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The binding energies of the ground state 3/2— and an excited state 1/2+
of °Be are calculated on a multichannel three-body model in which the internal
structure of the « particle is approximately represented by a two-state system.
In this calculation the ne interaction is represented by a 2x2 matrix and the
@e interaction by a 3x3 matrix. Both potentials are Z-dependence and deter-
mined from the two-body scattering data at low energies.

I. INTRODUCTION

HE studiesT) of °Be are usually treated by the Hartree-Fock calculations. The

results are not very good. The energy difference between the lowest odd
parity state and the lowest even parity state obtained by this method is 4.3 MeV,
which does not agree with the experimental value 1.75 MeV.Grubman and
Witten® use Faddeev equations to calculate the ground state 3/2- energy of
°Be. They find an energy of 1.22 MeV compared to the experimental result
1.571 MeV. They attribute this discrepancy to the neglect of the composite
nature of the « particle.

Recently, calculations of the bound states of ®Li and **C have been made on
the multichannel three-body model®*®. In such a model, the « particle involved
in the a-nucleon three-body system is assumed to be a two-level particle to take
care of its internal structure approximately. The z« and «¢« two-body potentials
are obtained phenomenologically multichannel analyses of the low energy scat-
tering data. Thus the picture has effectively taken into account all the inelastic
channel contributions except for breakup of the a particle. With this picture of
internal structure, the @« interaction becomes a 3x3 matrix and the a-nucleon
interaction a 2x 2 matrix. They are both I-dependent with each matrix element
represented by a square well. The Faddeev cquations are then generalized to
allow spin and internal structure quantum numbers of the particles and are
solved in the separable t-matrix approximation for bound state energies. The
results calculated for both the °Li and *C nuclei®*® agree very well with the
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60 APPLICATION TO THE °*BE BOUND STATES

experimental values. It seems therefore interesting to carry out the same model
calculation for ®*Be. In this paper we shall consider the *Be as a multichannel
three-particle (na«) problem. The binding energies for the 3/2- and 1/2* states
have been calculated and are found in good agreement with experiments. In
Sec. Il, we modify the Faddeev equations for three non-elementary particles and
make a complete angular momentum reduction of the modified Faddeev equations.
In Sec. Ill, we describe how the multichannel n« potential is obtained. The
results of the calculation are discussed in Sec. IV.

Il. MULTICHANNEL FADDEEV EQUATIONS

The formulation is essentially the same as that of °Li, which has been
described in detail in Ref. 3. We shall only give a brief outline of the pro-
cedures.

We shall consider a general three-body system of particles that may have
different spin or internal structure states. The three-body states in general have
three parts :
the internal structure part

| 7idi=\rim, ; (rim) Rimp i, (1)
the spin part
| B di==1[si (s;$%) Si1Sms):, (2)

and the spatial part
I pigi>,

where the internal structure states is specified by the set of quantum numbers
(v, m,) and we are working in a representation in which particles j and k form
a subsystem with particle z left free. Thus the internal state of the subsystem
is characterized by K;=7; +7,and R=R;+: is the corresponding quantum number
for the three-body system. The transformation between: and j representations
can be obtained by means of 3-j and 6-j symbols. Since we are going to
calculate the energies of bound states with definite spin-parity J, we shall for
convenience use the three-body state in the following form with obvious notation

\piq;; i Tivi=\pil (s;86)Silil]i 5 qi (SiLi} I JM; 704, (3)

where, as in (1) and (2), we have denoted the set of angular momentum quantum
numbers collectively by the symbol «;.

With the three-body states defined as in (3). the generalized multichannel
Faddeev equations can be written in the form

. " 1 P e [ 5 Piq;
v (par,2) =0 (pgr,2)— © = = [ api [ dg ’
(pqr, 2) pq7, 2) 4].?;2.&]__” 0 j/g jp§.+q§+e,jmrj+ijij—z
x K30 (pqar ipiqi06;7 ) ¥ (piq;e;7 5, 2), (4)
where
vy (bgr, 2) == paaci | T (2) 1), (5a)

VP (pgr.z) == pqar | T; (z) | n, 30
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Kb (pgar piqie;v;)=i{pger|Ti(z) 15;9;07;;
:;KﬁqwrlTi(Z)lPiq;m Tivi {{PiqiceiTi|D;q;0iT 5, (5¢)

where ¢ m and cx;», are the internal-state energies of the corresponding sub-
i i

systems. The angular momentum states involved in K7 (pgar |p;q;ee;7;) can be
decomposed by expressing the two-body t-matrix in three-body Hilbert space in
terms of the ordinary two-body t-matrix and carrying out the angular integrations
by rotating the coordinate axes from space-fixed system to body-fixed system.
Then the form of the kernel reduces to:

