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We show that a backward stochastic system with an imaginary diffusion coefficient in
complex space is equivalent to a real space quantum system if it obeys a Newtonian-like
dynamical law and its find spatial distribution is constrained tobeinred space. The ensemble
averages of the position, momentum, angular momentum and energy of the stochastic processes
are the quantum mechanical expectation values of the corresponding operators. The product
of the mean-sgquare deviations of the position and momentum of the stochastic process agreees
with the corresponding uncertainty reation of quantum mechanics. The equation of motion
isinvariant under the combined transformations of changing thetimet ¥ j t and taking the
complex conjugate of the equation. The stochastic motion reduces to the classical motion in
the limit where the de Broglie wavelengh of the particle vanishes.

PACS. 03.65.Bz — Foundations, theory of measurement, miscelaneous theories.
PACS. 02.50.Ga — Makov processes.
PACS. 02.50.Cw — Probability theory.

|. Introduction

This work ams a developing a gochagic mechanical theory of quantum mechanics. The
gochadi c approach to quantum mechanicsin red spaceisfirst developed by Nelson [1, 2]. Starting
from the equation of motion for a classical particle with diffuson, the Schrodinger equation is
derived. Approachesusng control theory are developed subsequently [3]. The uncertainty reation
[4, 5, 6] and interferencephenomena| 7, 8] can be properly interpreted within the stochastic theory.
However, it suffers a fundamentd problem when there are nodal surfaces in the amplitude of the
wave function. The partide can not move across the nodd surface. This means that the spaces
separated by the nodal surfaces are mutually exclusive regions for the particle. Accordingly, the
different parts of the wave function separated by the nodd surfaces should evolve independently.
But this isin generd not true.

Neverthdess, it may still be possible to deveop a stochastic theory of quantum mechanicsin
complex space because the nodal surfaces of the wave function in real space may be circumvented.
Devedopment dong this line has been proposed by using control theory [9], although the physcd
meaning of a partide’s trajectory in complex space is not clear. Recently, based on the weak
measurement theory of quantum mechanics [10, 11], it is shown that a backward stochastic
process in complex space can be associated with a quantum sysem prepared in a state jAi a
time t (presdected state) and conditioned to be in a postion egendate jx¢i a a later time
tr >t (postsdected gae) [12]. The final condition for the backward stochastic process is X .
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The conditional expectation vdue of the sochagic trgectories in complex spece is the weak
vaue (ensemble-averaged vaue) of the position operaor of the quantum system. The quantum
mechanicd expectaion vaues of the pogtion, momentum, angular momentum, and energy are
the ensemble averages of the corregponding quantities of the sochadic process The position-
momentum uncertainty relation is the product of the mean square deviations of the postion and
momentum of the sochadtic process.

Here we would like to show that, starting from a Newtonian-like equation of motion
for a backward stochastic process with an imaginary diffusion coefficient in complex space the
orthodox quantum mechanics can be obtained. Thecontents of this article are organized asfollows:
In Sec. Il the backward sochadic process in complex spece is introduced. The momentum,
angular momentum, and energy of this stochastic process are defined in analogous to the dassicd
mechanics. In Sec. |1l a Newtonian-like equation of motion is introduced for the backward
gochastic process. The anaytic property of the drift ve ocity together with the imaginary diffusion
coefficient © = i~=2m, where ~ is the Planck’ s constant divided by 2% and m is the mass of the
particle, lead to the equivalence between the Newtonian-like equation of motion in complex space
and the Schrodinger equation in red space. In Sec. IV the ensemble averages of the position,
momentum, angular momentum and energy of the gochagic process are shown to be the quantum
mechanicd expectation values of the corresponding operatorsif the final probability digribution of
the stochadtic process is constrained tobe in red space. The product of the mean square deviations
of the postion and momentum of the stochastic processisthe corresponding uncertainty re aion of
quantum mechanics These correspondences enable usto interpret the absolute square of the wave
function as the effecti ve probability distributionin real space for the backward stochastic processin
complex space. In Sec. V the condition of the classca limit is identified to be that the amplitude
of the wave function does not change appreciably in the space of one de Broglie waveength.
Also, it is shown that the equation of mation is invariant under the combined transformations of
changing thetimet ¥ j t and taking the complex conjugate of the equation. Findly, a summary
isgivenin Sec. VI.

