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I .  I N T R O D U C T I O N

In recent years there has been an intense interest in the theory of anyons, particles

obeying fractional statistics in 1 + 2 dimensions [l].  This is so not only because the theory

itself exhibits very interesting mathematical structures, but also because it could be of

relevance to some condensed matter systems, notably the fractional quantum Hall effect

and the high T, superconductivity.

One way to implement fractional statistics in field theory is by introducing a Chern-

Simons interaction among matter field, as is commonly done in models of anyon super-

conductivity. It has been demonstrated that when the coefficient of the Chern-Simons

term is quantized in such a way that the anyon has statistics phase parameter 8, = x/N

with an integer N, the system of an anyon gas becomes superconducting. At present, the

most probable candidate for high T, superconductor requires IV = I-t2,  which correspond

to half-fermions, or semions.

There is no theoretical reason a.s to why a.nyon should assume the special values

of statistics OS = K/N on a fla.t two-dimensional spa.ce.  It is an interesting coincidence,
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however, that such values of the 6ís  arise very naturally when the spa.ce is a Riemann

surface of genus g 2 1 [2,3]. Tlre requirement of manifest invariance under large gauge

transformations leads to qua.ntization  of the coefficient of the Chern-Simons term at exactly

the values that give rise to 0, = r/N. It turned out, however, that the consistency of a

Chern-Simons theory coupled to matter fields does not necessarily demand the manifest

gauge invariance, but requires a weaker condition that r/6í,  be a rational number [3,4]  (For

works related to Chern-Simons theory on multiply-connected spaces, see eg.: IS]).

On the other hand, the analysis (G-S] b ased on representation theory of braid group,

which is essential in formulating quantum mecha.nics of anyons, has revealed that the global

topology of the Riemann surface gives a constraint on the possible values of es, the number

of anyons, and the number of components of the Ivave functions. For a Riemann surface of

genus g > 1, it is shown that fractional statistics is consistent only with multi-component

wave functions.

The purpose of this talk is to demonstrate how the general results from braid group

. representation theory manisfest themselves in a Chern-Simons field theory on a torus [9]

and to present the algebraic relations among various operators, especially the Hamiltonian

and the total momenta [lo]. Special attention is given to the dynamics of the non-integrable

phases of the two Wilson line integrals.

II. BOUNDARY CONDITIONS, TRANSLATION INVARIANCE, AND

FLUX QUANTIZATION

We consider a Chern-Simons theory with non-relativistic electron field given by the

Lagrangian

L = K .?YPapdvap  + $tiDo~ -
47r

+hti12  9
e

D O = 80 + iao , Dk =  & - iUk

(2.1)

on a torus T2 with fundamental domain D defined by 0 5 xj 5 Lj7 j = 1,2. The Chern-

Simons coefficient K. is related to statistics pa.ra.meter 8, by 0, = n/n. The electron field

?/J(X)  is taken to be fermionic for definiteness.

Equations of motion derived from (2.1) are

(2.2)
where

j” = $+A

jk = -&(ëh+h.-ll,  - (Dk+)+dí>,
e

(2.3)

L- ._.. _.- A
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and

ii30$ = -10: +
2m,

It follows from (2.2) that

-$b=n,,

P-4)

(2.5)

where b = &a2 - &aí = -f12 etc.

.

Since the space is multiply-connected, one has to specify the boundary conditions of

the fields. Translations along the two non-contractible loops are denoted by

Tr : (6 2, Y) -+ T+) = (t, 2 + -b, y) ,

T2 : (t, 5, y) + T2(4  = (6 2, y + L2) .
(2.6)

The most general boundary conditions are given by [II]

a,lTj(z)l  = a~L[2l  + adj(x>  7
+[Tj (CC)]  = e-i@(ì)  +(x) .

