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. INTRODUCTION

In recent years there has been an intense interest in the theory of anyons, particles
obeying fractional statistics in 1 + 2 dimensions [1]. This is so not only because the theory
itself exhibits very interesting mathematical structures, but also because it could be of
relevance to some condensed matter systems, notably the fractional quantum Hall effect
and the high T. superconductivity.

One way to implement fractional statistics in field theory is by introducing a Chern-
Simons interaction among matter field, as is commonly done in models of anyon super-
conductivity. It has been demonstrated that when the coefficient of the Chern-Simons
term is quantized in such a way that the anyon has statistics phase parameter 6;,=7/N
with an integer N, the system of an anyon gas becomes superconducting. At present, the
most probable candidate for high T, superconductor requires N =+2, which correspond
to haf-fermions, or semions.

There is no theoretical reason as to why anyon should assume the special values
of statistics §;,=n/N on aflat two-dimensional space. It is an interesting coincidence,
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however, that such values of the 8, arise very naturally when the space is a Riemann
surface of genus g > 1[2,3]. The requirement of manifest invariance under large gauge
transformations leads to quantization of the coefficient of the Chern-Simons term at exactly
the values that give rise to 6, = =/N. It turned out, however, that the consistency of a
Chern-Simons theory coupled to matter fields does not necessarily demand the manifest
gauge invariance, but requires a weaker condition that « /85 be a rational number [3,4] (For
works related to Chern-Simons theory on multiply-connected spaces, see eg.. [5]).

On the other hand, the analysis (G-S] based on representation theory of braid group,
which is essential in formulating quantum mechanics of anyons, has reveded that the global
topology of the Riemann surface gives a constraint on the possible values of 6, the number
of anyons, and the number of components of the wave functions. For a Riemann surface of
genus g > 1, it is shown that fractional datistics is consistent only with multi-component
wave functions.

The purpose of this talk is to demonstrate how the genera results from braid group
representation theory manisfest themselves in a Chern-Simons field theory on a torus [9]
and to present the agebraic relations among various operators, especially the Hamiltonian
and the total momenta {10]. Specia attention is given to the dynamics of the non-integrable
phases of the two Wilson line integrals.

I1. BOUNDARY CONDITIONS, TRANSLATION INVARIANCE, AND
FLUX QUANTIZATION

We consider a Chern-Simons theory with non-relativistic electron field given by the
Lagrangian

_ 5 e ' Dotp — —2 2
L= - a,0,a,+ ¥'iDoy e | Dyl” (2.1)
Do = fg+iag , Dy - O —id*

on a torus T? with fundamental domain D defined by 0 <z,;< L;, j = 1,2. The Chern-
Simons coefficient « is related to statistics parameter 8, by 5 = n/n. The electron field
(z) is taken to be fermionic for definiteness.

Equations of motion derived from (2.1) are

?Sr_é.uupfup = J*, (2.2)
where

P =iy,
* = = ——( Dy — (D)),

2mMe

2.3)
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and
0o = {— S D} + ao}¢- (2.4)
It follows from (2.2) that
K
—_— b= 2.
b=, (25)
where b = 81a2— &aT = —fi, ec.

Since the space is multiply-connected, one has to specify the boundary conditions of
the fiedlds. Trandations aong the two non-contractible loops are denoted by

Tv: (tz,y)—=Ti(z)=(t,z + L1, y) ,

(2.6)
T2: (t,l‘, y) —’T2(l'):(t,93,y+L2).
The most general boundary conditions are given by [lI]
a,[Ti(z)] = aulz] + 0.0;(2),
uwlT(2)] = au uij (2.7)

YT (2)] = =P y(z) .

In other words, the fields return to their original values up to gauge transformations after
translations along the non-integrable loops. The two operators T3 and T, need only to
commute with each other up to a gauge transformation:

au[Ty - To(2)] = au[T2 - Ta(z)] + Our(2),
YTy - To(z)] = e YT, - Ta(2)] .

This requirement leads to the following conditions on the 3’s and 7:

{B1(T2z) ~ B1(2)} — {Ba(Thz) — Bo(2)} = —7(z). (2.9)

Further constraints on §;(z)’s follow from the gauge invariance and smoothness of the fields.
First consider the flux on a torus. (27) and (2.9) lead to ® = vy(rq), where 7o = (g, ¥o)-
Since fy, is single-valued on the torus, & must be To-independent. This implies that (7o)
must be constant, y(z) = 7. A stronger condition follows from the smoothness of the field
operators. Given the Lagrangian (2.1), the action principle, or the field equations, dictates
that al fields are smooth functions of the coordinate = =(t,r) of the covering space. On
the covering space the two paths 177> and 17T} are homotopically equivalent so that the
continuity of physics implies that

(2.8)

Y1 Trz) = Y(ToThz) . (2.10)

In other words, athough the field operator (z) is multi-valued on a torus, it is single-valued
on its covering space. We thus have
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v=0 (mod 27r)
(2.11)
$ =27mm (m : integer) .

