,;, and Cp close to Tc can be seen from
Figs 1-4.

V. Condusions

We cdculated here the specific hest Cy predicted by an I1sng modd for the 1I-11l and
[I-IV phase transitions of NH,Br under constant pressures. By fitting our Cy, expression to
the experimentad Cp data, we determined the values of the critical exponent which describes the
divergence behaviour of the secific heat closeto Tc. Our calculated Cy | from our andysisisin
very good agreement with the observed Cp bdow T¢ for the 11-111 and 11-1V phase transitions in
NH,4Br. Above T, the agreement isless satisfactory. Thisindicates that our method of caculating
the specific heat for an Ising modd is reasonable, it explans the observed behaviour of the NH4Br
crydal for the phase transitions consdered.
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