(2.7)

In other words, the fields return to their original values up to gauge transformations after

translations along the non-integrable loops. The two operators Tl and T2 need only to

commute with each other up to a gauge transformation:

a,[Tr  . Tz(z)]  = apIT2 . TI(s)]  + a,r(x>,

$[Tl . T2(2)]  = e-iY(z) $[T2 . Tl(s)] .
(2.8)

This requirement leads to the following conditions on the pís  and 7:

ih(T24 - A(~)> - {P2(T14  - P2(4}  = -7(z). (2.9)

Further constraints on /3j(z)ës  follow from the gauge invariance and smoothness of the fields.

First consider the flux on a torus. (2.7) and (2.9) lead to @ = Y(Q), where TO = (re,yu).

Since _frz is single-valued on the torus, @ must be To-independent. This implies that Y(Q)

must be constant, y(z) = 7. A stronger condition follows from the smoothness of the field

operators. Given the Lagrangian (2.1), the action principle, or the field equations, dictates

that all fields are smooth functions of the coordinate x = (1,~) of the covering space. On

the covering space the two paths TIT2  and T2Tl are homotopica.lly  equivalent so that the

continuity of physics implies that

+(TJ24 = $Gî2Tl~). (2.10)

In other words, although the field operator $(x)  is multi-valued on a torus, it is single-valued

on its covering space. We thus have
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y=o (mod 27r)

@ = 2rrn (m : integer) .
(2.11)

We see that the flux @ is quantized on the torus. Typical pjís  which solve (2.9) with the

flux (2.11) are

&(r) = - y ;

P2(79 = + y .

(2.12)

These boundary conditions will be taken in the rest of the talk. Residual gauge transfor-

mations which maintain the boundary conditions a.re given by

A(z) = fPqc) + i(x) )

.

2rn2y@TqZ)  = -2y - Lz (nl,n2  :

integers) ,

;i(TjZ)  = i(X).

Alar@(x) is called a large gauge transformation.

One of the Chern-Simons Eq. (2.2) imposes a.nother  constraint:

9= Jdx#g=-Jdx+-$9,.
Here q is the total number of particles residing on the torus. Hence

In the quantized theory, this equation becomes a constraint on the physical state:

(Q+ $-+hys) = 0,

(2.13)

(2.14)

(2.15)

where Q = Jdx~ëO. In any case, this condition implies that the Chern-Simons coefficient

must have fractional values, K = -q/m, in the presence of matter. Also, with the identifi-

cation 8, = K/K, this condition reproduces the constraint obtained by Einarsson from the

investigation of the braid group on a torus:

(2.16)

Let us take the boundary conditions (2.7) and (2.12). The Chern-Simons Eq. (2.2)

can be solved in a gauge V . a = 0. The solution is [2]
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+t as it is in (2.21) The equations of motion for $ a.nd Oj can then be worked out [lo]. It is

also found that the relation (2.14) does not follow from the Hamiltonian and commutation

relations. As mentioned before, it has to be imposed as a constra.int  on the physical states.

There are two other sets of importa.nt operators in the theory. These are the Wilson

line operators, 1Vj = cieJ, and the two generators of large gauge transformations:

Uj = f?Xp  idîdk  - 2ri
{

J $&$+w} . (2.22
3

>

Wj and Uj satisfy dual relations:

I/[r,lV~  = e-2XiíìrV2rVr  )

and

(2.23 >

(2.24)

.
The Wilson line integrals l/vj, as well a.s I-I and Pî,  a.re ga.uge invariant so that

[uj,wk]  = [Uj, Pî]  = [Uj, H] = 0.

One can compute the commutation relations among H, P” and Wj:

[pj,pk] = i6jk

[pj, HI = iejk 27r
GJk(Qfcs

(Wj,Pk] = cjk$QWj,

[Wj,H]  = CjkeKZ, (JkWj + IVjJî))

(2.25)

(2.26)

where  Jk E Sdxjk = Pkf m. From these equations one sees that IVjís  map an eigenstate

into another eigenstate corresponding to different momenta and energy. Also, it should

be emphasized that H and Pk do not commute with each other as operators, but only

commute in the physical Hilbert space.

