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The effects of the right (left) jump p (q) and the probability of jumping At on den-
sities, current and phase diagrams in the open boundaries of one dimensiona partialy
asymmetric models are studied using the mean-field approximation and numericd sim-
ulations. However, for p# qthe system exhibits a first order transition between the
low and high density phases, while for p = g such transition disappears. Furthermore,
when the rate of the injected particles at the left, a;, is equal to the right one, as,
and the rate of the removed particles at the left, 3, is equal to the right one, 3,, the
region of maximal current phase disappears. While in the general case «;# «a; and
B1# Bz, three phases are encountered namely a low density phase, a high density phase
and a maximal current phase. The increase of At favours the first order transition and
reduces the region of the maximal current phase. However, when At issufficiently small
the mean-field theory is in excellent agreement with simulations.

PACS. 05.40.+j— Fluctuation phenomena, random processes, and Brownian motion.
PACS. 05.60.+w — Transport processes: theory.
PACS. 75.10.Jm - Quantized spin models.

I. Introduction

The one-dimensional asymmetric exclusion model (AEM) is a simple example for
diffusion of interacting particles [1,2]. It is closely related to various other phenomena such
as the fluctuations of tagged particles [3,4], the microscopic structure of shocks [5, 6], inter-
face growth [7,8], driven lattice gases with hard core repulsion, which provide models for
the diffusion of particles through narrow pores and for hopping conductivity [9], and can
also be formulated as traffic jam or queuing problems [3]. These models describe stochastic
processes far away from thermal equilibrium, for which reason their stationary probability
distribution cannot generally be derived from an energy function. For this reason different
techniques are needed in order to determine the stationary properties. An exact method
which proved to be very successful is the so-called matrix product formalism [10-21}. This
formalism can be regarded as a generalisation of the stationary states with a product mea-
sure in which products of numbers are replaced by products of non-commutative algebraic
objects. By representing these objects in terms of matrices, the stationary state and equal-
time correlation functions can be derived exactly. So far this technique has been applied
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mainly to systems with sequential dynamics (continuous time evolution). However, many
systems, are defined by parallel dynamics (discrete time evolution), for example traffic
models [22-24], rather than sequential updates [25). Exclusion models can be divided into
four classes according to the dynamics (parallel or sequential) and the boundary conditions
(periodic with conservation of the number of particles and (possibly) a defect or open with
injection and absorption of particles). According to this classification we call them p-p
models (parallel, periodic), p-o models (parallel, open), s-p models (sequential, periodic)
and s-0 models (sequential, open). A s-p model with a defect has been studied numerically
by Janowsky ancl Lebowitz [26], without defect it was solved by a Bethe ansatz by Gwa
and Spohn [27]. The s-0 model was studied numerically by Krug [28], later the exact solu-
tioll with the full phase diagram was found [14, 29]. The solution for the fully asymmetric
process where particles hop only in one direction, using a recursion relations [30] and a
matrix formulation [31-33] for a steady state is well known. The partially asymmetric pro-
cess where particles are allowed to hop into both directions, but with different rates, is a
generalisation of the fully asymmetric process.

In the present work we study a partially asymmetric one-dimensional exclusion model
with open boundary conditions. In this model, particles hop in both directions but with
different rates. At the right (left) end of the lattice, particles are injected with a rate a;At
(ayAt) and removed with a rate 3, At (B,At). The parameter At allows us to interpolate
between the cases of fully parallel At = 1) and random sequential updates (At — 0). For
infinitesimal At such a model has been resolved exactly [15] using the algebraic ansatz
introduced in [13] for a large lattice. Besides, also in the Fock representation of quadratic
algebra, the problem of partially asymmetric diffusion with open boundaries has been stud-
ied [16]. With this representation, the density around the centre of the chain has a simple
expression in terms of the parameters of the problem and it coincides with the mean-field
results.

Our aim is to study the effects of the right (left) jump p (q) and the probability
of jumping At on densities, current and phase diagram of such model using mean-field
approximation (MFA) and numerical simulations.

The paper is organised as follows: In section Il, the model is defined. The section
Il contains the methods: mean-field approximation and the numerical simulation. Results
and discussions are given in section IV. Section V contains the conclusions.

