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Necessary and sufficient conditions for the existence of metric in two-di-
mensiona affine manifolds are found to be (i) Riz=Re: (i) Rl1zR} 12 1= R21sRYsa: 4 (i)
RiRtisie=RieRltz 2 (V) RleRbe 1=RinRli1 (V) RlaRi:=RiRlp: . Where Rjrs
and R;a are respectively the Riemann tensor and the Ricci tensor of the manifold.
In case the above five conditions are satisfied, the solutions for metric are found.

I. INTRODUCTION

DIFFERENTIAL geometry is playing an increasingly important role in theoretical physics. In

some applications one starts with an affine connection and obtains an affine manifold. While
in some other applications one starts with a metric and obtains a (pseudo-)Riemannian manifold.
Every Riemannian manifold is aso an affine manifold, but the converse is not true. Riemannian
manifolds have richer properties than affine manifold. Therefore it is desirable to find the necessary
and sufficient conditions for affine manifolds to have a metric. This is also of intrinsic mathematical
importance.

Gravitation and geometry have a very close relationship. GalileoTs weak equivalence principle
(Universality of Free Fall) tells us that there is a preferred family of curves called freefal trajectoies.
With some general requirements on the properties of these curves, one can regard them as geodesics
in the 4-dimensional spactime. With these geodesics, one defines an affine manifold. Newtonian
gravitation in Cartan’s form defines such an affine manifold which can not be metrized. If one
postulates Einstein equivalence principle and the validity of special relativity Tin the absence of
gravityT, then one can go further to obtain a metric and the spacetime becomes Riemannian.
Universality of Free Fal is verified to a high precison while Einstein equivalence principle is only
verified in some aspects to about 10~2—10-% accuracy. Furthermore, according to a recent analysis@).
Universality of Free Fall plus special relativity does not imply Einstein equivalence principle.
Therefore it is dedirable to investigate what are the mathematical conditions for an affine manifold
to have a metric.

Electromagnetism and genera relativity are gauge-type theories. Up to now the long standing
efforts to unify them seem to be fruitless. But the recent gauge-theoretic unification of electromagne-

* Work supported in part by the National Science Council of the Republic of China.

(1) E. Cartan, Ann. Ecole Norm. Sup. 40, 32(1923); 41, 1 (1924). See aso, Chapter 12 of C. W. Misner,
K. S. Thorne and J. A. Whedler, Gravitation (Freeman, San Francisco, 1973) for an excellent treatment.
(2) W.-T. Ni, Bull. Am. Phys. Soc. 19, 655 (1974); Phys. Rev. Lett. 38, 301 (1977).
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tism and weak interaction seems to be quite fruitful. In view of this, efforts are made to bring the
gravitation into the present gauge-theoretic framework®™. Along this line, the affine connections
correspond to gauge potentials in other gauge theories and should be the dynamical variables in the
Lagrangian formulation. With this approach, it is only natural that the metric be not postulated
but arrived at from field equations or some other natural considerations. Hence necessary and sufficient
conditions for the metric to exist are helpful in this investigation.

To start with, we obtain the necessary and sufficient conditions for the existence of metric in
two-dimensional affine manifoldsin this paper.

I1. NECESSARY AND SUFFICIENT CONDITIONS

Given a two-dimensiond affine manifold 9z with (symmetric) €affine connection 7'3,(x, y) and
Riemannian tensor

R;r"(x’ y)E[';hr_l';r,«’+l':rl,sd_l':ﬂ['57 ’ (1)

we will, in this section, derive the necessary and sufficient conditions for a (nonsingular) metric g.,
to exist such that the affine connection can be obtained from this metric as in a Riemannian

manifold, i. e,

ra . 1
ﬁr=79”(gﬁa,r+yar,p—gpr,s)- (2) )

In the following, we use the convention that *,” denotes partial differentiation and *;” denotes
covariant differentiation.

Equations (2) are equivalent to

yﬂﬁ,7=lygygl‘ﬁ+l'£rgﬂﬂ (3)
which in component form are

gu,0=20hgu+20%gss (4)
gi1,0=20%g1+2%g1s o ' (5)
gua=2Uhgu+2 g o (6)
gae,0=20%ag12+ 2 g e (7)
912,1=1':zgu+(1'§1+1'fz)gxz+l'fx§zz R . o (8)
Giz,2=Ingu+ e +1%)g1e+ g2 - o (9)

Equations (4)-(9) are six partiad differential equations in three unknowns gii; g1z gze-  We will derive
the integrability conditions for them in the following. .

Differentiating (3) with respect to & and substituting® (3) ‘back for the first derivatives of g,,,
we obtain

Gapyra=gusll 5, s+ 1701,
+gaull 5y 0+ 15, 0%
+ 9855+, 1'2)). (10)
From g.p,,0=g.s,s, and (10),
gupRYs, +92,RE,,=0. ¢3))

In component form, equation (1 1)-is

(3) See, eg.. C. N. Yang, Phys. Rev. Lett. 33, 445 (1974).
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Rlegu+ Rflzgu =0,
R;ugu + (foz + Rglz)gu + Rfugn -0,
Réxzyxz +R52g22=0.