It is interesting to note here that the operator algebra (2.26) remain intact in Chern-

Simons gauge theory coupled to Dirac  ma.tter field, though in this case Jk is not conserved

even in the physical Hilbert space. Therefore 1Vj no longer maps an eigenstate of H into

another.

-a__  _ L
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IV.  VACUUM
.

In the Chern-Simons theory on a torus the vacuum has a non-trivial structure. Phys-

ical states, particularly the vacuum, must transform among themselves under the operators

uj and Wj. It is known that consistent theory can be constructed provided that (VI, U2)

and (Wr,Wz)  satisfy the Weyl-Heisenberg algebra (2.23) and (2.24) with K = p/q where p

and q are coprime integers [3,4].

From now on we shall concentrate on the ca.se  q = l,p = A’  in which Vr and U:! can

be diagonalized simultaneously. We seek the vacuum state satisfying

UjS - C?ie1kakqalo2.
arw!  - (3.1)

.

Define ~(0,) = (&]!l?). It ’ fIS ound that a linea.rly independent ba.sis can be taken as

%(h> = h
[
81; +(w + 27744 (u = o,l;.*,!\r-  l), (3.2)

where

h[8;  CYJ?] = ei@/%2$  - o]. P-3)

. We shall denote the a-th vacuum by IO,)  so that zL,(b)r)  G (Silo,).

The important point to note here is that the vacuum in the gauge field sector is

N-fold degenerate. It is this N-fold degeneracy tl1a.t  leads na.turally  to multi-component

many-body wave functions. In the model under consideration, the number of components

of the wave function is precisely equal to N.

The wave functions (3.2) were first given in [2]. It has been argued in the literature

[4] that the requirement of the modular invariance in the 8i, 82 space further gives a

restriction on aj. So long as the consisency of the theory is concerned, however, ajís  are

free parameters of the theory. We mention here that the spectrum of particles depends on

QjíS.

Action of r/vj on IO,) can be evaluated ea.sily

pv~llo,)  = ,kih lo,) = e*i(~l+2~~)lNloa)  ,

W:l IO,) = efiez  IO,) = e*i~2/N10arl)  .

Let US introduce Iî,  = e-zaJ/'V~j where

1

C

c2

C
N - l

\

I
f/z  Iz

/

0 ..’ 0 1

1 .ë. 0 0

. . .. . .. . . .

0 . . . 1 0 1 ,
(3.4)

(3.5)

i ._.. -.. _.. .-_ ~. .._.. .:..
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and c = e-2xilN. VjíS  satisfy

VrV2  = e- 2xilN y2v1 .

The action of IYjís  is summarized as

(O,]e-isl  = (&)ab(Obl,

(oalevio2 = (V2)ab(Obl.

l

(3.6)

(3.7)

A similar structure of the vacuum arises when N is an inverse integer, as is evident

from the duality argument above. The form of the ma.trices Vr and V2 is a consequence of

the Weyl-Heisenberg algebra, as has been noticed by many authors [12,13].

V.  MANY-BODY SCHRGDINGER  WAVE FUNCTIONS

.
We now define the first quantized many-body Schrodinger wave function from the field

operators. The wave function is required to be invariant under large gauge transformations

(2.13). The Schrodinger wave function for a q-particle state is the matrix element of q field

operators between the vacuum and a given q-pa.rticle sta.te.  It is important to recognize

that the particle (anyon) number q is not arbitrary in the Chern-Simons theory on a torus.

As shown in Eq. (2.14), for a neutral a.nyon system with K = N we have q = -(N/27r)Q  =

-mN. In other words, the anyon number q must be a multiple of N. Otherwise the theory

cannot be consistently formulated.

Since the vacuum is N-fold degenerate, the wave function must have N components.

One candidate is

&&71,..* ,Tg) = (OalR.~(t,Tl)...~(t,Tg)l~(g) (a=o,*~*,N-l)

Yje2Q = exp -i  f: 7 + ~2
i (

Xjh E eTiw  .
j=l )I

(4-l)

The gauge invariance requires the presence of ~9j in the definition of the Schr6dinger wave

function. By construction 4’  is anti-symmetric under the interchange of two coordinates:

fdî,cTj  * Tk)  = -4,. It is the wave function in the fermion representation.

