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We show that the non-recurrent minimum energy configurations such as the solitons
and the incommensurate defects are naturally associated with suitably defined extended
numbers. The physics behind such associations are elaborated in detail. In particular,
we point out how to construct and classify the incommensurate defects and explain why
they are chiral and carry no particle number.

PACS. 03.20.4+1- Classical mechanics of discrete systems: general mathematical
aspects.

PACS. 05.45.4+b~ Theory and models of chaotic systems.

PACS. 64.60.—1—~ General studies of phase transitions.

I. Introduction

Extended numbers such as 0%, meaning infinitesimally positive or negative, are em-
ployed quite often in physics to indicate certain limiting procedures. In nonlinear dynamics,
when mode locking to commensurate ratios of parameters is a common phenomenon, they
can be more precisely defined and are closely related to solitons or non-recurrent minimum
energy configurations in general.

As we shall demonstrate below, a recurrent configuration is usually associated with
parameters which take values locked in a dense subset of a certain interval. In this case, a
non-recurrent configuration can be obtained by allowing the parameters to become extended
numbers defined with respect to that dense subset. The fact that the parameters associated
with them differ by an infinitesimal amount suggests that a non-recurrent configuration can
be produced from a recurrent one by a simple operation. In the examples discussed below,
the operations amount to moving a single particle in an infinite system. The non-recurrent
configurations manifest themselves as defects in a physical system.

In this note, we shall consider specifically two kinds of extended numbers, both of
which are defined with respect to a dense subset in the interval [0,1]. Let Q be the rational
numbers in [0, 1] and let Q denote all equivalent classes of strictly monotonic sequences
of numbers in Q with a limiting point. If the limiting point is not in Q, the sequence
can be identified with an irrational number. If the limiting point is p/g, an irreducible
representation of an element in Q, then we shall call (p/g)~ the (equivalent class of) strictly
increasing sequence and (p/q)+ the (equivalent class of) strictly decreasing sequence in Q
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with this limiting point. This type of extended numbers has already been employed in the
literature [1], and is related to soliton configurations. To be specific, let us consider a one-
dimensional chain of particles moving in a periodic potential, i.e., the Frenkel-Kontorova
(FK) model {2, 3]. Physically a soliton, in a background of a periodic configuration with
winding number p/q, is produced by adding a particle to the system and allowing the
system to relax to an equilibrium configuration [4]. Since 1/w is the average number of
particles per period and only a single particle is added to an infinite system, the resulting
non-recurrent configuration should have winding number w = (p/g¢)~ intuitively. Similarly,
an anti-soliton, produced by removing a particle from a periodic configuration, is a non-
recurrent configuration with w = (p/q)+. We shall return to the soliton configurations
shortly.

The other kind of extended numbers is defined with respect to the dense subset S, =
{Frac[nw]|n € 2) of [0, 1], with w being an irrationalnumber in [0, 1] and Frac[z] = z—Int|z]
being the fractional part of z. Again we denote S, the set of equivalent classes of strictly
monotonic sequences of elements in S, with a limiting point in [0, 1]. In case the limiting
point gisin S,, we shall call 5~ the (equivalent class of) strictly increasing sequence and
B the (equivalent class of) strictly decreasing sequence in S, with this limiting point.
This type of extended numbers is closely related to the non-recurrent minimum energy
configurations with irrational winding number w, the existence of such was first pointed
out by R. B. Griffiths et al. [5] in a class of FK models with d(d > 1) subwells in a given
period of the potential (See Fig. 1 for an example). In this case, the recurrent minimum
energy configuration is specified by the winding number w and the filling fractions v; for
each type of subwell, where 1 <i< d labels each type of subwells from left to right in a
given period of the potential. For our purposes, it is more convenient to use the variables
Bi=v, + vy + -+ +v;. When w is irrational and certain resonance conditions, to be
specified later, are met, a new type of defect can be produced by moving the particle in
the (i + 1)-th type subwells, which is closest to one of the i-th type tips (thought of as
the potential maxima) among all the particles, over the corresponding i-th type tip into
its neighboring well [6]. Since a single particle is removed from the (i + I)-th type subwell
and added to the neighboring i-th type subwell over the entire infinite system, v; increases
by an infinitesimal amount while v;,, decreases by the same amount and the resulting
configuration should be specified by ;" intuitively. Similarly, if we move the particle in the
i-th type subwells, which is closest to one of the (i + I)-th type tips among all particles,
over the corresponding (i + I)-th type tip, the resulting non-recurrent configuration will
be specified by 8;. Contrary to the case of soliton and anti-soliton, it is obvious that this
new type of defect does not carry ¥ChargeT. i.e., particle number. The orbit corresponding
to the non-recurrent configuration is homoclinic to the orbit corresponding to its recurrent
background.