I1. Markov process in complex space

Let us consider a backward Markov process in a n dimensond complex space (For sim-
plicity we shdl consider one particle system only.)

dz = v; (z; tydt +d°W; (@)

constrained by the final condition z(tf) = X¢. Here z = z;1;2; €¢¢; z,, zx = Xk + Iyk, d°z =
z(t)i z(tj dt), v; (z;t) isan component analytic function of z, and d®W =W (t) i W(tj dt)
is a Brownian-type displacement with an imaginary diffusion coefficient © = i~=2m, where m
is the mass of the particle The condition that the drift velocity v; is andytic guarantees that (1)
is Markov. The process can be written in terms of the red and imaginary components

r—

d”x = Re(v; )dt + %d“w; 2
r

Py = Im(v; )dt + %d“w; 3)
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where Re(§) and Im(¢) denote the real and imaginary parts of (0, respectively, and d°w is a
Brownian-type di olacement with the red diffusion coefficient ~=2m. The probabil ity digribution
%(z; t) = %(x;y;t) and the transition probability density P (z;t j z%;t) =P (x;y;t j X;y'; t) are
positive definite real-vaued functions of complex variables satigying the relaion

VA

wz;t)= dldy"P(z;tjz"% O 1); (4

at- t’ Theevolution of the transition probability density satisfies the backward Fokker-Planck
equation

0cP + Bx[Re(v; )P]+@y[Im(v; )P] + J%(@3 +EP+]°j 0P =0, 5

at- tf. The probability distribution %(z;t) at t - tf dso saisfies the same equation

B+ BIRe(v, Y+ 811 (v, Y+ 1 (62 + 83% + ejny = 0 ©

The momentum, angular momentum, and energy of this Markov process can be defined
based on classcd mechanics[12]. For deterministic motion, the velocity of a partide a a point
on it'strajectory is defined as

e CX

v = im et
where x(t) is the trgjectory of the particle. For sochastic motion, the above definition can not
be directly gpplied to a single stochastic trajectory due to the existence of the random term.
Neverthdess, an ensemble averaged velocity a every point of the trajectory can be defined. Using
(1) the ensamble averaged veocity entering the point z at thetime t is

H 1
. ¢tz o
¢|tI_O+E ¢t _Vi (th)v (7)

wheaet¢ z =z(t) j z(tj ¢ t). Thissuggest tha the momentum and angular momentum at a point
z on the trgectory can be defined as

p(z;t) =my; (z;1); ®

I@z:t) = z£ p(z;t): ©)

Thekinetic energy at every point on the trajectory can be defined in an analogous way [1]. Noting
that it involves the square of ¢ z and ¢ W? / ¢ t, the contribution from the random term has to
be treated properly. An integration of (1) yidds

Z ..
z(tj ¢t)=2z(t) + t “drvi (z(r);r)+W(tij ¢t)j W(D): (10
t
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This means that
tz=z(@t)j z(tj¢ct)
Ztict (11)

=i drv; z(r);r) + W(t) j W(tj ¢t):
t
Substituting (10) into the integral of (11), expanding v; with respect to the point z(t) to the order
¢ t, and making use of the Ito cdculus [13] the kth component of (11) can be expressed as

u Zti¢t ﬂ
Czy=v;k@ZOCtj re v,y dr [W(t) i W(r)] +¢ Wy, (12
t
This leads to the result [1]
A L
im g $2° —EZi T @+ lim i (13)
¢teo+ ¢t TN Y P ¢tror 2mét

The singular term in (13) is a condant that is the same for all trgectories. It can be removed
from the energy by a proper choice of the zero point for the energy. This suggest that the kinetic
energy can be defined as

L ST o :

om 2mvi i 5 rév;;
or equivalently

p?(z;t) = m¥VZ (z;t) i i~mrov; (z;t); (14)
and the energy is

E(z;t) = %mvf (z:1) i %r tv; (z;1) + V (z; 1): (15)

Here V is the potentid energy and it has to be an andytic function of z if the momentum and
energy are to be wel defined for the complex stochastic process.