It should be noticed that one needs an extra index a to specify many-body wave

functions. This index, which labels the component of the wave function, is not associated

with the individual particle, but rather with the wave function as a whole. It is called a
ìsheetî index in Ref. [8] and the topological order in Ref. [13]. We have demonstrated

here that such index arises from the degenerate nature of the gauge field vacuum.
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V I .  N O N - A B E L I A N  B R A I D  G R O U P  R E P R E S E N T A T I O N

4’  satisfy the algebra of the braid group on a torus in a rather simple way. Non-

trivial factors come in under translations. In accordance with Einarssonís notation [6],  we

introduce three kinds of basic operations on a system of (I identical particles on a torus;

(1) oj: the interchange of the j-th and j + l-th particles, (2) rj and pj: translation of the

j_th particle along a closed non-contractible loop in the z- and y-direction. In our regular

representations of Schrodinger wave functions there is no distinction between clockwise and

counter-clockwise n-rotations of two identical particles.

Action of these operations on c$’ is defined by

aj~ë(t;ìë ,Tj,Tj+l,ìë)  = df(t;"',Tj+l,Tj,),

Tj4f(t;eee,Tj,ì* )  = dí(t;**ë,TlTj,ë.ë),

pj4í(t;*..,Tj,***)  = ~$~(t;...,T2Tj,...).

With the wavefunction 4’  defined by (4.1),  we have

(5.1)

gjf$ë(t;ìë )  = -$f(t;eî). (5.2)

4’ picks up -1 just as fermions. Non-trivial factors come in under the action 7-j or pj. TO

see how 4í,  transforms upon loop translations, we evalua.te rj a.nd pj:

= e -iPl(TI)+(?Ti/ëvLz)  cyzl YJ  (Oale-iej  fl. . . IQ )
9

= e-+?(rl)+(ai/NL2) c,'=, YJ
. (wabd;,

where (3.7) has been made USC of. Similarly

Pld = (oale-iQ2-iw..
.7b(t, T27-1).  . .>Ií&)

= e -iO2(rl)-_(~illVL1) CT=, ZJ
. (b)ubb;  .

To summarize

With pj(T) in (2.12) substituted, (5.5) can be written as

(5.3)

(5.4)

(5.5)
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The  regularity condition in the 4’ gauge yields a hard-core type interaction in Einarssonís

gauge. The transformation (6.2) was first given by Randjbar-Daemi et al. [5] and by

Iechner [ 141.
If one restricts oneself to the particle configuration satisfies 21 < x2 < . . . < xg and

y1 < Y2 < **’ < yq. (such a configuration is implicitly assumed in [6].  See also Ref. [15]),

then one finds the representations of the braid group generators to be (with +E as basis):

al = - e - ix /N
7

q = e+ir(q+l)/N-2nif/N . v, ,
(64

Pl =
,-ir(q+l)/N+2ril/N  . v,.

This is exactly what Einarsson has obtained. It should be emphasized, however, that our

results account for more general particle configurations than the one just given. The general

formulae are given in [9].

VI I I .  SUMMARY

In this talk we present the quantisation of Chern-Simons theory coupled with non-

relativistic matter on a torus. We show that the Ha.miltonian  and the total momenta

do not commute as operators, but only commute in the physical Hilbert space. We also

demonstrate how braid group structures arise in a Chern-Simons theory with integer Chern-

Simons coefficient. We would also like to mention tha.t these results can be easily extended

to theory with multiple numbers of Chern-Simons fields [lG].

A C K N O W L E D G M E N T

This work is supported in part by the R.O.C. Grant  NSC13-020%MO32-017  (C.-L.H.)

and by the U.S. Department of Energy under Contract No. DE-AC02-S3ER-40105  (Y.H.).

