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A Madified Poisson equation and the Coulomb potential of a point charge in a constant-
linear-accel eration frame are obtained. The generalized Maxwell equations for both inertial
and linearly accelerated frames are discussed. These results are obtaned on the basis of
the *Wu transformation’, which is a generalized Lorentz transformation for constant-linear-
acceleration frames and which reduces to the Lorentz transformation with four-dimensional
symmetry in the limit of zero acceleration. Some physical implicetions of the results regarding
the Schroedinger and Dirac eguations are discussed.

PACS. 41.20—q — Electric, megnetic, and electromagnetic fields.
PACS. 03.65.Pm — Relativistic wave equations.
PACS. 11.30.Cp — Lorentz and Poincaré invariance.

|. Introduction

Within the framework of classcd mechanics we have satisfactory Gdilean transformeations
for inertid frames and their extenson to constant-linear-accderation (CLA) frames Gdilean
transformations for inertia frames are known to be only approximady true and have been satis
factorily improved in modern physics by the use of the Lorentz trandformations. Neverthdess, the
corresponding extension of the Lorentz transformations to CLA frames has not been deve oped
satisfectorily. Thefird atempt to generalize the invariant laws of €ectromagnetism to accel erated
frames of reference was made by Eingein himself in 1907 [1]. Unfortunatdy, Eingen’s trans
formations for acceerated frames do not reduce to the four-dimensiona Lorentz transformetions
in the limit of zero acceleration. In other words they do not saisfy the ‘principle of limiting
four-dimensona symmetry’ which requires that any accderated trandormation mugt reduce to
a trandormation with the four-dimensional symmetry of the Lorentz group in the limit of zero
accderdaion. Therefore, they are not completdy satisfactory.

Many years later, in 1943, Mgller obtained a trandormation for an inertial frame F; and a
uniformly acceerated frame F, moving along the x-axis [2]. Mdller used Einstein’s fidd equation
for vacuumand assumed that 911 = g2 = ¢33 = i 1and that goo istimeindependent. He obtained
the line dement

3 .
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ds?= 1+ 2x c?dt? j dx? j dy? dz?; (1)
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and the accderaed transformeations
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cT = C—sinh gt + x sinh gt :
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where g is a congant accderation. Note that cT; X;Y; Z denote the coordinaes of an event in an
inertid frame F| and ct; x;y;z denote the coordinates of the same event in the accelerated frame
F.

In 1972, TaYou Wu and Y. C. Lee derived the same transformation (2) based on a purdy
‘kinematic approach’, without using Eingein’s field equations at dl [3]. Instead, they made two
asumptions that the invariant spacetime interval in the CLA frame F moving along the x-axis is
given by ds? = gy (X)c?dt? j dx?j dy?j ¢gz? =c2dT?j dX?j dY? i dZ? and that the locd
Lorentz contraction holds, i.e. @X=@xjt = 1 j v2(x; T)=c2:

The problem with the accd erated transformations discussed by Mdller, Wu, Lee and others
is that they do not reduce to the Lorentz transformations in the limit of zero-acceeration [3].

Il. The Wu transfor mation

In 1997, Hau and Hsu investigated a new ‘kinematic approach’ based on the ‘principle
of limiting four-dimensional symmetry.” They derived an interesing coordinate transformation
(cdled the Wu transformation) [4] between an inertial frame F, and a constant-linear-accd eration
(CLA) frameF. Ther resultant transformati on can be extended by including congant trandations
(Wo; Xo; Yo; Zo),

W =° (X+ 1:®°g) i 0=®° +Wp;

X = °(X+1=0°2) j 1=0 % + Xo;
_ _ ©)
Yi =Y + Yo,

) =272+ 2,

where w; ; X;;Y; and z; denote the coordinates of an event intheinertid frame F,; whilew; x;y
and z denote the coordinates of the same event in the CLA frame F. For the operationd meaning
of the ‘time w, we stress that it isavariable measured i ntheunit of length (e.g., cm) and that it can
be physicdly redized by a st of ‘ computerized clocks inthe CLA frameF [4, 5]. In general, the
"time w has nothing to do with the congtant speed of light c. The CLA frameF moveswith atime-
dependent vdlocity = ®w + , along the x; direction. One can verify that the inhomogeneous
Wu transformetion (3) displays the 4-dimensond symmetry of the Poincaré group in the limit of
zero accderdion ® @ wy = %o(W + oX) +Wo; Xj = °o(X+ oW) +Xo;Y) =Y+ V0,21 =Z+2Z:
We know that when wy = Xo = Yo = Zo = 0, the Poincaré group reduces to the Lorentz group.
In aninertid frame, if one wishes, one may st wy = ct;, w = ct, where ¢ denotes the v ocity
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of light as measured in the inertid Frame Fy. It is important to remark that  and °© depend -
unlike in specid rdativity - on both the initial velocity vp (or o) and the congant accderation
®. We have the following relations:

- —owa— c—pt - o 1 ,
> T1i 2 1i Gw+ o2
B 1 4
0 = Vo=C; % = P—=
1i 2

The operational meaning of the “constant acceleration” ® in (3) isas follows: If apartice
isat rest in a CLA frame F, then the change of the particle s energy per unit length is a constant,
as measured from an inertial frame [4]. This is precisely what happens to charged partidesin a
linear accelerator.

