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A linear analysis of the Ex B instability in cylindrical coordinates in a
weakly ionized plasma is studied. It is shown that the qualitative feature of
instability is in agreement with SimonTs result of slab model. The system is
unstable n-hen the sign of the product of the electric field and the density
gradient is positive and the applied potential is large enough. It is also shown
that the oscillation frequencies of the excited modes fit Saito¥s experimental
results very well in the quantitative feature.

I. INTRODUCTION

THERE are a number of low-frequ.ency electrostatic instabilities existed’jn a

weakly ionized plasma. Among these is one called the “E x B instability ¥, or
T crossed field instability - This instability, first derived by Simon™, and Hoh®
independently, occurs in the presence of a density gradient and a parallel electric
field, both perpendicular to a magnetic field. The mechanism of the instability
is due to different drift velocities of the ions and electrons in crossed electric
and magnetic fields when finite resistivity is included. The theoretical calculation
of Siomn® shows that if the product of the applied electric field E; times the
density gradient is positive, and if E, exceeds a critical value, collisional damping
is overcome and a flute-like instability occurs.

Experimental demonstration of this instability was treated by Saito et al.®®.
The experiments are carried ou.t using a hot cathode discharge tube with a
coaxial electrode confriguration in a weak magnetic field perpendicular to a
radial electric field. The plasma used is a dark plasma of the anode glow mode.
As the magnetic field is increased and exceeds a certain critical valuve, the
excitation of low-frequency oscillations propagating in the direction of Eox B
is found. The theoretical results of Simon® and Saito et al.®> might explain
the experimental data. However, as the theoretical results are derived using the
slab geometry, some approximations for the numerical substitution have to be
made; And since the slab model is not quite in agreement with the anode glow
discharge tube, the theoretical results can not fit the experimental data well,.
Therefore, a calculation for the realistic cylindrical geometry is necessary.

In this paper, we accept Simon TS theoretical arguments(€) in general except
(1) A. Simon, Phys Fluids 6, 382 (1963).

(2) F. C. Hoh, Phys. Fluids 6. 1184 (1963).
( 3) S. Saito, N. Sato, Y. Hatta, J. Phys. Soc. of Japan 21, 2655 (1966).
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for the alteration of slab geometry to cylindrical geometry with coaxial electrode
boundaries. However, we shall see below that this alteration will present some
difficulties in finding the equilibrium density distribution, i.e., the equilibrium
solution of cylindrical model is not so simple as in slab model. To find the
undetermined constants for steady state plasma density distribution, a comparison
with the realistic experimental condition for the boundary conditions has to be
made. Our final results, can check Simon TS resultsT T in qualitative feature. and
mainly emphasize on the improvement of the quantitative feature compared
with the experimental results.

Il. BASIC EQUATIONS AND EQUILIBRIUM SOLUTION

Consider a weakly ionized plasma with no recombination or ionization in the
plasma region itself in a magnetic field in axial direction, the basic equations
are continuity equation and equation of motion for each species™:

,aAn:‘_i—V.F::(L (1)
ot

gi-(mfl*‘:) +V(n=KT=)Fq*(n=E+T*xXB)=—v=m*I'", (2)

where the superscripts = represent for ions and electrons respectively. Egs. (2),
ignoring the inertia, lead at once to the usual transport equations as follows:
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where n is the number density, 1T the averaged flow density, E the electric field.
The positive quantities D and « represent the usual diffusion and mobility coef-
ficients, where D, and #, are the same quantities devided by [1+(27)%], where
£ is the cyclotron frequency and - is the mean time for collision with the
background gas. We make the usual assumption of quasineutrality (n*=n-=n)
as well as electrostatic nature of the electric field. The complete equation of
motion for each species is obtained by substitution of Egs. (3) in the Eq. (1).
We find

o 1 6,[ _pEOn = (- ( =1 on o =g )‘]
of | 7 87‘,7’{ Ty SHInE T (20) (DL - T uinky ) §
r a0 r 00 or
B . on :
+ 9 [ _p=on tnE,]zO. 4
az[ 0z # (4)