Note that (11) involve the unknows g.,s, SO they are equations, not integrability conditionsT).

(12)
(13)
(14)

(12)-(14)

are three linear homogeneous equations in three unknowns; in order to have a nontrivial solution, we

must have
Rl R 0
det| Rti: (Rl +Riz) Ri
0 R Rie
=(Rliz+R3:) (R?szzgu— Rii:Rz1:)
=0

Since in genera

R}lszzxz— Rflszlxz +0
we must have

R+ R:,=0.

(17) is an integrability condition. It is equivalent to
R12=R21 or ‘Raﬂ=Rﬁa

where
R.s=R],.

(17T) can aso be derived in the usua fashion as given in differential geometry textbooks. |
satisfied, (12)-(14) can be solved for the ratios of g¥s:
1

112 R
Jiz=— R, gu= Rl gzz

Substituting (19) into (4)-(9), we obtain
d1n | . -Ri
lnlgul _a(rt—giert),

1
alnl gu ] =2(1v112__ Ri1s [‘fiz)’

R}is

01n | gzz | ([vz Ilgu 12)
d1n | g | Rzlz 1
—3752‘”‘2(’ bRl ®):

. R R}
31n|912| (1111+l uzl R# ?1)’
a1 . R . R
_ng-ym = (PR i),

The necessary and sufficient conditions for (20)-(23) to be integrable are

__6__ (1';1 Ruz 1 ) 9 (/ - %&1’?2) =

oy ox >
a 2 R212 " a 2 R§l2 "
—a—}’— (1 12—_R-é—u\l 12 ) 6 (1 227" Rélz I 22) =0 .

(4) C. M. Pereira, J. Math. Phys. 13, 1542 (1972).

(16)

(17)

a7

(18
f (17) is

(19)

20

@D

(22

(26)
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(26) and (27) are equivalent to (we use (17) freely.)
IEI[R}.IRRZXZ 2 RiuR‘llZ 2]+I 2[Ruz ilz t"R ,. ]] 0 (28)
[ 212 luz; 2— 112 12 2]+1 [R;IZR;IZ 1 R212R112 1] 0 (29)

(28) and (29) are necessary conditions for metric to exist. Choose a coordinate system such that
1%,=0, but /2,0, & point P. Then a this point (28) becomes

R} Rye2— R4aRip > - (30)
Since point P could be arbitrary, (30) must holds a every point. Similarly,

R} ,Rp.  — R} :RY 1 =0, (31)

Rl ,RY 2—Rl,R:,. =0, 32)

R}, Ry — Ry RY e =0, 33)

are necessary conditions. If (17),(30)-(33) hold, then (28), (29) hold and (20)-(23) can be integrated.
Moreover, if (17),(30)-(33) hold, then we can demonstrate that (24) and (25) can be integrated. That
is, (24) and (25) give no additional integrability condition.

Therefore we have proved the following theorem:

Theorem : The necessary and sufficient conditions for the existence of metric in two-dimensiona
affine manifolds are

(1) Riz=Ry,

(i) RIR%, (=RiRln (s
(iii) RLR:,. ,=R}Rip, s
(iv) R},R,. 1"R212Ruz o
(v) Riy,RY,. ,=RLRE,., .

In case the above conditions are satisfied the solutions are

) £33 (4 Rlis ;e Riss ;v
gu=cxp{2 o (Ph— ) ek (D= g2 Th) dy+Cl. (34)
(59 4 Rl ;n R}, }
a2 =0OXP {2Lso,lo) (l u_-REI )dx+ ( 2z R, Tk )dy+ Gy (3)

tes9) + Ris.. R
gumexp{ [ ) (Pt =R - %) dx

R112

. R
+ (l 12+ 22_‘Rx_l e — u"

iy )dy+c,}, (36)

where C,, C; and C; must be properly selected in order to satisfy (12), (13) and (14). We can prove
that the constants C, and C; depend on Cs and that Cs is arbitrary. This arbitrary constant Cs cor-
responds to the constant scale change of the metric. This is consistent with the fact that the affine
connetion I'} are invariant under such a scale change.

I1l. DISCUSSION

(1) The above theorem can also be proved as follows: We regard (12),(14), (4) and (5) as equations
for determining g1, 12 and gz.. Thus we obtain integrability conditions (30) and (31). (32) and
(33) can be obtained in a similar way. So long as (30) and (31) are satisfied, we can solve (4)
and (5) to obtain g;; as in (34). Now we can use (12) and (14) to obtain g and g:: in terms
of g1. In order to satisfy (13), we must have (17) to be satisfied. We can aso prove that the

above solutions of gi1, g1z and gis satisfy (6),(7), (8) and (9) provided that (17) and (30)-(33)
are satisfied. Hence the sufficiency and the theorem is proved.
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(2) The generalization to higher dimensionad manifolds is not so obvious and straightforward. It
may involve some complications. The three and four dimensional cases are currently under
investigation.
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