[11. Stochastic mechanicsin complex space

Thedrift vdocity v; (z; t) is determined by the dynamics of thebackward stochastic process
We shall show that the analytic property of the drift velocity together with the imaginary diffusion
coefficient lead to the equivadence between a Newtonian-like equation of motion in compl ex space
and the Schrodinger equation inreal space. The equation of mationwill involvethetime derivative.
But the time derivative along a single stochastic trajectory does not exid. Neverthdess, a mean
backward time derivetive of an analytic function G(z; t) for the backward stochagtic process can
be defined as

©: &)@ )= lim (¢ YIEGEHO: )i GOt ¢ V:ti ¢ D

(16)
=@:G+v; ¢trGj °raG:
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Here D; denotes the mean backward time derivative and E[,,)=, is the conditional expectation
vaue of the quantity in the parenthesis along the backward stochastic trg ectory with the constraint
»(t) = z. Appaently, D; z = v; (z;t). Inthelimit© ¥ 0 the mean backward time derivative
reduces to the ordinary time derivative. We now make the hypothesis that the equation of motion
for a particle undergoing the backward stochagic motion (1) is

mD; D; z=mD;v; =F; (17)

where F is the force acting on the partide. In the limit © ¥ 0 (17) reduces to the Netwon's
second law. Since v; is andytic it can be obtained by solving the equation of motion (17) in red
gace. We shdl show tha, in red space, (17) is in effect the Schrodinger equation. To proceed
we first note that the diffusion coefficient © is imaginary and the drift veocity in real space can
be written as

V; (X 1) = j(x; t) + 200 (x; t); (18)

where j (x;t)and 2 © j u (x; t) arethered and imaginary parts of v; (X;t). We next cond der the
equation of motion (17) in real space for thetwocases r £ F =0 and r £ F & 0, repectively.

(H)r£EF=0
Thisimplies ¥ £ v; = 0 and (18) can be written as
v; (X, t)= —"Sf:; 9 i 2°rR(x;t);
19
_ rS(x;t) 20 rf(xt). (19
T m TRy

whee S, R, and T are real functions. Subdituting (19) into (17) and making use of (16) the
equation of motion is
b - )

Ed “ ﬂ%

1 2 2 ref
4+ — +2me

r S > (rS) +2 T

L L m+2mrS (20)

=ijirV;

where the force F is replaced by the gradient of a potential V. With © = i~=2m and by properly
choosing the zero point of the potential V, (20) is nothing but the Schrodinger equation

2 )
i~@A (X 1) = S FACGD +VA XY
where

A(x 1) = F(x;1)e!S0=: (21)
() re F&0
Thisimplies r £ v; & 0 and it can be written as

L rS(xt) e NN o {0 )N
v; (X;t) = el rnCA(x,t). 2 D) (22)
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where e is the charge of the paticle ¢ is the velocity of light and r £ (eA=mc) = j r £ v;.
By identifying A as the vector potentid corresponding to the magnetic fidd B and assuming the
force

F=irV+eE+%vi£B; (23)

where V is the non-electromagnetic potential and E is the dectric fidd, the equation of motion
(17) in red space is the Schrodinger equation [14]
. 2 M e T2 y ] .
i"'@tA:% Tri EA A+ ((A+V)A

where A is the scalar potentid of the electromagnetic fied.
IV. Stochastic interpretation of quantum mechanics

In Sec. Il we have shown that the drift veocity of the backward gochadic process (1)
in complex space is determined by the Schrodinger equation in red space if the dynamics of the
backward stochastic process is Newtonian-like. But this is not sufficient to say thet there is a
correspondence between a real space quantum sysgem and a complex space backward stochagtic
system. To interpret the quantum effect as the complex space stochastic effect seen in red space
we need to show tha the physicd quantities of the sochagic process have wel defined meanings
in quantum mechanics. In the following we shal show that the conditonal expectation values
and the ensemble averages of the position, momentum, angular momentum, and energy defined
in Sec. 1l for the backward sochadic process are the wesk values [10, 11] and the expectation
vaues respectively, of the corresponding quantum operators provided that the find condition for
%(z; t) is chosen to be %(z¢; te) =j A (X¢;te) j2 +(ys). For Smplicity we shall consider the case
tha the vector potential is zero.