It is clear that in any finite region of an infinite system, one cannot distinguish a
given non-recurrent configuration from a certain recurrent one. Our assertion that a non-
recurrent minimum energy configuration can be obtained from a recurrent one by replacing
the values of some parameters with the corresponding extended numbers indicates that
a non-recurrent configuration can be constructed as the limit of a sequence of recurrent
configurations of which the characteristic scales increase to infinity. In the following, we
shall illustrate our points by a class of solvable FK models.
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FIG. 1. Periodic potential V in Eq. (11) for d = 3.

In FK models, a recurrent minimum energy configuration can be described by [2]
U = fu(mw + a), (1)

where u, gives the coordinate of the n-th particle and the hull function f, is increasing and
satisfies

fu(z+1):fw(z)+ : (2)

Because of this property, the arguments of f, are referred to as phase variables generically.
When w = p/q, f, is a step function with g steps [7]. When w is irrational, f, is smooth
for sufficiently weak potential and becomes discontinuous as the strength of the potential
increases over a critical value [2]. It is clear that whenever f,, is discontinuous, w* defined as
a strictly monotonic sequence (equivalent class of sequences) with limiting value w, need not
describe the same configuration as w. Indeed w = (p/q)~ clescribes the soliton configuration
as we shall illustrate with the solvable FK models {8,9] whose potential is

XV(u) = %(F‘rac[u]— %) 2 . (3)

In this model, the soliton in the background of the recurrent minimum energy con-
figuration with winding number p/q can be described by [10]

forg (2 + &) -, n<g

Up = (4)
fP/q (_qE - fla) +6+e-"X’ n 2 o,

where
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1 1

by = 5(dg+do), b = 7(dy — do) (5)

and
2+ A - VAT 44X

X = 21 : T8 gy =1A/(A+4), d,=dcoth Ix. (6)
The hull function in Eq. (1) is given by

fo() = do Y e "X (g + nw), (7)

where 5(1:) = Int[z] + 1/2 gives the coordinate of the bottom of the potential well where a
particle with phase z would lie in.
For w = (p/q)-, it is straightforward to check that for n >0

fulnw) = £, (%’3 - 2lq) e (8)
and forn < ¢
fw(nw)_fp/q (n_qe t 21_(]) =~6_e"X, (9)

so that u, =f,(nw), confirming our assertion and the intuitive physical picture that
w =(p/q)~in @ should describe that soliton configuration.

We may construct a representative sequence of (p/g)~ explicitly in the following way.
Let @, denote the set of rational numbers /s (an irreducible fraction) in [0, 1}, whose
denominator s is no larger than the cutoff s, > g. We may arrange elements of @, in an
ascending order. Let wT = p'/q’ be the rational number in @, which is closest to w = p/q
from below. Then we have [11]

p¢' —plg= 1. (11)

As s, is sent to infinity step by step, the collection of p’'/q’ at each stage will give us a
representative sequence of (p/q)-.

Equation (10) implies that pT w-molecules (each consisting of q particles in p wells)
[12)and p w T -molecules (each consisting of ¢' particles in p' wells) differ by a single particle
in a total of ppT wells. Hence the recurrent minimum energy configuration with winding
number wT can be considered as an approximate soliton lattice over the background of the
recurrent minimum energy configuration with winding number w and the lattice spacing is
l=7p'[4]. As the cutoff s, is removed, the lattice spacing ! approaches infinity and the
configuration of a single soliton is recovered.

It is useful to introduce the tensile force ¢, which is dual to the variable w and keeps
the particles at an equilibrium separation of ¢ in the limit of vanishing external potential
XV. As g is varied, the system is locked at rational values of w = p/q. When ¢ is decreased,
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a critical value is reached when the enthalpy of the soliton configuration is equal to that of
its recurrent background [3]. Similar phenomenon occurs for the anti-soliton configuration
as o is increased. As we shall see, the case of incommensurate non-recurrent minimum
energy configurations is exactly the same but with more control parameters.