We see that the flux & is quantized on the torus. Typical J3;’s which solve (2.9) with the
flux (2.11) are

mu):—”gy;
o (2.12)
,BQ(T) = + Ll

These boundary conditions will be taken in the rest of the talk. Residual gauge transfor-
mations which maintain the boundary conditions are given by

A(z) = A=(z) + A(z),

2 2mn i
Aoge(z) = — WLnllﬂc L;y (ny,ng @ integers) , (2.13)

MT;z)= Az).

Al28e(z) is caled a large gauge transformation.
One of the Chern-Simons Eq. (2.2) imposes another constraint:

- ty= — [ d _'lb = _LQ.

7 /dw 4 / Ton or

Here qis the total number of particles residing on the torus. Hence

Le__9, (2.14)
K

In the quantized theory, this equation becomes a constraint on the physica sate:
K
—_ = 2.15
(Q+ 5o @)[phys) 0, (2.15)

where Q = [dzj° In any case, this condition implies that the Chern-Simons coefficient
must have fractional values, «= -g/m, in the presence of matter. Also, with the identifi-
cation 6, = w/k, this condition reproduces the constraint obtained by Einarsson from the

investigation of the braid group on a torus:
g, = -1 (2.16)
q

Let us take the boundary conditions (2.7) and (2.12). The Chern-Simons Eq. (2.2)
can be solved in a gauge V -a= 0. The solution is [2]
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. 6,(t) o ” g
7 —_ J _ J J
a’(z) L, 51,1, "z + d@’(x),
: 2w - k®
~3 _ = ik ax _ 0 A
¥(z) = — /dye %G(= y)(] (v) + L L, ) , (2.17)
2w . .
w(z) = - [dyG(z - y)(615® - 02")(w),
where G(r) is the periodic Green’s function on a torus:
1
VzG(’!‘) = 6(1‘) -~ T 7
Ll (2.18)

G(Tyr) = G(r) .

In the expression of ab(z) in (2.17), the current j* contains a*(z) which is expressed in
terms of % and 1.

The zero-modes of a’(z), §;, are the non-integrable phases of the Wilson line integrals
on the torus. They cannot be eliminated by the residual gauge transformations (2.13).

III. OPERATOR ALGEBRA

In the quantum theory, physical degrees of freedom of the system are the matter
fields ¥(z) (here taken to be fermionic) and the non-integrable phases 6;’s. The matter

fields obey
{¢(t,r),¢(t,r’)} =0, (2 19)
{1/1(1"’7')71[)1(7:’7',)} = (5(7‘ - "'I) > for "'a"'l eD. .

Insertion of (2.17) into the Lagrangian (2.1) gives
K . .
d — (626, - 6:0,).
/;) rL = in ( 201 1 2)

In other words, §; and 6, become canonically conjugate to each other [2], satisfying

21t
[61,62] = - (2.20)

The Hamiltonian and total momentum operators are given by

1
H=— dm(Dkd))T(Dkw) )

2m / (2-21)
pPr = ~i/d:mpTDk¢.

It should be noted that there is an ordering ambiguity in writing the Hamiltonian (2.21) in
terms of the dynamical variables with the aid of (2.17). We shall take the ordering of 4 and
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¢lasitisin (2.21) The equations of motion for i and@; can then be worked out [10]. It is
also found that the relation (2.14) does not follow from the Hamiltonian and commutation
relations. As mentioned before, it has to be imposed as a constraint on the physica sates.

There are two other sets of important operators in the theory. These are the Wilson
line operators, W; =¢'%, and the two generators of large gauge transformations:

U; = exp{iejkﬂﬁk - QNi/da:%;—z[JT'd)(x)}. (2.22)
Wj and U; satisfy dua relations:

WiW, = e~ 2"/ "W, W, , (2.23)
and

Uy Uy = e 250, U; . (2.24)
The Wilson line integrals W;, as well as H and P*,are gauge invariant so that

[U;, W] = [U;, P¥]=[U;, H] =0. (2.25)

One can compute the commutation relations among H, P* and Wi:

. . 21 K
Pi_ P = ieit ( —<p)
[P7, P¥] = ie L\ et )

. . o K
Pl H]= ik k( ——@)
[ ’ ] *e KL]LQ J Q + 27 ’
27
kL

[WJ’,H] = ijKLLk(Jij + VVJ‘Jk) )

(2.26)

[W;, P¥] = 7% QwW;,

where J* = [dzj* = P¥/m. From these equations one sees that W;’s map an eigenstate
into another eigenstate corresponding to different momenta and energy. Also, it should
be emphasized that H and P* do not commute with each other as operators, but only
commute in the physica Hilbert space.