I1. Model

We consider a one-dimensional lattice of length N. Each lattice site can be occupied
by one particle or, can be empty. Hence the state of the system is defined by a set of
occupation numbers 7,,7,,...,7n While 7;=1(r; = 0) means that site i is occupied
(empty). The particles are assumed to move stochastically on the lattice. During a time
interval At, they hop to the right nearest neighbour site if this site is empty with a rate, and
they hop to the left nearest neighbour site if this site is empty with a rate gAt(g=1- p).
particles are injected with a rate a,At(a;At) and extracted with a rate §,At(G,At).

Thus, if the system has the configuration 7,7, ..., 7y at time ¢ it will change to the
following:

Forl<i< N
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(t + At) =1,
with probability Pi.

7:(t + At) =0,
with probability 1 — Pi. where

Py = () + (prica(t) + are (0)(1 - 7(2)
—pi(H)(1 = 7i41(2)) — qri()(1 - i1 (1)) At

For i =1,

Ti(t+ At) = 1,
with probability P;.

T:(t + At) =0,

with probability 1 — P, where

Pr=7(t) +[(e1 + g2())(1 - () = m(t)(p(1 - 72(2)) + Bu)] AL

For i =N,
w(t+ At) = 1,
with probability Py.
n(t+ At) = 0,
with probability 1 — Py. where

Py=1n(t)+ [(an t pra-1(2))(1-7n (1))
—g7n(8)(1 —Tn-1(t)) + BoTw (1)) At

561

(1)

(9)

These equations define the master equations of our system. The dynamic of the system is

then done by the following equations: For 1 <i < N,

A<t >
T =<K p(l — 7',')7','__1 + q(l — T,')T,’+1 >
- <p7','(1—7',‘+1) t q’/",'(l—T,'_l) >
Fori=1.
A < T >

At

=<a;(1-7)tqg(1-m)r>—-<pn(1 —Ty) + BTy >

(10)
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Fori=N

A< Ty >
TtN =< (1 “TN) + P(1—TN)TN-1> — < BaTn + g (1 —Tno1) > (12)

Once these relations are written, one can calculate the time evolution of any quantity
of interest. The problem however, is that the computation of the one point functions
< T; > requires the knowledge of the two point functions < 7; >< 7; >, which themselves
require the knowledge of higher correlation functions, this makes the problem intractable.

Therefore, we use a mean-field approximation and numerical simulations in order to solve
the model.

Then the quantities of interest are the average occupation of the middle site:

p =< T(N+1)/2> (13)
and the current through the middle site:

3 =< pTnv4y2(1 = Tvays) = aT(vay2(1 — Tv-1)2) > (14)

since the current through the bound %,74+1(%,i— 1) is simply J+ =<pr;(1-7i41)>
(J- =< gm(1 —7i-1)>), because during a time At, the probability that a particle jumps
fromitoi+ 1(itoi—1)is pri(1—7i41)At(gr(1—7i_1)At), then the global current is

J = pri{l = 1ig1) — qmi(1 — iz AL
I11. Methods

I1l- 1. Mean-field approximation (MFA)
The mean field approximation ignores correlations, then we replace <77, > by
<1;><7; > in the dynamic of the system, this dynamic is given in MFA by:

pit +1) =<t + 1) >=< () > t(l = n(@)p < mioa(t >+ <Tipa(?) >]

(15)
—(ri())[p(1= < 7i41(1)) > +¢(1- < 7ioa(2) >)]
pi(t . 1) =< n(t+1)>=<71(t) > +(1 = 7(t) s + g < T2(2) >] (16)
—(n(®)p(1- < 7a(t)) > +4]
pu(t + 1) =< a(t + 1)>= <(t) > +(1 = () + p < Ty (2) ] )
—(tn(Dlg(1- < Tv-1(8) > +52]
and the current through the site i becomes:
J=<p<n>(Q-<np1 >)—g<mi>(1-<7; >) > (18)

111-2. Numerical simulation
In our simulations the rule described above is updated in parallel, i.e., during one
updating procedure the new particle positions do not influence the rest and only previous
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positions have to be taken into account. During each time step, each particle moves one site
unless the site on its right-hand side is occupied by another particle. In order to compute
theaverage of any parameter w(<w>), the values of w(t)(t = nAt, n is an integer)
obtained from 2.10° to 10° time steps are averaged. Starting the simulations from random
configurations, the system reaches a stationary state after a sufficiently large time steps.
Furthermore, for At =1 we rejoin the fully parallel dynamics and for At — 0 the dynamics
becomes sequential, i.e. only one particle can hop at the time. In fact the jumping rate
At has for effect to investigate the difference between parallel process and the sequential
one which in general produce weaker correlation. In that sense, we be interested by the
influence of jumping rate on the different quantities of interest.