KD (par | piqjee;ri) =077 0mm; 2 2 0pp (—1)Fri+2ritre—Ri+2mx

Rimr, Rmp
x 1 (2R +1) (2R, +1) (2R+1){”" 7k R"}(”’ ke R )
v ’ ’ N R Ri)\m, Mg.—mg

§ <r,~ R; R >4753/2 U(Li;, Uij, p3) Z‘Z (2L+1)

m,, mg, —mg/ 4 ai ;8 ;piq;  Sil:

X (=1)li+li—Li=Li+Si+8S =S (20;+1) (2S;+1) (27;+1) (2];+ 1) (2S; +1)

S si Li I
S ;
P (?Ji+1)J”22(—1)ZS(23+1){3- s; SJ} S: L J:
S ; s 17
s;j L; I . .
l; L L A L L
<\Si b s ;Z ("] 0 JnL —n)L( 7y nIL —‘nL>
S L J ML ML i i i i
X YLj”"j(Bﬁj‘Ij' O)tili' SSi, RR; (PP;, Z—‘qz—frl.m,:), ( 6)
where
- mim; e
2 e e i (7)
Bij=(1—aiy) ", (8)
Uij=(d;;q; +q)*/ 8, (9a)
Li;=(eijq;—q*) /53, (9b)

and P is the cyclic permutation of the particle indices 7z and j. It follows from
the relations

pi=—0op;— (—1) P Bijq; (10a)

q;= (—1)P3:jp;—ai;a; (lob)
that the azimuthal angles ¢,,,,=7 and ¢,;,,==/2+ (-1) Fz/2. The step function
U in (6) is defined as
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o (L If Li<PiCVi;

UL Ui, £3) _{0, otherwise ()
and »z. and #»; are the components of the angular momentum operators along
the body-fixed axis.

The Faddeev equations with kernal given by (6) represent a set of coupled
integral equations with two continuous variables pj and 4j. It can be further
reduced to a set of coupled. integral equations in one variable by means of the
separable I-matrix approximation®.

Z;zi;(qrimr )"'ﬁn&(qrxmr )+ZZ Z Z de

ifj ajrim ry i
X K42 o grim,, airimy 5 2) 200 (qirim: 2), (12)
where the function % satisfies

l‘(r:;')l (z'—qz"frim,‘.) ¢S1L;L (pRmR$ z_q2~—6ri"17,‘) (L) (

: qrim, z), (13)
1_‘17(;‘].2(2—‘12'—5rim,,.)

vpqrz)=0L(pqrz) + %

the kernel is given by

K(L 57 . Z Uiidp._; n l’(z q:} 6r,-m,j)

ng,njaj

¢ A 3 W aarim, 1:0i4;2)
Rjmp W Lij 1—23 ‘(Z —4g5— Erjmy

n Ij(p]R mR 2 ql erjm,j), (14)

the inhomogeneous part

775:31: > 2 dQI dpJW(“O‘Jrzmr Tipiq;z z) Sz’]).(qujsz), (15)

jFL agr; 0

and ¢% satifies

iUl[l» (pSRm ’pisiRim )
29(z) 0% (pSRm pz) = —— }Ze: QZI: ap: P : p;:z R,

¢, (PiSiRimp 2). (16)
with the orthogonality condition

@) O]
%% %f de p¢nl (p SRmzfld;ml (pSRmRZ) —5,,,".

The function W appearing in (14) and (15) is given by

_ s
_ - _ 1 S (—1)3 rir2ritre—Rij+2me] (OR; + 1)
&ijBiig D3t Qsterm, teRmR; T Kimp Fmy
“1

> [(20;+1)

ri "k Rj}<r,- R; R ><7’i R; >
m, mRJ, —mp/S:;L

R+ |
x(2R;+1)]'"*(2R+1) s, R R,

m, Mpr, Mg
x(2S;+1)(21;+1) (2];4+1) (2S: +1) (2L +1) (2] +1) 12
(2L +1)(—1)}litli—Li—Lj+sj+se=S;

(5)J. S Ball and D. Y. Wong,Phys. Rev. 169, 1362(1968).
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s 5. S JS; L; I)(s; L; I;
x%(—1)25(25+1){s'. ;S’} Sili Jii\Si b Jit = T ouus,
J : 18 L ] S L ] 11- Li l‘j

X<l,- Lj L >(’l,- L; L

* T o(—=1)r 2 *
0 7, —nr, "'"‘f(a"“’f" (=1 ) Yige, Gapp =)

2 2

T R, —RL;
X YLj”LJ-(HPj‘]j’ O)d)(nbl)(lelmR‘, Z—qz—‘frim'i) . (18)

