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The electron-atom scattering in the pressence  of an intense radiation field has been

investigated by solving the time-dependent Schrodinger equation in momentum space. It is

found that the dynamics of the multiphoton process during the scattering can be well under-

stood according to this formulation. Some interesting points regarding the multiphoton process

are discussed.

I. INTRODUCTION

The scattering of electrons by atoms in the presence of a radiation field has attracted
many experimental and theoretical investigations.” When the electromagnetic field is
strong, such as provided by a laser, many photons may be emitted or absorbed during the
scattering process. Kroll and Watson’ analyzed this multiphoton process to obtain a
detailed form for the differential elastic scattering cross section in the classical limit.

Rosenberg2 extended the standard time-independent scattering theory to take into account
the presence of an intense external field, and some techniques in the intermediate and
strong-coupling approximations were developed for the scattering problem. Shakeshaft’

formulated a method of coupled integral equations to calculate the cross section for
stimulated emission .or absorption of photons and successful application for the case of a

separable potential is obtained. Recently, we formulated a time-dependent method9 to
treat the scattering of electron from a potential in the laser field and applied it to a one-
dimensional system. The result is interesting in that the multiphoton absorption process is

manifested with many peaks in the transition probability function. In this paper, we extend
this method to solve the time-dependent Schrodinger equation in momentum space, which
facilitates the extraction of the rapidly varying part of the wavefunction, in orders to in-
vestigate the dynamics of the multiphoton process of the electron-atom scattering in a laser
field.
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II. FORMULATION

Consider an electron moving in the radiation field of a vector potential x(t) and

scattering by the atomic potential V; the time-dependent Schrodinger equation is

ih$ I \k(t) > = I-& + VeeElt’  + H,(t)] I \k(t) >

in which H,(t) is the interaction between the electron and the radiation field

H,( t )  =  --&x(t)  - p’  + & A2 (t)

(1)

As A is considered to be spatially homogeneous over any microscopic region, the A2 term is

eliminated by the transformation7

I*(t)> = exp [--$Jt  +& A2 (tí)dtí]  i+(t)>

.
Equation (1) becomes

ih$ I+(t)> = [$ + Ve-EM - kA.i;l I rC/ct>>

(3)

(4)

Initially, at time t + -00, the electron is far from the atom, i.e., free of the potential; thus V

can be replaced by VemEk’ in which E is positive but infinitesimal. Let rîk>  denote the

eigenvector of píwith  momentum eigenvalue I& normalized so that

<;t(-i;>  = (&)-312  ,iz*;’
(5)

Initially when the potential V is turned off completely, the electron with initial momentum

Fi is in the state Ix;;,(t)> which satisfies the Schrddinger equation

H, Ixi;ë(t)>  =  ih$ I x$) > (6)

.in which H, = P2_ _ìPí.A
2 m  m c

The solution of Eq. (6) is readily obtained as follows

in which Ei is the initial energy and

e;(t) = $J; dtí,:  - Ei - -& $A(tí)l

(7)

(8)
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The solution of Eq. (4) is expressed as

19(t)>  = IxS;,W + l@(t)>

We expand l@(t)> in terms of the complete set of functions lx;(t)> as

(9)

I@(t)> = Id2 ai; I xat) > (10)

with the boundary condition 1$(t)> -+ Ix,,(t)> as t + -00, i.e., 14(-m)>  = 0. Substituting
Eqs. (9) and (10) into eq. (4), we obtain an inhomogeneous integrodifferential equation for

the coefficient at(t) :

d
ihz q(t) = e

i+t)
[ e -i%(t) <T;]Ve-EItt]Ei>  + %(t)] (11)

in which

+(t> = e
iEi(t)/h

<I;  I Ve+lt’  IO(t)> = Jdi? e
-iOp(t)

~.(t)(ktlVePíì]P> (12)

with the boundary condition aT;(--=)  = $(-m) = 0. It has been showníl”  that, because of

the phase factor exp[iez(t)]  on the right-hand side of Eq. (1 l), the function aT;(t)  varies
rapidly with both ìk  and t. On the other hand, s(t)  varies relatively slowly with z and t.
Consequently, we can interpolate Q(t). We discuss several interesting points.

(A) Substituting Eq. (12) into Eq. (11) and making use of Eq. (7), we obtain

d
ih-

dt
a;(t) = e wt)[eíEiíln  <klVe-Eîl  lGi(t)> + e

iE*/rl
<l?] VewElt’  Id(t)>]

Using Eq. (9), we find

d
ih-dt,%(t)  = e-is(&) <T;  I Ve-E  ItI I $(t)>

in which g&t) = -E,t/h - Q(t). Formally integrating

%(t) = _$,’ dtí e-i&.tí)<k  l Ve-Eít” IWP

(13)

Eq. (13) over t, we have

(14)

Substituting Eq. (14) into Eq. (10) and using Eq. (7), we find

4(t)  = -$JdE Jt dtí E> <x IVe-Eít”  lrCl(tí)>eipii;,t)-ip~,tí)
_m

Substituting into Eq. (9) finally we obtain
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1 G(t)> = 1 xki(t)> -;J di< _ft dtí [1;> <i? IVe+’  I ~(tí)>eig~,t)-ig(~~tí)
_m