IV. Results and discussions

IV-l. Particular case: ay=a;=a and 5;,=0,=8

Using mean-field approximation, we have studied both cases p #g¢and p=gq. The
dependence on the rate of removed particles 8 of the average occupation of the middle site
is given in Fig. la for p#¢ and Ib for p = ¢, for various values of rate of injection of
particles a. In the first case (p #¢), the system exhibits a first order transition between
a low and a high density phases at a = . However, for p =q the fist order transition
between the low and a high density phases disappears. In order to complete this study,
the current J through the middle site is given in Fig. 2 for the two cases p =¢ and p #4.
In the first case the right current passes through a maximum (curve at the top), while in
the cases of p #g¢, the current passes through a maximum and present a peak at a=g;
this peak correspond to the first order transition. This phenomenon reveals the presence
of shock between a region of low density and a region of high density.
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FIG. 1. The mean-field variation of the average occupation of the middle site as a function of the
rate of removed particles 8 for N = 101. The number accompanying each curve denotes
the value of the rate of the injected particles «a.(a) p = 0.8, (b) y = 0.5.
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FIG. 2. The mean-field variation of the average current through the middle site as a function of the
rate of removed particles 8 for N = 101. p = 0.5 (dashed line) and p = 0.8 (solid lines).
The number accompanying each curve denotes the value of the rate of injected particles «.

2
©

e
)

o
ES
T

W

“

"

"

"

,+
Numerical <‘\++¢+++++++++§*
simulations oz ey

AT

o
n
T

+4

Average occupation of the middie site
Average occupation of the middle site

‘4
. ‘444“
4y
+

1 i 1 1 i i 1 1
02 04 0.6 0.8 1,0 0.0 0.2 0.4 0.6 0.8 1.0

Rate of the removed particies Rate of the removed particles

I
o®
©

(a) (b)

FIG. 3. The simulation results of the variation of the average occupation of the middle site as
a function of the rate of removed particles 8 for N = 101. The solid line denotes the
mean-field approximation. The number accompanying each curve denotes the value of
jumping rate At. (@ p= 0.8, (b) p= 0.5.

In order to examine the effect of the jumping rate At upon the average occupation of
the middle site, the variation of the density as a function of the rate of extracted particles
is studied by using the numerical simulations in the both cases p# ¢ (Fig. 38) and p=
g (Fig. 3b). It is clear that the transition value §. between the high and low density
phases depend on the values of At and S.(At) < B. (MFA), indeed §.(At) increases when
decreasing At. The mean-field result, for which the first-order transition is being at the
point a=/(, is also plotted (curve at the top), then B.(At) < «. However, for p=gq
(Fig. 3b) the first order transition between low and high density phases disappears. By
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FIG. 4. Phase diagram in the (a, ) plane, for N = 101 and p = 0.8. The solid line correspond
to mean-field approximation, while dashed lines correspond to numerical simulations. The
number accompanying each curve denotes the value of jumping rate At.

studying the variation of density p and the current J for other values of & and for p =q
case, we complete the phase diagram («, () (Fig. 4ywhichcontains two phases low density
and high density separated by a first order transition line where the current reaches its
maximal value. However, in our simulations when At decreases the results tend to MFA
ones (Fig. 3a and 3b), since the correlations between sites are established by the move of
particles, then when At decreases the correlations decrease.

In conclusion, for p#gq, the first order transition correspond to a peak at the maximal
current. Indeed, the maximal current correspond to the average value of the density where
the particles have a large possibility to move. However, in the p = q case, the system does
not exhibit a first order transition, the whole current J = J+ —J_ take zero value while
the right current take a maximum value which correspond to the average value of density.