To apply these multichannel Faddeev equations to the “Be system, we have
two spinless particles with internal states for each, and one structureless particle
with spin 1/2. For definiteness, we label the neutron as particle 1 and the two
e particles as particle 2 and 3 respectively. We shall denote the internal struc-
ture quantum numbers of particles 2 and 3 by 7; so that 7:=73=7 and 71=0.
The total internal structure quantum number of the subsystem®?® js denoted by
R. Similarly, for the spin quantum numbers we have $;=S and S:=S:=0. Then
if we make use of the relations of 3--j, 6-j and 9-j symbols, equation (6)
becomes :

47372 07149 My U(L:;, Uij, p3)

>[4, 14]

«;ijBijPiq; *mr

x[(27+1) (27;+1) (25;+1)]' % 2 L+1) 1[5 (s, 0,5, L, L, T)]

I{]{J):

Xi, (s,1i i, L,,QE])]ZZ (lj Lj -+ >(li b - >

ng MO ML, —np Iy L, —nL,
XY (000t (S 12 Y0 0y, ) Vi (0,0,,0), (19)
where we have defined
i m]:{iﬁ”f(p,p,-,z—qz)‘ i_f i=1
’ (—1)m=(2R+1)th14(p, pi,2— G —¢€rm,)  ifi=2,3 (20)
and
- {; ij o]g} if i=1
[5,(s,0.4,L, 2, ])]= vty oy (5 b o
(-1) 2T {Lljog} if i=2,3. (21)

The angular momentum states involved in this problem are much com-
plicated than the case of °Li and "*C. The different angular momentum states
can be obtained as follows. The total angular momentum and parity for
the ground state of °Bez is /*=3/2-, and for the excited states, we consider
J=1/2* only. For the two-body interactions, we include S and P waves for
n-6 and S and D waves for «-« interaction. Under this consideration, the
angular momentum states involved for 3/2- and 1/2* states of *Be are listed in
Table 1 and 2.
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Table . Angular momentum states involved in the calculation of
the 3/2~ state of Be®

subsystem 1 L J 3 7 I
1 nea o | 1 1 1/2 3/2-
1 ‘ 0 0 3/2 3/2-
T2 2 1/2 3/2-
1 2 2 3/2 3/2-
2 e o | 1 3/2 0 3/2-
2 1 1/2 2 3/z-
2 1 3/2 2 3/2-
2 | 3 5/2 2 3/E-
2 3 3/2 2 3/2-

Table 2. Angular momentum states involved in the calculation of
the 1/2+ state of Be®

subsystem 1 l L ‘ J i b ‘ J:
1 ~‘ i _
1 n-a 0 0 0 1/2 1/2+
1 1 1 1/2 1/2%
1 1 1 ;o 3/2 1/2+
2 aa 0 0 1/2 0 1/27+
2 l 2 3/2 2 1/2+
2 l 2 5/2 2 1/2+

I1l. TWO-BODY POTENTIALS

To obtain the z-« potential for our purpose, we have to make a multichannel
analysis of the two-body scattering problem. Since the « particle is assumed to
be a two-state particle, the Schrédinger equation (or the n-al system can be
written as

["’Zi Vit H(rm) + Vi, m) V(o7 m) =EV(p,7,m:), (22)
¥
where the internal energy operator H has the form
Horm) =( ), (23)
0 €4

and the potential energy operator V is given by

'Vilp) Ve(ﬁ)) ne vi(p)  valp)
) = =" (24)
Vie,7,m;) (Vg(p) Valo) 2u (\/,(P) v2(p)
If we now write the total wave function as
¥, r,m) =52 P (cos a)(””(”)>, (25)
T o 21 (0)
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the for incident energies below the « excitation energy, the Schrédinger equation
(22) reduces to two coupled equations

L”y+[kﬁ-— L+ —vl]uu—vaug,:o, (26a)

dp‘ ,02

d’us __l:kz_‘_, l(l+1_)_—v2]u2,—vgzt11=0. (26b)
do? 0*

where we have taken ¢, =0 for convenience and defined % by

——k2=k§—- 2” €1, (27)

7’;2
The wave functions are required to satisfy the boundary conditions
%1 (0) = (0)=0
and behave asymptotically like

wy —> 1" sin (ko,f)"‘ 12” >+i’a, i koo =lxID) (28a)
Usy—> B ™%, (28b)

The equations (26) for square well can ba solved analytically in the resonance
approximation. The differential cross section for elastic scattering is given by

do _ < 2+1 |2 29
0 Z i?o w,P;(cosﬁ)‘ , (29)

where

a{lz._;‘_.(eZi?],_l)_eZir/,__~7il/2F1 (30)
z

E-E, + 1/2iF1
The first term in eq. (30) is due to the direct channel and the second term
represents the coupled-channel contributions which is responsible for the resonance
at E. with width I';. The n-« scattering differential cross sections are fitted by
an I-dependent potential as shown in the figures 1-5. Two sets of parameters
that fit the data equally well are obtained and are listed in Table 3. We have
also used the same method to obtain the «e potential and two sets of parameters
are thus obtained as listed in the Table 4.