Therefore, the differential cross section for the electron to absorb n photons is7

do 4,rr*m k
-=
dS1

[--I*? iE?u+ dt<xz~(t)lVl~(t)>j2
hZ

1

(15)

(16)

in which o is the angular frequency of the radiation field and

h2k2 .h*k*
L=L+ nti

2m 2m
(17)

The results of Eq. (15) and (16) are consistent with those obtained in the previous work.8

(B) As we have pointed out previously, bft(t)  is a slowly varying function of i?and  t. If we
temporarily ignore it, then Eq. (11) becomes

d
ih-dt 9(t) = e

Yt)-%iCt)  <5; j Ve-E  It I 1 Ei >

For a linearly polarized field

A(t) = 2 coswt

we have

qt> = T; o’ If dt’  ,F - Ei - ìkn.;  coswtí,
mc

1 h*k*
=x(x - Ei)t - &a (X -2) sinwt

Substituting into Eq. (18) we find
i hík ’

d ( híki*- -_-
ih;i-; ai; = eh 2m 2m )t ,-ëIncw-!-  (T-iCi)4i  sinwt

-CQVe-EîëlXi>

Using the Fourier-Bessel expansion

e
-i[ksinwt

= nz Jn ( &)eeinwt (22)

with

& = L(l -T;,)-;i
m c o

and integrating Eq. (21) from t = --oo  to t = +m, WC obtain

(18)

(19)

(20)

(21)

(23)
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aktw) = t Jn(.!k)<~IVl~i>  { p IL I + irrb[E:n(k)] }
En(k)

in which

h*k* h* k.*
E,(k) = 2m - L- nhw2m

135

(24)

(25)

Clearly the delta function &[E,,(k)] on the right-hand side of Eq. (24) expresses the con-
servation of energy such that the outgoing electron with momentum &would have energy

li*k* h2k.*
E(k) = 2m =2m+nlia =Ei+nti (26)

which is the same as Eq. (17). This result indicates that during the scattering process the
electron can absorb n photons (for n positive), or emit n photons (for n negative). The
principal part P[ l/E,(k)] arises from turning on the field during scattering.

(0
.

The above result is obtained by neglecting the slowly varying part of the function bg(t).
Of course, the correct treatment must also take into account the effect of bi;t(t). In so
doing, we have to solve the integro-differential equations (1 1) and (12). An explicit or

an implicit method has been proposedí,” to solve these equations. We intend not to

solve them numerically in this paper, but wish to study the dynamics of the multi-

photon process during the scattering. Thus we rewrite Eq. (1 1) as

d
ih-dt q ( t )  = e

iYt)-iBiri(ë)  [ <x 1 Ve-C It II Ei> + bl;(t)e%i(ë)  ]

Using Eq. (12) for b, (t), we have

d
ih- q(t) = e

dt
i@i$ë)-ëBTti(ë)  [<T; IVe-Eltl Gi>

+Idkíe
if$$t)-i+@)

q(t)<X I VemEîí  I%ë>]

Substituting Eq. (2) into the above equation, and using the expansion of Eq. (22), we find

ih-
ë[E(k)-Ei-ìhti]  t

:t ai; = 2 J,(& kh <Z I Ve+ It’  iZi >
n

+_I)-E(kí)-(n-m)hw]  t
+ J dkí XL: J,([,)eh

mn

X Jm (h)+(t) <E 1 VeeEIt’  E’ >

Therefore
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$
Z Jn(tk) e

[E(k)-Ei-nhw]  t’

n
<I; lVefít”  /xi>

i [E(k)-E(kí)-(n-m)hw) t’
+/d~ë~~  J,(t,) e

XJm (~k.)ak.(tí)<~/Ve-Eít” Ii?>

i

(27)

Eq. (27) gives the expression to describe the scattering amplitude ai; of the electron
scattered from the atom at time t. The first term on the right-hand side of Eq. (27) is just

the result described in part (B), which expresses the conservation of energy. The general

behavior of the scattering process comes mainly from the second term on the right-hand side
of Eq. (27). One sees that %,(tí)  represents the scattering amplitude of the electron with

momentum l&ë,  at the time-tí,  having absorbed m photons for which J,(t,,) is the am-
plitude for this process and, by conservation of energy, the electron energy is given by E(kí)

= Ei+mho. Then it reabsorbs (n-m) photons (due to the propagator exp {k(E(k)-E(kí)-
(n-m)hol  t } ) with amplitude J,([,). The net result is that the electron has absorbed n

. photons at t ime t and is represented by the scattering amplitude ak (t). The energy of the
outgoing electron is given by E(k) = E(kí)  + (n-m)hti = Ei + nfiw, which again recovers the
result of Eq. (17). Therefore, Eq. (27) gives the general formulation to describe electron-
atom scattering in a field of intense radiation; the dynamics of the multiphoton process
during the scattering is clearly manifested in this formulation.

III. CONCLUSION

Based on the method of solving the time-dependent Schrodinger equation in mom-

entum space, which facilitates the extraction of the rapidly varying part of the wavefunc-
tion, we have obtained the general formulation to describe the scattering of on electron by

on atom in the presence of a field of intense radiation. We found that the dynamics of

multiphoton process during the scattering can be well understood by this formulation. We
hope to apply in furture this method to specific problems.
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