(4) H. Haskell, TPlasma DynamicsT; (The Macmillan Company, 1865), P. 244, 248-252, 265.
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The equilibrium state is specified as having a density variation #.(7) which
varies only as vand an electric field Eq(») in the r-direction. Eq. (4) then
reduces to

+ dzn \ -+ d(n Eo) 1 + dno +
—-D"—A—O—J" T “0=0) - DFEEY 4= =0, 5
2 P23 / o M 0L20 ( )

Note the Eq. (5) represents two equations actually. By eliminating the second
and fouth terms between Egs. (5), it yields
dzno 1 dno

e =0.
dr? ry dr

The general solution of this equation is
no=C111’17'+crz, (6)

where C; and C. are constants to be determined by the boundary conditions. We
utilize the model used by Johnson and Webster® in determining the plasma
density distribution in the anode glow mode. The geometry and coordinate system
is shown in Fig. 1.

N
=

g Y4

Fig. 1. Geometry and coordinate system used
for the analysis of plasma density dis-
tribution.

We have assumed that the density distribution is function of vonly, i. e., assumed
a large value of L compared to that of b. This is equivalent to making the
diffusion losses of ions to the end plates negligible. An immediate consequence
of the first equation of Egs. (3) is

For xi<p7, it is obvious that Iy is negligible at any radius v. Ifr.,is the
electron flow density at the anode surface (r=»%), and is introduced by the
relation

_hTe

’ Y

Then Es. (7) yields

I (7)

(5) E. 0. Johnson, W.M, Webster, RCA Reviews, 82, (1955)
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C,= _bl'es /JE
Da My

?

where D, is the usual ambipolar diffusion coefficient. As to the second boumdary
condition, if #, is the plasma density at the edge of the anode sheath, and is
defined by the kinetic theory relation

1 —~
Z"bcezfeb,
then leads to

Co=ny+ 2L 8L |np, (8)
ML

Here, C, is the mean thermal velocity of the plasma electron. Thus the steady
state plasma density distribution is

_ Co b pi b
no(r)—nb[1+ L D, = In r]'

On the other hand, by elimination of the first and third terms between Egs. (5),
we find

dmEy) , 1,5 g
dr

Hence E,=C;/n.», where Cs; is a constant which can be determined by the
requirement that

beodr:_V07
where Vs is the applied electric potential. This leads at once to the result
Eyr) =——— Vil ! (9)

rin [12o(b)/no(a)] mo(7)
The steady state is thus specified by Egs. (8) and (9).

I1l. LINEAR ANALYSIS

We now make small perturbation about the steady state solution described
above, i. e, let
n=ny,+n,
E= Ey—Ve¢,.

Here. n;, and ¢, are the perturbed density and electrostatic potential respectively.
Then the linearized form of Eqg. (4) becomes

oy 1 70**[7’(—01: M b o, By F uiimy 054 )]
or or

ot r O0r
1 0 -1 om — o+ 1 6901] 6[ Lomy — . 6@1]
1 o _pel omo 1 0011, O _pe0fig )y 090
o, aa[ o0 My 50 17T oz 9z "oz
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Since the steady state is function of » only, we can apply normal mode analysis
at once to the perturbed quantities, i.e., we can Fourier analyze with respect to
6, z, and £, If the perturbation is of form

ny=n,(7) exp (—iwt +imb +ikz),

¢1=0¢,(r) exp (—iwt+imb +ikz),
Then Es. (10) becomes

2
[—io+ D 2t Dok i (on) P By i3 L Eor i S0
7 7 7 dr
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. ~m dn — n ang \ doy . d’¢
i(Q7) oot —0] i( —"r+”--9»>—fl—+ﬁ—‘ £1.=.
(Ge)-rz roar T T S T ar* 0 (11)