Fig. I. Ep=1.4 Mev
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Angular distribution in the C. M. system of neutrons scattered by helium at
neutron bombardment energy of 1.4 MeV, The solid curve shows the distribution
calculated from Eq.(29). The solid triangle represents the experimental data.
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FIG. [I. En=1.7 Mev
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Angular distribution in the C. M. system of neutrons scattered by helium at
neutron bombardment energy of 1.7 MeV. The solid curve shows the distribution
calculated from Eq. (29). The solid triangle represents the experimental data.

EIG. 111. Ep =2.0 Mev
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Angular distribution in the C. M. system of neutrons scattered by helium at
neutron bombardment energy of 2.0 MeV, The solid curve shows the distribution
calculated from Eqg. (29). The solid triangle represents the experimental data,

FIG.1V. E,-2.4 Mev
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Angular distribution in the C. hl. system of neutrons scattered by helium at
neutron bombardment energy of 2.4 MeV. The solid curve shows the distribution
calculated from Eq. (29). The solid triangle represents the experimental data.
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n-a total cross section as a function of neutron bombardment energy (MeV). The solid
curve shows the distribution calculated, The solid triangle represents the experimental data.

Table 3. The n-« interaction potential matrix elements

v Vi V3]
"‘““[ Vs Va

1 bV (MeV) V. (MeV) Ve (MeV) r (fm)
Set | 0 \ 46.815 31.14 0.205 3.5305
| 21.507 46.364 0.325 3.4936
58,092 34.0 4.358 3.19
Set 11 !
21.332 19.082 ! 0.95 3.025
Table 4. The a-« interaction potential matrix elements
Vi V. Ve
Vd—a=[V5 Vz V7
Vs Vv V3
1
[ 1171 (MeV)  V, (MeV) ! Vy (MeV) Vi (MeV) , Vg (MeV) | V, (MeV) + 7 (fm)
I I . _
0 ~ 23.3 23.32 24.5 8.18 0.5 2.52 4.809
2 24.9 295 29.41 4.98 10.2 115 4.64

IV. RESULTS AND DISCUSSION

As has been mentioned above, we have obtained two sets of parameters for
the n-a potential and the «-« potentical which fit the two-body scattering data
equally well. For the °Benucleus. we limited the calculations to the energies of
the lowest 3/2- and 1/2+ states with the set | n-a potential and set | a-a! potential.
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We find -3.60 MeV and -1.16 MeV for the 3/2- state and 1/2* state of °Re
repsectively. The coulomb correction for (naa) system is 1.84 MeV, after this
correction we obtain -1.76 MeV for the ground state energy of °Be and 0.68 MeV
for the excited 1/2+ state. The corresponding experimental values are -1.57 MeV
and 0.18 MeV. The only existing work that we are awere of has been made by
Grubman and Witten who obtained -1.22 MeV for the ground state from a
single-channel calculation. The comparation is given in Table 4.

Table 5. Binding energies of 3/2- and 1/2+ states of Be®

ground state* | Excited state*

. . . . i
Authors n-a interaction ‘ a-g interaction | (3/2)= (MeV) 1 (1/2)* (MeV)
1
Grubman- Yukawa form for S-wave Darriulat potential \ -1.22 \
Witten Y ukau-atexponential for
P-wave [

Present work
Solution | S+P-nave square well ES+D-wave square well -1.76 0.68

Experimental -157 0.18

* Actual binding energies (has been corrected by the Coulomb repulsion energy 1.84 MeV)

It should be of interest to investigate the importance of the effect due to
the « internal states on the three-body binding energy. We have used a per-
turbation method for this purpose. Since the alpha particle excitation energy
is large compared with the three-body binding energy, it is certainly much larger
than the internal structure correction to the three-body binding energy. There-
fore, we can treat the contribution due to the internal structure of @ particle as
a perturbation. It is shown that a simple calculation yields roughly 15% for
*Be. We have also performed a numerical calculation for the ground state energy
of *Be by setting all the V, except V; to zero in the n-a and as-a: potentials.
We find that the binding energy of °Be is reduced by about 18%. However, it
should be emphasized that this does not mean that the single channel square
well n-a! and «-« potentials will produce the same result since V; al so does not
fit the scattering data any more.

Therefore we conclude that as far as the bound state energies are concerned.
the three-body model seems to be adequate to describe the nuclei °Li.°Be and
2C provided that the internal states of the « particle are properly taken into
account.