Now we turn to the second type of extended numbers. We shall focus on FK models
with multiple subwells in a period of the external potential which support the new kind of
incommensurate defects mentioned above. More specifically, we consider the solvable FK
model [13-16] with the following periodic potential of period 1,

V(u) = min {Vi(u)} (11)

for 0 <u <1, with
1 2

An example is shown in Fig. 1. It is clear that k; will not appear in the force balance
equation. It plays the role of chemical potential for the i-th species of particles, i.e., particles
in the i-th type subwells, and is conjugate to the variable »;, the filling fraction of the i-th
type subwells (cf. ¢ and w in the previous case). We assulme that b;’s are arranged in
the order b; <b;<--- <by<1+b;.1t is convenient to define hgy; =hi,bayi =1 + by,
vayi = v, and Bqi; = 1 + B;sothat the indices of these variables are not restricted to the

range of {1,2,...,d}. For our purpose, it is also convenient to use the variables ¢;, given by
b,’ b,’ Ah, R
t,’ = t2 it + Abi, Wlth hi:h§+1—hg and Ab,':b,'+1—bi, (13)

which gives position of the i-th tip of the potential and is sort of conjugate to the phase
variable g;. Clearly t;4;=141t;. We chooset, = 0 and requirethatty =0 < t; <--- <
td = 1.

The hull function f,(z)is still given by Eq. (7) except that the function E(z) should
be modified to [16]

b(z)=1b; for i<z < B, (14)

where B(x+ 1)=1 +I3(x) an &v now becomes w= (w, By =0,01,...,B4-1). The function
b(s) can be expressed explicitly in terms of the integer function Int[z]and we have [16]

j+d-1 [e's]
folg) = 1 4+ b +do Y Ab; Y e” "X Int[z + nw — £i], (15)
i=j n=-00
valid for any integer j.
The variables hiT¥s, or equivalently ¢;’s, do not appear in Eq. (15) but for u, =
fo(nw+ o) to be a stationary configuration, they must satisfy the consistency condition

fo(Bi+ 07) <t < £.(B; + 0%), Vi. (16)
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It is clear from the hull function that there is a principal gap of width dyAb; associated
with each f;, or the tip t;, for 0 <2 < d. For each principal gap, say the i-th one, there is a
tower of secondary gaps occuring at Frac[8; + nw] with width doAb;e~!"Ix for all non-zero
integer n. The principal gap together with its associated secondary gaps is called a hole
[17].

We note that the total width of the i-th hole, i.e,, the sum of the widths of all its
gaps, is Ab; and Zf=1Ab,-: 1. Hence the gaps in a period almost fill the interval [0, 1] and
the allowed positions of the particles form a Cantor set called the Cantori.

When B;—f;€S, for some 0 <j <1t < d, we say that they are in resonance.
The corresponding holes join each other to become a single hole. If §; = §;+ Frac[n;w],
the principal gap width around t; becomes doAb;+d0Ab]-e“"-'i|X and the widths of the
secondary gaps become doAb;e=!"Ix + doAbje=F"ilX for all n. The resonance condition is
an equivalent relation which could divide {8, 81, - -, Ba—1} into several subsets of equivalent
Bi’s.

Given an irrational winding number w, when the variables t,’sare varied, the ground
state configuration of the system is locked to the case where all the §;’s are in resonance,
ie., B;=Frac[nw]eS, fori= 0, 1,...,d—1[16]. There is only a single hole and particles
will be located at either the upper ends of all the gaps or at the lower ends for a recurrent
minimum energy configuration when the phase variable ain Eqg. (1) belongs to S,. In the
former (latter) case, the configuration can be specified as u,= f,(nw)[u.= f,(nw +07)]
and there exists a particle closest from above (below) to the i-th type tips and has the
coordinate u,, for each 0 < i < d. A defect can be produced by moving the particle closest
to the i-th type tips for some i over the tip to its neighboring well. Assuming we are moving
the m;-th particle from above the tips to below, the resulting defect configuration is

= U, — doAbse” 1P TmiX, (1)
As in the case of solitons, it is straightforward to show that [16]

u:. = fw’(nw)a w, = (‘U,,Bo, .. -aﬁi—l»ﬁ?—7ﬁi+laﬂd—l>' (18)

The particles are now located inside the gaps. There no longer exists a particle closest (from
above) to the i-th type tips although there are still particles closest to the j-th type tips
for all 7# i. We can construct a representative sequence of S} by choosing a sequence of
integers {m;x|k=1,2,...}such that Frac[m;w)] > Frac[m, ;1 w] and limy_ ,, Frac[m;w]=
Frac[n;w]. Clearly limy._. |m;|= oo and at any cutoff N, the particle closest to the i-th
type tips, from above, is the m,;y-th one. As the cutoff is removed, the particle closest to
the i-th type tip TMoves off T to spatial infinity.