The Wu transformation (with zero congant translations) reduces, unlike the transformation
of Mdller, to the Lorentz transformation in the limit of zero acceleraion. It dso reduces to the
Galilean transformeation for accderated frames for smdl veocities. 1t can dso be shown that the
et of Wu transformations for CLA frames form a group, which is caled the “Wu group’. The
group property of the Wu transformations is shown in Ref. [4]. The Wu group is the simplest
generdization of the Lorentz and Poincaré groups (provided the usual relaion = ®@w+ , holds)
and implies the Lorentz and Poincaré groups as specid limiting cases when the accderation ®
goproaches zero. Thus, the Wu transformation describes the physical properties of spacetime of
both inertid frames and congant-linear-acceleration frames.

From the Wu trangformation (3) one obtains the following metric tensor gao:

o 1
°4(1=2+0x)? 0 0 0
_ 0 il 0 0 §
gie = g 0 0 i1 0 ®
0 0 0 j1

Note that it does not reduce to the Mdler metric tensor in (1) when , approaches 0. The
reason for thisisthat thephysica timesin the Mdller transformetion (2) and the Wu transformation
(3) for the CLA frames are quite different (i.e., different transformation properties.) Neverthdess,
the metric tensor (5) reduces to the Minkowski metric tensor in the limit of zero accderdion. It is
intereging to note tha the spacetime of CLA frames characterized by the metric tensor (5) is flat
because the Riemann curvature tensor R:o.  cadculaed from gzo in (5) vanishes. This property
is related to the existence of the Wu transformation (3) for al spacetime. The curvature of the
gacetime of F, is not changed by the change of variables in (3), so that the curvature of the
gacetime of a CLA frame F must be the same as that of the inertial frame F .

I11. Generalized wave equations for accelerated frames

The 4-dimensional wave equation for a scalar fidd A in an inertid frame has the form

T @2 . e . er . e,
@lel @X%I @Yfl @Z|2 —O- (6)

(@0 A =
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If we expressthe d’ Alembertian operator in (7) in terms of the coordinatesin the accd erated frame
F, we obtain the generalized 4-dimendona wave equdtion for a scdar field in a CLA frame:

1 @2 1 @ ol @,
WZaw? | 2W@—Wi ZW@_X A=0; (7

where Dz denotes the partid covariant derivative associated with g0 in (5), and

(D:D*)1A = rlj 207 °

W =W (w;X) = IOgoo(w;x) = °2(1=°2 +@®x) > O (8)
Let us consider a scalar fiedld A which does not depend on the time:
o _
@w
All derivatives of A with respect to w vanish. In this case, the transformed Laplacian operator
12 can be obtained from (7) and (8):
2 2 2
2 0°  0° @ 021 @
T Ty T Y wx
Although © and W in (10) involvetime, however, if we plug W from (9) into (10), we seetha the

transformed Laplacian is time-independent. Now we can obtain the exact form of the generalized
Poisson eguation for a point source a the origin of a CLA frame

W 92 g1
2 0 A~ g — - \ye .
r +—1+®ogx—@x A(X Yy, 2) =i Qx(Xy;2); (12)

o: ()

(10)

where Q is the numericd constant that characterizes the srength of the coupling of the scdar field
to the source, and + (X;y; z) is the usual Dirac deta function which is zero everywhere except a
the origin of the CLA frame.

It appears that there is no generd and exact solution for this kind of partial differentid
equation in the literature. Therefore we have to restrict oursdves to an gpproximate solution for
the potential A. To obtain the gpproximate solution, we have to expand the Laplacian operator for
gmall vaues of ®. Up to the second order in ® we have

®02 @
ri=r’+ —%—

L2 2@ . o204, @ :
1+ 0°2x o r-+e Oax | ® 0x@x+¢¢¢. (12
This yields the following approximation for the generdized Poisson equation for a scdar field in
a CLA frame
W 0 0 T
Fi 0% i 07 oxg T A Yi2) =i QE(xyi2): (13

The covariant Maxwell equations in CLA frames can be written in the familiar form
g °Dafop = jo;

14
@’ fio '|'@1fo> +@of’1 =0 ( )
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whee fio = Diaoc j Doar = @:a0 j @ecar and D2 denctes the covariant derivative associated
with the metric tensor gro in (5).

