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We investigate the problem of forces on moving vortex in a superfluid or super-
conductor. The main purpose is to locate the source which leads to the contradictory
results in the literature. We est.ablish the connection between this problem to the diffi-
cult but well studied subject of resistivity formula in transport theory. The relaxation
time approximation used in the force calculation via force-force correlation function is
shown to be invalid. The roles of Berryís phase and fluctuation-dissipation theorems
are discussed.

PACS. 74.60.-w  - Type-II superconductivity.
PACS. 72.10.-d ~ General formulation of transport theory.

I. Introduction

For a vortex moving in a superfluid or superconductor, the only agreement we have
reached so far is at zero temperature, in absence of any impurity potentials. Question arises
in more complicated cases. Using the Berryís phase calculation [l], as well as the exact
total force-force correlation calculation [a], It has been shown that the transverse force is the
Magnus  force, coming from extended states with no dependence on the core level spacing
and other extrinsic details. Other microscopic derivations using core state transitions [3-71
have shown, however, that the transverse force on a moving vortex is greatly reduced in
magnitude when the core level spacing is less than the energy scale associated with random
scattering. Apparently, it seems that they are not two equivalent ways to obtain the sarne
quantity but rather at least one of them must be incorrect or incomplete. Thus if we could
settle the difference on the transverse force on moving vortex between core or extended
states originated, we should be able to reach an agreement. However, these two ways of
calculating the transverse force on moving vortex are shown to be equivalent to each other
[8]. It is impossible for them to give different results unless there is a hidden mistake
elsewhere.

The algebra in the derivation of vortex dynamics is either involved or abstract.. The
repeating of those calculations is not the most efficient route to detect and understand the
source of disagreements. Instead, we note that the vortices satisfy a classical Langevin
equation with parameters determined microscopically. This equation has the same form as
a classical electron moving in a magnetic field. Therefore general properties of Langevin
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we have

F[w]  = (iBa, + imw -t (mw)ë(imu  t 7j[w]  - ia,B)-l)kf3T.

In the limit w -+ 0, we have

_F[O] = iBa,kBT,

(5)

which is independent of 7.
We then calculate the random force-force correlation matrix

%&) =< ml t qfj(to)  > . (7)

From Eq. (1) we can express R(t) in terms of total force-force, total force-velocity, and
velocity-velocity correlation functions. Taking the Laplace transform and integrating by
part, WC  obtain

R[wl = v[w]m~(O) = rl[w]kBT, (8)
or q(t) = R(t)/(kBT). This is the ësecondí fluctuation-dissipation theorem described by
K u b o  [9]. The generalized friction q(t) is given by the random force-force correlation.
Because the random force is determined by the thermal bath, q(t) has no off-diagonal part
if the random force-force correlation matrix has not. An important conclusion we can draw

_ from here is that the even though there is no time-reversal symmetry in the particle motion,
the frictional force is always longitudinal as long as the heat bath does not generate an off-
dia,gonal  element in the random force-force correlation function matrix. For example, this is
the case for a charged part,icle dynamics described by a single relaxation time in Boltzmann
equa.tion.

Now we look for the connection between the correlation functions and the transport
coeflicients.  First we consider the mobiliiy. With an applied external force K(t) = K[w]eiîí

the mobility p[w is defined by < u;[w] >= u;j[w]Kj[w]. From Eq. (1) we immediately]
obtain the mobility

~[w] = (imw + V[G] - io,B)-’

i n  t he  l im i t  20 --+ -CM.  IJsing Eq.  (4), t h e mobility is related to t,he velocity-velocity
correlation function

This is the ëfirstí fluctuation-dissipation theorem described by Kubo [9],  equivalent to the
Nakano-Kuboís formula for the electrical conductivity.

Next. we consider that the particle is moving at a given velocity 5(t)  and find out what
is the external force needed to sustain such a motion. It is equivalent to the calculation of
resistivity if the particle is charged. From Eq. (l)? we have the average force

< lCi;[w]  >= (imw + q[w]  - igYB);juj[w] (10)
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which is trivially equivalent to the reciprocal of conductivity formula. Obviously this process
does not provide us an independent way of calculating resistivity.

However, if we are only interested in the average force < K > in a steady state motion:
we do have an alternative resistivity formula. After taking w -+ 0 and using Eqs.(G)  and
(8), Eq. (10) gives

< A-; > [O] = (11)

Taking 7 to be a scalar (proportional to a unit matrix), the external force can take a more
suggestive form,

< fT[O]  >= q[O]U(O]  - U[O] x B, (12)

where the longitudinal component depends on R[O],  the random force-force correlation func-
tion, and the transverse component.only  on _F[O],  the total force-force correlation function.
Eq. (11) is the steady state resistivity formula. It provides a direct way to obtain DC
resisivity from force correlation functions. The straight forward interpretation of Eq. (12)
is the force-balance: The externally applied force to keep the steady velocity is equal in
magnitude but opposite in sign to the sum of the frictional and the Lorentz forces. Above
analysis shows that the transverse force is not affected by the thermal reservoir under the
assumption that ~[w] is a scalar.

So far, all of our calculations are exact. Now we will discuss how the results may
- change when employing the relaxation time approximation to account for the existence of

thermal reservoir in comparison with the exact calculations. Without the thermal reservoir,
the velocity-velocity correlation is given by

U[w] = (imw - i~,B)%ZU(O). (13)

Then we switch on the thermal reservoir to allow the relaxation process to happen. We
use a relaxation time approximation by the standard rule, iw -+ iw + q[w]/m.  Substituting
it into Eq. (13), we have found the velocity-velocity correlation under the relaxation time
approximation is given by

U[w] = (imw + q[w] - ia,B)-ëlcfjT,

which is exactly the same as the one obtained by above rigorous calculation. We conclude
that the relaxation time approximation can be a valid one for velocity-velocity correlations
when used in a conductivity formula.

Next we evaluate the force-force correlation by the relaxation time approximation.
Without thermal reservoir, the random force correlation is zero, that is, R(t) = 0. If we
switch on the thermal reservoir by using a relaxation time approximation iw + iw+q[w]/m,
the random force correlation is still incorrectly set to zero, and cannot be made finite. The
total force correlation without thermal reservoir is

.T;j [w] = (iflo, + imw + (mw)2

(imw - ia,B)-l);kmU~j(0).
(14)
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fluctuating forces. Our understanding is that when we separate a fluctuating force from
what we leave to be systemic, we generally choose to assign the average effect to the
later. Thus the fluctuating force no longer has a zero frequency component of off-diagonal
correlation. The Berryís phase is more powerful in this respect. If indeed we have left an off-
diagonal correlation with non-zero mean to ërandom forceí, the zero frequency component
will be included if we evaluate Berryís phase. Finally, we point out that when correctly
evaluated, the core state transitions reproduces the results of Berryís phase calculation at
zero temperature with impurities included, and the friction arises naturally [B, 141.
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