In the defect configuration, the particle originally at wu,;,j# %, moves from the upper
end of the gap around £; to u,, - which is inside the gap. It is clear that |Frac[uy]-Frac[u;, ][>
min(Atun;, Aj — Auy,;) with Atn;=un; —u,, and A; being the width of the gap around
t;, for any n other than n; showing that the defect configuration is non-recurrent.

We can also move both the n;-th and the n;-th particles, closest to the i-th type
and the j-th type tips respectively, over the corresponding tips to their neighboring wells
resulting in a new defect configuration with
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U, = U, — doAbse”I"miIX _ doAbje~mmilx = for (nw) (19)

with w" = (W, Bo, ..., Bi—1, 85, Bis1, - - . ,Bi—1.8},Bi+1, - ., Ba=1). It should be obvious how
to generalize this construction of the incommensurate defects.

As t;’s are varied in the region in ¢t = (t;,...,%4,_,) space, where the ground state
configuration is locked to §; = Frac[nw] for i = 1,...,d — 1, boundaries consist of pieces
of hypersurfaces of dimensions lower than d — 1 will be reached (compared with the case
of solitons whell o is varied). These boundaries are determined by the conditions that
the energy of a certain defect configuration as constructed above equals the energy of its
recurrent background minimum energy configuration. The types of boundaries are classified
according to the types of defect configurations [16]. At the boundaries, the single hole is
just about to break into two or more holes.

For irrational w, the t-space is filled with (d — 1)-dimensional domains which are
stability regions of given B’s with all §; € S,. Boundaries of such regions are hypersurfaces
of (d - I)-dimensions with 1 < [ < d. These (d — [)-domains are stability regions of the
corresponding 3 where | — 1 of its components 3;’s become extended numbers % (or B5)
for B;i = B; — B; and some 0 < i < j < d. There, however, exist (d — [)-domains in the
t-space which are not boundaries of any (d ~ 1)-domains. In particular, there are (d — 2)-
dimensional hypersurfaces which are not the boundary of any (d — 1)-domains of finite
measure. Instead, there are (d — 1)-domains of arbitrarily small dimension in a particular
direction, arbitrarily close to such a (d — 2)-hypersurfaces. These (d — 2)-domains in t-space
are stability regions of corresponding (3’s whose components form two resonance subsets.

In general, for a given 3, the resonance conditions divide {fo, 81, ... ,Ba—1} into 1
subsets of equivalent f§;’s. There are ! distinct holes in the Cantori. Correspondingly,
there exist [ distinct types of orbits. The stability region of such 8 in t-space is a (d —
l)-dimensional domain which is not the boundary of a higher-dimensional domain. The
boundaries of such a (d — I)-domain are again determined by the conditions that it costs no
energy (enthalpy) to create incommensurate defects. The incommensurate defects can be
constructed for each of the [ subsets of equivalent 3;’s. Let {8,,...,5:,} be such a subset.
An incommensurate defect configuration can be constructed by allowing one or more of the
differences (5, — B;,) € S,, to become extended numbers in S,. In practice, this is achieved
by choosing the phase parameter o in Eq. (1) to equal §;, first. The defect configurations
are then obtained as described for the case of m = 1.

In this note, we have elaborated on the relations between extended numbers and non-
recurrent minimum energy configurations as well as the physics behind such relations. We
demonstrate that the soliton and anti-soliton can be understood as resulting from adding
or removing a single particle from the recurrent background thus changing the average
particle number per period by an infinitesimal amount. They can also be understood as a
soliton or anti-soliton lattice in the limit of infinite lattice spacing. Extended number fits
naturally both descriptions. We also explained in detail the physics and the constructin of
the incommensurate defects first discussed by R. B. Griffiths et al. [5]. The defects result
from moving one or more particles closest to a certain type of potential tips over the tip to
its neighboring well thus changing the filling fractions of the neighboring type of potential
wells by an infinitesimal amount. This immediately reveals that the defects are chiral and
carrying no particle number [16]. It is obvious from our discussion that this new type of



554 SOLITON, NON-RECURRENT MINIMUM ENERGY . . VOL. 37

defect is generic in nonlinear dynamical systems and could appear in quasi-crystals or other
physical systems with quasi-periodic ordering.
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