It is interesting to note here that the operator algebra (2.26) remain intact in Chern-
Simons gauge theory coupled to Dirac matter field, though in this case J* is not conserved
even in the physical Hilbert space. Therefore W; no longer maps an eigenstate of H into
another.
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V. VACUUM

In the Chern-Simons theory on a torus the vacuum has a non-trivia structure. Phys-
ical states, particularly the vacuum, must transform among themselves under the operators
U; and W;. It is known that consistent theory can be constructed provided that (U, Us)
and (W, W;) satisfy the Weyl-Heisenberg algebra (2.23) and (2.24) with « = p/q where p
and q are coprime integers [3,4].

From now on we shall concentrate on the caseq=1,p=N in which U; and U/; can
be diagonalized simultaneously. We seek the vacuum state satisfying

UiWaray = €€ %W, o, . (3.1)

Define u(6;) = (61]¥). It$ found that a linearly independent basis can be taken as
ug(6h) = h 01;i(a1+27ra),a2 (a =0,1,---,N —1), (3.2)
where
hib; a, B8] = €P%/276,,.10 — o] . (3.3)

We shall denote the a-th vacuum by [0,) SO that u(61)=(61]04).

The important point to note here is that the vacuum in the gauge field sector is
N-fold degenerate. It is this N-fold degeneracy that leads naturally to multi-component
many-body wave functions. In the model under consideration, the number of components
of the wave function is precisely equal to N.

The wave functions (3.2) were first given in [2]. It has been argued in the literature
(4] that the requirement of the modular invariance in the 6,,6, space further gives a
restriction on «;. So long as the consisency of the theory is concerned, however, a;’s are
free parameters of the theory. We mention here that the spectrum of particles depends on
a;’s.

Action of W, on|0,) can be evaluated easily

I/Vl:tlloa> — e:}:i@; |0a> — eii(a1+21ra)/N|Oa> ;

. . (3.4)
W 0,) = e*i%2]0,) = e202/N|0,4,) .
Let vsintroduce V;= e~*/NV, where
1
0 0 1
[
; ) I~ 00
Vl = ¢ ) ‘/2 - . ) (35)
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and ¢ =e~2"/N . V,’s satisfy
‘ﬁVg = G_Qﬂ/N V2V1. (36)
The action of W;’s is summarized as

(Oale™™ = (V4)as(0],

3.7
(0gle™2 = (V2)a (0] . (3.7)

A similar gructure of the vacuum arises when N is an inverse integer, as is evident
from the dudity argument above. The form of the matrices V3 and V; is a consequence of
the Weyl-Heisenberg algebra, as has been noticed by many authors [12,13).

V. MANY-BODY SCHRODINGER WAVE FUNCTIONS

We now define the first quantized many-body Schrédinger wave function from the field
operators. The wave function is required to be invariant under large gauge transformations
(2.13). The Schrodinger wave function for a g-particle state is the matrix element of g field
operators between the vacuum and a given g-particlestate. It is important to recognize
that the particle (anyon) number ¢ is not arbitrary in the Chern-Simons theory on a torus.
As shown in Eq. (2.14), for a neutral anyon system with x =N we have ¢=—(N/27)® =
—mN. In other words, the anyon number ¢ must be a multiple of N. Otherwise the theory
cannot be consistently formulated.

Since the vacuum is N-fold degenerate, the wave function must have N components.
One candidate is

d’i(t;rl""’rq) = <OG|Q'¢(t7rl)"'¢(tv'r'0)l\1/q) (a: 0""3N - 1)

1/ g . . 4.1
Q= exl{ -i Z(—mjfl + —yiiz)} =e (4:)

i=1

The gauge invariance requires the presence of @; in the definition of the Schrédinger wave
function. By construction ¢ is anti-symmetric under the interchange of two coordinates:
¢t (r; & rr) = —¢L. It is the wave function in the fermion representation.