IV-2. General case: a;#ay; and (3, # [,

In this case there are a large number of parameters namely, p,o;,a,,8; and B3,, so
the problem is more difficult to solve, then to study the phase diagram, we consider the
reduced parameters derived by Sandow [15], namely:

1
Ki(e.,y) = o= |-s+y+p-g+ (-2+y+p—0q)+4day (19)

with (z,y) = (e, 6:1) and (a2, B2).

In the case of p # ¢, using MFA we study the variation of the density as a function of
K. (a4, () for several values of K (f,,c,) (Fig. 5a), it is found that the system exhibits a
first order transition between the low and high density phases at K(aj,f1)= K, (82, ).
Furthermore, when the rate of the removed particles at the right (8;) increases (and so
K (B2,a,) decreases) the first order transition tends to disappear and the system reaches
the maximal current phase. In order to study the effect of the probability of jumping At, we
simulate the system for At = 1 (fully parallel updating) with p#gq. However, in Fig. 5b, we
give the variation of the average occupation of the middle site as a function of K, (ai, )
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FIG. 5. The variation of the average occupation of the middle site as a function of the parameter
Ki(e1,p1) for N= 101, 1= 03, a2 = 0.3 and p = 0.8. Solid lines correspond to
mean-field approximation. Dashed lines correspond to numerical simulations. (a) the rate
of removed particles 3, is varied. (b) the jumping rate At is varied.

for several values of f,, it is clear that the three phases exist, namely low density phase,
high density phase and maximal current phase. The low and high density are separated
by a first order transition line where the density is discontinuous. This phenomenon has
been investigated in the totally asymmetric case [13-14] and partially asymmetric case
[15,16]. Each of these phases undergoes a continuous transition to the phase of maximal
current. Furthermore, it is clear that the critical value Ki(al,ﬂl) depends on the value
of the jumping rate At and remains less than the one obtained from MFA. In fact, when
the probability of jumping At decreases, the correlations between sites decreases and for
At — 0 we reach the MFA results.

By fixing the direction of diffusion of particles (p > g¢), high density phase, low
density phase and maximal current phase are recovered (Fig. 6). These results are in good
agreement with the exact ones for sufficiently small At where using the matrix product
formalism, the steady state current in each phase was computed and the phase diagram was
derived in the thermodynamic limit {15] and by Fock representation of a general quadratic
algebra [16], the exact expressions for density and correlation functions are derived.

Finally, we investigate the effects of the probability p and the jumping rate on the
dependence of the current J on density p by using numerical simulations. By sampling the
differents regions of the (K ,(8;,a2), K (o, B1))-phase diagram, we collect pairs of values,
which are depicted in Fig. 7. It is clear that the current is maximal at pgna.c=1/2 for
all values of p. This is due to the particle-hole symmetry. Furthermore, J., increases
with increasing p. However, in the case of a totally asymmetric exclusion model with
periodic boundary conditions and using ordered sequential update [36], pmax increases with
increasing p. Besides, it is found that the numerical result for small At (At = 0.1) are in
good agreement with the exact results [15,16]. However, when increasing At like At =1
(fully parallel update) the maximal current increases because of the strongest correlations
in the parallel update, in particular for p = 1 the known result Jya,=1/2[36] is obtained.
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value of the right jump p.
V. Conclusion

We have studied the densities, current and phase diagrams in the case of open bound-
aries of the one dimensional partially asymmetric exclusion model. The three phases low
density, high density and maximal current are encountered as for the fully asymmetric
process for p#g. Moreover, for p =q the first order line between the high and the low
density phases is lost. We have also studied the effect of the jumping probability At on the
(a, #)-phase diagram. It is found that the increase of At favours the first order transition
and reduces the region of maximal current phase. Moreover, for At = 1 and for p+#gq, the
maximal current phase persist, contrary to the totally asymmetric model [35] where the
maximal current disappears for At = 1. When At is sufficiently small (random sequential
updating) the mean-field theory is in excellent agreement with simulations. Furthermore,
when the rate of the injected particles at the left a; is equal to the right one a, and the
rate of the removed particles at the left 3, is equal to the right one 3, the region of max-
imal current disappears. While in the general case o;# a, and 3,# 3,, three phases are
encountered namely low density phase, high density phase and maximal current phase.
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