The equation for the Coulomb potential is given by the zeroth component of equati on (14):

W , @ 1

i 9" Dafog = P = =ijo: 15

i g 0 r'°62+®x@1 a =ijo (15
The difference of the sign for theterm (®=[°i 2+®xX])@,ag in (15) and (12) is due to the different
transformation properties of a scalar fidd A and the zeroth component ag of a 4-vector field.

The following steps are purdy mathematicd. We have to solve the above equation for the
potentid ao(X; y; z) which depends on the spatid coordinates in the F frame. For simplicity, we
introduce a new parameter ®° = ®°2.

IV. The potential of a point charge in an accelerated frame

IV-1. Firg order approximation

Up to the first order in the accderaion, the modified Poisson equation (15) for a point
charge a rest in a CLA frame has the form

M 0 1

rei ®“@ a0 = i qx(X;y;2): (16)
We make the ‘Ansaz’

I
ap = 41/4r(1 +-X); 17

and solve for -, keeping only terms up to the firs order in ®°. We obta n, after a straightforward
calcul aion, a modified Coulomb potential to the fird order in ®"°

W o T
_ 0 A
a0—41/4r 1+ 2x ; (18)

IV-2. Second order approximation

Now let us consider the modified Poisson equation up to the second order in ®°. The
goproximate modified Poisson equation has the form

M e o 8
rj® @+® X@_x ao = j qx(x;y; 2): (29
We make the * Ansatz
_ 19 - ®° 2 2 2ﬂ
ao—m 1+7X+,X +1(y“+2z%) (20)

and solve for the parameters | and 1, keeping only terms up to the second order in ®°.
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The solution for the Coulomb potentiad up to the second order in®” is found to be approx-
imately

H T

q ®D ®D2
= 1+—x+
At 2 Xt

l"l o] a2

q ®
= 14+ —x+
s T Xt g

a2
ao X2+ 3®8 (yZ _l_ZZ)
1 (21)

(2 +3y? +37%)

We notice that this solution does not satisfy the boundary condition A=0forr ¥ 1. Theefore
we have to find a form for A which is compatible with the boundary condition.

For smdl ®“, a possible form which satiffies the boundary condition ap = 0 at infinity
could be

_ g ;
0T Wr(Li [0o=2lx + (30°=4)(y2 + 22) + 666]) “

We may remark here that a solution, which satisfies the boundary condition, could have a different
form as wdl. However, they dl have the same gpproximation (21) up to the second order in ®°.

V. The Schroedinger and the Dirac equationsin CLA frames

Since we have a time-independent potentid, we can consider the time-independent Schroe-
dinger equaion for a hydrogenlike atom in an accderated frame. The Schroedinger equetion is
the “ non-reldivistic’ (or “smal momentum”) approximation of the Klein-Gordon equation for a
scdar fidd. We find that, for smdl x;y;z (atomic domain) and smal accderation ®°, it has the
foll owing approximate form (in the usual notations in a particular CLA frame)

-2 H @ ﬂ
i o (1+®nx)ﬂr2+®u@x. A(X;y;2) -
H
Ze? °

i 1+?x A(xy:z) = EA(X;y;2);

to the first order in ®°, where ®° = ®°32 and ®°x, ®°y, ®°z are much smdler than 1.

Of course, for large r (compared with the Bohr radius rg % 10i8 cm), one has to use
the modified Coulomb potentid (22), which satisfies the boundary condition & r ¥ 1. It
seems to be rather impossible to find an andytic solution for this equetion. Nevertheess one
can use perturbati on theory to obtain corrections for the energy leves of a hydrogenlike aom in
an acceleraed frame up to the second order in ®". The term involving ®°@—@X in (23) will lead
to a very very smdl imaginary energy in perturbation theory. This is in harmony with dassicd
eectrodynamics, in which an dectric charge with constant-linear-accel eration can emit avery small
amount of radiation. Our calculations show that the corrections for energy levesin (23) are either
zero or extremely smdl and negligible for possble accderations on earth laboratories (currently
available voltage gradients are aout 70 MeV per meter for linear accd erators). Physically, this
result suggeststhat the numerical vaues of energy levels are dmos unchanged by constant-linear-
acceerations.
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In accderated frames, the speed of light is in generd not a universal congant. The congant
€ = 29979245800 cm/sec for the gpeed of light in inertid frames has neither operationd meaning
nor physical significance in CLA frames. Thus, we postulaie an invariant action S for a dasscd
charged particle interacting with a 4-potential a. in a CLA frame without involving the congant
ged of light c:

z

S= (mdsj éa:dx"); (24)

whereds? = dxadx” = goodw? j dr? and & is the electric charge measured in the electromagnetic
units [4]. By the varidgiond cdculus, it leads to the following canonica momentum P, [6]