First, we note that the conditiona expectation values of the backward stochagic process
satigying the dynamics (17) in complex space can be expressed in terms of complex quantities in
red space. To see this we congder the backward Fokker-Planck equation in real space

%ﬁ(x; tjxe;te) + refv; O OPOGEjxe; te)] + OrP(x;tj xs;te) =0; (24)

where t - tg, v; is the drift velocity of the backward stochastic process satifying (17), and ©
is the same diffusion coefficient used in (1). With v; given by the solution of the Schrodinger
equation through (19) and (21), the solution of (24) is

KX tr; X DA (X 1)
A(Xf;tf) ’

where K(X¢; tf; X; t) is the propagator of the Schrodinger equation. Note that the two reations

Bt xe te) =

(25)

lim POGE] Xeite) = 2(¢ i Xg);
1

NI-F

dxP(x;tj xf; tf) = 1;
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are satisfied. Defining

-

hg(% Diny=xy ~ IXGOGOP (] Xy t5); (26)
the boundary condition of the Schrodinger equation assures that hx"ix)=x, exists if the integer
N is greater than certain vdue. At t - tf (24) leads to the equation

d

. : ) i~ .
&hx“ It y=xe = NX™T 1V (6 0 ity y=xp %n(n i DX i = (27)

Now consder the conditional expectation value E (z") )=, Of the backward stochastic process.
Using (1) and Ito cdculus [13], E(Z"(1))(t,)=x, Satifies the equation

dEtE(Zn(t))Z(tf)=Xf = I:]E (" l(t)vi (Z;t))z(tf)ZXf
i Z'—r;n(n i DE@" 2(0)s¢0=x,:

at- te. Sincev; (z;t) isanandytic function of z we can expand v; (z;t) in the power series of
z. Then X"y y=x, ad E(Z")y,)=x, Will satify exactly the same coupled differentid equa-
tions condrained by the same find condition x¢. It follows that E(z");¢t;)=x, = X ix(te)=x,- If
9(z; t) isan andytic function of z this equality assuresthat E(9(Z; 1)) ¢t y=xs = "X Ulix(te)=xs -

Next, we note that hg(X; t) iy, )=x, 1Sthewesk vaue of the operator g(&;t) resulting from
the weak measurement of position performed a 0 - t - tf on an ensemble of physical sysems
prepared (preselected) in the state j A a timet = 0 and conditioned to be (postselected) in the
position egendate jxfi at a laer time t¢ [10, 11]. The weak measurement theory is deve oped
by Aharonov, Albert, and Vaidman [10, 11] by considering a time-dependent interaction H (t)
of von Neumann type [15] between the system and the apparatus. They used the uncertainty
principle as applied to the momentum and position of the“ pointer” of the apparatus to show that,
by sacrificing the accuracy of the measurement, the sysem can be made to be digurbed as little,
or weakly, as possble in a measurement. The uncertainty in each individual wesk measurement
will of course be large but an accurate and meaningful result, caled weak vaue, is nevertheless
obtained when an ensemble average is taken. Specificdly, for an ensemble of physcd sysems
presdected in the state jA i a timet = 0 and postselected in the state jBi at alater time t¢, the
weak value for an observable A in weak measurement mede a timet, a 0 - t- tg, is

(28)

R R )
oai - MBiexp(i i TTH() d)Aexp(i i o H(t) dujA T
lweak - gy s . (29)
hBjexp(i i o H()dt) jAi