R E F E R E N C E S

[ 1 ] J. M. Leinaas and J. Myrheim, Nuovo Cimcnto 37B, 1 (1977); Cr. A. Goldin, R.

Menikoff, and D. II. Sharp, J. Math. Phys.  22, lGG-l (1981); F. Wilczek, Phys.  Rev.

Lett. 48, 1144 (19S2);  ibid. 49, 9.57 (lW2).

[ 2 ] Y. Hosotani, Phys. Rev. Lett. 62, 278.5 (19%);  Whys. Rev. Lett. 64, 1691 (1990).

[ 3 ] D. J. Thouless and Y. S. VVu,  Phys.  Rev. B31, 1191 (19S.5);  I<. Lee, Boston Univ.

report, Anyons on spher-es  nrzd tori, 13U/lIEP-SD-28;  A. Ií.  Polychronakos,  4un. Phys.

(N.Y.) 203, 231 (1990).

-_-.-._ .~_



1132 OPERATOR ALGEBRA AND BRAID GROUP STRUCTURE IN ... VOL. 32

[ 4 ] S. Elitzur,  G. Moore, A. Schwimmer,  and N. Sciberg, Nucl.  Phys. B326, 108 (1989);

M. Bos and V. P. Nair, Phys. Lett. 223B,  61 (1989); Int. J. Mod. Phys. A5, 959

(1990) ;  3. M. F. La.bastida a.nd A. V. Ramallo,  Phys. Lett. 227B,  92 (1989); Phys.

Lett. 228B,  214 (1989); II. Murayama, Z. Phys. C48, 79 (1990).

[ 5 ] G. C. Segre, Pennsylva.nia  preprint, A model ofsupercorzductivity;  S. Randjbar-Daemi,

A. Sala.m, and J. Strathdee,  Phys. Lett. 240B,  121 (1990); R. Iengo and K. Lechner,

Nucl.  Phys. B346, 551 (1990); Nucl.  Phys. B364, 551 (1991); G. Cristofano, G.

Maiella, R. Musto, and F. Nicodemi, Phys. Lett. 262B,  88 (1991);  Mod.  Phys.

Lett. A6, 1779 (1991); E. Fradkin, Phys. Rev. Lett. 63, 322 (1989); X. G. Wen,

E. Dagotto, and E. Fradkin, Phys. Rev. B42, GllO (1990); S. Chakravarty and Y.

Hosotani, Phys. Rev. D44, 441 (1991).

[ 6 ] T. Einarsson, Phys. Rev. Lett. 64, 1995 (1990).

[ 7 ] T. D. Imbo and J. March-Russell, Phys. Lett. 252B,  84 (1990).

[ 8 ] Y. S. ~VU,  Y. Hatsugai, and M. Kohmoto, Phys. Rev. Lett. 66, 659 (1991);  Phys.

Rev. B43, 2661 (1991).

[ 9 ] C.-L. Ho and Y. Hosotani, Int. J. Mod. Phys. A7, 5797 (1992).

[lo] C.-L. Ho and Y. Hosotani, Phys. Rev. Lett. ë70,  13GO (1993) .

[ll] E. Witten, Nucl.  Phys. B258, 75 (1985); Y. Hosotani, Ann. Phys. (N.Y.) 190, 2 3 3

(1989).

[la]  G. Date, T. R. G ovindarajan,  P.  Sankaian,  a.nd R. Shankar,  Comm. Math. Phys.

132, 293 (1990).

[13]  X. G. Wen, Phys. Rev. B40, 7387 (1989); Int. J. Mod. Phys. B4, 239 (1990).

[14]  K. Lechner, Trieste ISAS preprint, Anyon  physics on the torus, thesis, (Apr. 91).

[15]  J. S. Birman, Comm. Pure and Applied hla.th. 22, 41 (1969).

[16]  D. Wesolowski, Y. Hosota.ni, and C.-L. Ho, Int. J. h[od. Phys. A9, 969 (1994) .

-_ ___i.  _ .