P. = P2 i ga. ; (25)
where the partide’s momentum pa is given by
W T
_Oxa o om coOx dy dz
P =M s P 2 Ciaw law dw (26)
dxi = gikdx* = (j dx; j dy; j dz); 72 = (dx=dw)? + (dy=dw)? + (dz=dw)?:

The expresson for partide’s momentum shows that the maximum speed (measured in
terms of the ‘time w) of a physcd particle is a spacetime-dependent function goo rather than a
congant in a CLA frame. Furthermore, if the function goo = W2 vanishes, the velodities of
physical particles vanish too. This can be seen from the velocity transformation based on the Wu
transformation (3): dx=dw = W[(1 i dx;=dw;)=(dx;=dw; j )]. Strange phenomena occurs
a x = j1=(®°2), which is a ‘wall singulaity’. When the acceleration ® approaches zero, the
‘dngularity wdl’ in a CLA frame moves to infinity. For a finite ®, W becomes infinity as x
approaches j 1=(® r?), because © dso goes to infinity.

Since p2p* = m?; as one can see from the above expresson for p2, we have the invari ant
rdaion for the canonicad momentum P2

(P. +8a.)(P" +éa") =m? (27)

This suggests that the generdized Klen-Gordon eguation for a charged scdar partide in the
eectromagnetic 4-potential a: takes the form

- D .
'iJD: + 8a:)(iJD* +@a) j m? A =0; (29)

where D1 denotes the covariant derivative associated with the metric tensor gao:

For the Dirac equation in CLA frames, one must be avare of the spacetime dependence
of the metric tensor gzo in CLA frames. In contrast to the congant Minkowski metric tensor in
inertial frames this property implies a spacetime dependence of the Dirac matrices because of the
anti-commutetion relation

f] 1,jo0 = 2910 (29)
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Thus, one must postulate a symmetrized action in order to preserve the same symmetry
of particle and anti-particle in inertid frames Such a symmetrization was not carried out in the
scond paper in ref. 4. The invariant action Si for a free dectron fidd A in CLA frames is
asumed to bZe

Si = Lid*x; (30)

P—

i
where °5 = (°2;°%; °3; °2) are the usua constant Dirac matrices Using integration by parts

in the action, the Lagrangian L can be written as
Li = WA j%ir:A j mw &A; (31)

1
=W; i =(B=W;°h;°p; °B):;

3 .
1 _
ro= o+ @W)R0i00 60 1 W=Pig g=detgee:
The Lagrangian Lj; leads to generalized Dirac equations for both inertid and CLA frames:
(8]
(Ji'ri mA =0 (r:A)jidi*)i mk =0; (32)
where J is a constant. (see Eq. (34) bdow.)

VI. Remarks

We may remark that the Mgaller transformation (2) for acceerated frames can be generalized
90 that it reduces to the Lorentz transformation in the limit of zero accderation [7].
To the second order in ®° = ®°2, the approximate solution for the static scdar field to
equation (11) is given by
“ o o2
. Q ® ®
A 11Xt g

|
X% y*i 2%) ; (33

where ®° = ®°2. The scdar equation (11) resembles the static Yukawa equation for the pion,
which corresponds to a pseudo-scalar fidd.

In equation (23), the invariant charge & in CLA frames corresponds to the usud e/c, where
eis measured in electric static units. Also, the potentid ax corresponds to A:x =c, where A isthe
usud 4-potential.

In CLA frames both the speed of light and the Planck congant are no longer universd
constants [4, 8]. The energy-momentum four-vector p* is rdated to the wave four-vector k* by
the rlation

pr =K (34)
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where J = 3.5177293 £ 1013 gem. In inertid frames p® corresponds to the usua expression
E=c? and k° corresponds to 1=c, where ¢ denotes the speed of light.

In specid rdativity, ¢ hasthe vaue 29979245800 cm/sec in dl inertial frames [9]. Aswego
into CLA frames, the gpeed of light isno longer auniversal constant. However, this does not hinder
us from the formulation of a spacetime theory for CLA frames because we use (wy; X1;Y1;21)
and (w; X; y; z) asvariables in dl egquations. Furthermore, if one consistently uses (wy ; X1;y1;21)
and (w; x;y;z) for inertial and linearly acceerated frames, one finds tha the truly universa
condants for physcs in both inertid and noninertid frames are the dectromagnetic coupling
drength ® = 1/137.03604 = 8?=(4%J) and the quantum condant J = 3.5177293£ 10i # g&m
[5, 8], raher than the usud constants e (in electrostatic units), ~ and ¢ = 29979245800 cm/sec
within the framework of specid reativity.
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