This weak value is a complex quantity, whose real and imaginary parts correspond to the mean
shiftsin the podtion and momentum of the pointer, respectivedy. For A = g(X; t) and jBi = jx¢l,
it is straghtforward to show tha

z

hg (& Diveak= dxg(x; )P (X; tj x¢; tf)
= hg (X; t) ix(tf):Xf (30)
= E(9(z; t))Z(tf):Xf:
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Thus the conditional expectation value of an analytic function g(z; t) for the backward stochagtic
process satisfying the dynamics (17) and condrained to be a the position xf at time tf i sthe weak
vaue of the operator g(%;t) for an ensemble of quantum systems presd ected in the state jA i and
postsd ected in the state jx¢i. 1t follows from (30), (19), and (21) that the conditiond expectation
vaues of the momentum, angular momentum, and energy of the backward stochastic process
defined in Sec. Il are the wesk values of the corresponding operaors in quantum mechanics.
Namdly,

z
EQEZ 0)2y=xe =  dXMV; (6 HP (Xt j X tr)
(31)
= hPiyeak;
Z
EZE p(Z;0))0)=x = OX[XE mv; (X; t)]l3(x; t) xf;tf) )
=RE Piweak;
Z
E(P?(Z 0)z(tey=xe =  AX[MAVZ (1) i i~mrr ov; (GHIP(X t] Xe; te) -
= hpziweak;
Z i~ :
EEE D)(tn=x= X 5mMVi (600 5oV (6D +V6t) Pt]xetr)
=hA Iweak:
(34)
The qua)ﬁ(um mechanical expectation value of A is theweighted average of it' swesk vdue
hAI = jhBjAij? hAiweak: (35)

B

It follows from (4), (30), and (35) that, at t - tf the ensemble average of g(z; t) of the backward
gochatic process is the quantum mechanica expectation value of g(®;t) provided that the find
digtribution of the backward stochastic process is chosen to be %(z¢; te) =j A (xf; tg) j° +(yf).
Namdly,

Z

E(g(z;t))= dxdy g(z; t)fa(z;t)
Z
= dxdydxsg(z;)P(z;tj x¢;te) j A (X tf) j2
Z
= dxf EQ; 1) zctry=xr | A (XF: tr) 2
Z
= dxg hg(R; t)iweak J A (Xf; tr)

(36)

= hg(R; OI:
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Consequently, at t - tf, the ensemble averages of the momentum, angular momentum, and
energy of the backward stochastic process are the quantum mechanical expectation va ues of the
corresponding operaors

E(p(z; t))= E(mv; (z; t)) = hmv; R;t)i

= hp; S
E(1z;))=E@Z£ mv; (z;t)) =hRE mv; (R t)i
(39
= i
Hy . 1
E(E@z;t)=E Emvi2 (z;t) i ?rctvi Z;H)+V(z;:1)
2 : A
= lmvi2 Xt I%(r v, )(X; 1) +V (x; 1) (39)

2
=hAi:

The product of the mean-square deviations of the position and momentum of the stochastic process
is the quantum mechanicd position-momentum uncertainty relation

[E(Z%) i (E@)NEE? i EE)= 0% i hri?)hp?ii hpi?)
2 (40)
- 7
Findly, we note that, though %(zf; tr) = JA (xf: t6)j2+(y¢), an explidit relaion between
%(z; t) and jA (x; t)j? can not be obtained. Nevertheless (36) tdls us that
Z

E@zt) = dxg(;t)jAxt)j?: (41)

This suggeststhat jA (x; t)j? can beinterpreted as an effective probability distribution in red space
for the complex backward stochastic process.