It should be noticed that one needs an extra index a to specify many-body wave
functions. This index, which labels the component of the wave function, is not associated
with the individua particle, but rather with the wave function as a whole. It is cadled a
TsheetT index in Ref. [8] and the topological order in Ref. [13]. We have demonstrated
here that such index arises from the degenerate nature of the gauge field vacuum.
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VI. NON-ABELIAN BRAID GROUP REPRESENTATION

#' satisfy the agebra of the braid group on a torus in a rather simple way. Non-
trivial factors come in under trandations. In accordance with Einarsson¥s notation [6], we
introduce three kinds of basic operations on a system of ¢ identical particles on a torus;
(1) o;: the interchange of the j-th and 7 +1-th particles, (2) 7; and p;: translation of the
j-th particle along a closed non-contractible loop in the z- and y-direction. In our regular
representations of Schrédinger wave functions there is no distinction between clockwise and
counter-clockwise n-rotations of two identical particles.

Action of these operations on ¢ is defined by

O']'qbf(t;"',"‘j,’f‘j+1,"'): ¢f(t;"',7‘]‘+177‘]‘,"°),

Tj(bf(t;...’rj’...) — ¢f(t;...’T1r]-7...)’ (51)

pj¢f(t;.'.)7‘j7.”) s ¢f(t;’T27-],)

With the wavefunction ¢f defined by (4.1), we have

aid' (4 )= —¢'(t; ). (5.2)
¢' picks up -1 just as fermions. Non-trivial factors come in under the action 7;or pj. To
see how ¢f transforms upon loop trandations, we evaluate rjand p;:

ngl = ¢L(---Tiry--)
= (Oafe 7 (e, Tury) - ) y)

C BN T (g it - - () (5.3)
_ e RINDD) 0wy et
where (3.7) has been made usc of. Similarly
ol = (0a]em T (2, Tyr) )| W)
I T (0 9
To summarize
ngl = exp<—iﬂl(7‘1)+ _7/er_ "7 %)"(Vl)ab‘f’gv
7=t (5.5)

T iﬁ.) (Va)an
£~ I, b

) e
pidt = exp|—ifar)) - —

With §;(»)in (2.12) substituted, (5.5) can be written as
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) ;
nel = exp +—IZM e,
N ~ L,
s (5.6)
T T,
pd’ = exp<—FZfi)'V2¢I,
i#

where z;; = z; — z; etc. Further we understand the following rules:

o[ f(--)¢' ()] fri = riga)oigf(---),
AlfCNC ) = ST g, (5.7)
pi[f(“')d’f(-")] = f(-—~T27',‘---)pi¢f(~-).

It is now straightforward to check that the representation given by (5.2) to (5.5)

satisfies the braid group algebra given in [6] and [15] (see [9] for details).

VII. SINGULAR GAUGE TRANSFORMATION

The Schrédinger wave function ¢f, defined on the covering space of the torus, is
a regular function of the coordinates of particles, »;’s. In Einarsson’s investigation of
fractional statistics on a torus, it is implicit that the Schrédinger wave function, denoted
by ¢F, is a singular function of r;’s, since it picks up a factor e**% ynder the interchange of
two identical particles. In [9] we show that Einarsson’s and our descriptions are equivalent,
#F and ¢ being related to each other by a singular gauge transformation.

In fact, we have

¢E = Qsing¢€; 3 (61)

where the gauge transformation is generated by

1/4N
()
sing 9. (=

i#k 191(w.7k)

1/2N
(ﬁl(lfjk) ) % e Tikyik/NLiLa
i<k ﬂl(wjk)

(6.2)

It can be shown that ¢>E satisfy free Schrodinger equation. Qg is not well defined at
w;k = 0, which, however, causes no problem since #' vanishes at wjk = 0. Accordingly one
has to impose a condition

¢aE =0 for 7;=174. (6,3)
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The regularity condition in the ¢f gauge yields a hard-core type interaction in Einarsson®s
gauge. The transformation (6.2) was first given by Randjbar-Daemi et al. [5] and by
Lechner [ 14].

If one restricts oneself to the particle configuration satisfies zy<z3<...<z,and
y1 < Y2 <+ <yg. (such a configuration is implicitly assumed in [6]. See dso Ref. [15]),
then one finds the representations of the braid group generators to be (with ¢F as basis):

o = - e-ix/N ,
n = erir(et)/N=2milN (6.4)
ol - e—iw(q+l)/N+27ril/N Vs

This is exactly what Einarsson has obtained. It should be emphasized, however, that our
results account for more genera particle configurations than the one just given. The genera
formulae are given in [9].

VIiIl. SUMMARY

In this talk we present the quantisation of Chern-Simons theory coupled with non-
relativistic matter on a torus. We show that the Hamiltonian and the total momenta
do not commute as operators, but only commute in the physical Hilbert space. We also
demonstrate how braid group structures arise in a Chern-Simons theory with integer Chern-
Simons coefficient. We would aso like to mention that these results can be easily extended
to theory with multiple numbers of Chern-Simons fields [16].
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