V. Classical limit and time reversal

In the previous sections we have shown that a backward stochastic process in complex
gaceis equivalent to aquantum systemin red pace provided that the dynamics of the backward
gochadic processis Newtonian-like and it’s find distributionis related to the quantum digribution
by %(z¢: te) = jA (X¢; te)j%+(ys). To complete the whole story we have to show that the d assca
motion will be recovered under certain limit. Also, the question whether the equation of maotion
(17) for the backward process is invariant under the time reversal transformation needs to be
dudied. First, let us discuss the dasscd limit. It is obvious that, in the [imit © ¥ 0, the
gochagic motion reduces to a deterministic motion and the equation of motion (17) reduces to
the Newton’s second law. However, © is not a dimensonless quantity and it is meaningless to say
that © ¥ 0 without refering to the physicd meaning of this limit. To recover the dasscd motion
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the drift velocity v; hasto reduceto the classcd veocity v and theimaginary part of (22) hasto
be vanishingly smdl compared with v.. Since j°j = ~=2m this means that (~=m)(rf=F) ¢ v,
or, equivalently, , y(rf=Ff) ¢ 1, where _4 is the de Broglie wavdength. That is the dassicd
motion will be recovered if the amplitude of the wave function does not vary appreciably in the
gpace of one de Broglie waveength. Thisis the physcd meaningof © ¥ 0.

Next, let us discuss the question of time reversd transformation. Under the trandformation
t ¥ jt, the backward process (1) trandorms into a forward process

dz = v (z;t)dt + dw;, (42
wheredz = z(t+dt) j z(t), v+(z;) =i v; (z;i t), and dW = W(t+dt) j W (t) has the same
imaginary diffuson coefficient as (1). A mean forward time derivative of an andytic function
G(z;1) can be defined for the forward stochastic process

O+G)(z;t)=  lim (¢ 1! EE[GOE +E 1) t+ ¢ 1) i GO): D)=z

(43)
= @G + v+ ¢rG + °raG:
Itis dear that D; ¥ j D+ under the trandformationt ¥ j t and we have
D;v; G4 Divy (44)

Thus the eguation of motion (17) is not invariant under t ¥ j t because thelast term of the right
hand side of (43) hasadifferent Sgn from that of (16). However, Snce© isimaginary, the complex
conj ugate of (43) will have the same form as (16). This means that if we define the time reversd
transformation as the trandformation t ¥ j t followed by a complex conjugate transformation
then the eguation of motion (17) is time reversal invariant. This property is reflected in the time
reversal transformeation of the Schrodinger equation.

VI. Summary and discussion

We have shown that, by introducing a Newtonian-like dynamical law and choosing a find
probability distribution %(z¢; te) = jA (X¢; te)j2+(Y¢), the backward stochagtic system (1) in com-
plex space is equivaent to a red space quantum sysem. The key to edablish the equivdence is
that the drift velocity isandytic and the diffusion coefficient isimaginary. The equation of motion
istime reversd invariant if we define the time reversal transformetion to be the combined trans
formation of changingt ¥ j t and taking the complex conjugate of the equation. The ensemble
averages of position, momentum, angular momentum, and energy of this stochastic process are the
guantum mechanical expectaion v ues of the corresponding operators, respectively. The product
of the mean-square deviations of the position and momentum of the stochastic process is the
quantum mechanica pogtion-momentum uncertainty relation. The stochastic motion in complex
gpace reduces to the classcd motion in the limit where the amplitude of the wave function does
not change appreciably in the space of one de Broglie waveength.

Thisapproach does not have the shortcoming of the previous gpproaches in real pace[1, 3,
16]. But unlike the previous approaches the physica meaning of jA (x; t)j? is not trivial. Except
a tg, jA (x;1)j2 does not have any direct rdaion with the probability digtribution of the complex
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gochadtic process. However, the equality between the ensemble averages of the physicd quantities
of the gochadic process and the expectation vaues of the corresponding operators of quantum
mechanics suggests that jA (x; t)j2 can beinterpreted as an effective probability distribution in real
gece for the complex stochastic process. One quesion remans to be answered: Why it is the
backward instead of the forward stochastic process that corresponds to the quantum sysgem? A
possible answer may lie on the fact tha the quantum mechanics is a theory for a d ose sygem.
A precision measurement changes the state of the system in an uncontrollable way and only the
information of the system prior to the measurement can be obtained from the outcome of the
measurement.

This work is support by the Nationd Science Coundcil of the Republic of China under the
grant NSC88-2112-M008-007.
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