The equations above constitute two sets of coupled differential equations in the
unknowns #z.(#) and ¢;(r). They are to be solved subject to the boundary
conditions

e1(a) =¢,(d) =0
and (12)
7 (@) =».(b) =0.
Egs. (11) have nonconstant coefficients and are thus rather difficult to solve
exactly. Instead, we shall use the method of Galerkin‘®, and take sin zx/d,
where x=7—a and d=b-a, as the first term in an expansion of #, and ¢, in

sine approximation to the correct eigenfunction. Therefore, the simple trial
function for #z, and ¢, which satisfy the boundary conditions are of the form

nl(r):ﬁl sin ﬁx/d,

¢:(r)=¢, sin =z/d, (13)

where the coefficients on the right-hand side are complex constants. We then
substitute Egs. (13) in Eqgs. (11), multiply from the left by sin m/d and integrate
over the radial coordinate. The result is set of a coupled algebraic equations

for #, and ¢,. The resulting algebraic equations are

[—iw +2DTm* + D=k —i (27) o uTm (Eo) 1Tu (Eo)l

(L) 2 (Eo) ¥ + D3| |t

[ixﬁmz (70) 2 =2 () —i (27) i/ﬁm< e )
dr 1

J— +: — :/dzrl sl T VB —,, —
"f'/lI(nO)I'T_/l_L\ d7’0>iﬂ1_<717) (no):l%-—(), (14)

where

(6) L. V. Kantorovich and V.l. Krylov, “Approximate Methods of Higher AnalysisT; (Intersciences Publi-
shers, Inc., New York, 1958, p. 258.
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Hence Eqgs. (14) become
[—tow+ X .‘*_‘/,c“fF—-i(-Qr):/lfm(Eo) 1] ny+

[i (720) Yt'zlufG-—i(Qr):m<dn°> ]Eolzo.
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(15)

In order that we have a nontrivial solution for 7, and ¢, of Eqs. (15), we demand

that the determinant of the coefficients must be zero. Hence

[—io+ X+ pEF—i(27) + pim (Ey) 17[— (770) Y- —u7G—

i(.Qr)_uIm<‘Zl—r°> ]—[—im+X_—uzF—i(9r)_uzm(Eo)Jx

[(Zo) Y+ utG—i(2r) +‘aim<%> 1]:0_

Solving for iw, we obtain

o ATImO
r+imy’
where
A== (1) (X Y-+ X-Y+) — (10) F* (i = — T )
—G( X+ p1+X-nt),

(16)
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Solving for the real and imaginary parts for « from Eg. (17), we obtain
_m(Ay—6y)
z +m2 1,2
0¥ =‘A‘I;+mz&éf : (18)
XEmy

So now we have obtained the oscillating frequency «r and the growth or damping
rate characterized by w; for each excited mode. The condition for stability is
thus determined by «;, however, a general treatment of Eq. (18) is quite difficult.

In next section, some special cases shall be considered, and a number of con-
clusions may be reached.

IV. SOME CRITERIA FOR INSTABILITY
Before our discussions, letTS first evaluate the following terms. Since

no n? 7[.0 2 4 dny fﬁ{ s L,
mf fdr d.b( d>smdd”c

. 2. ("n d
dJv r dz

<sm ﬂ'?—) sin " dz
d d

upon the integration by parts on the second and third integrands, the above
reduces to

f < 2 nO 1 ii%._ +~1_,,];, %‘_—_.1__ _’_?,A)S]nzﬂd"
rz 2 drt 2 r dr 2 7

—_——z’-(m2— ;)/{; 7:2 sin® :isd.c

/

hence ¢G>0, where we note that the combination of the second. and third terms
vanishes. And since

=2 f Eo gine "’“daH— “@Ey ine 7T gy
dJo dr d
%f Eo—~ sm—j-)sm ;“d.r
——f +-L —EZEO)sn” ¥ dz
dr da

By the substitution of E,=C;/n., where the sign of C; depends on the sign of
the applied potential Vv, i. e, C, is positive (negative) when the electric field
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is directing from the center (outer) to the outer (center), we obtain
Cs /4 1 any/dr ., X
= <‘—— sin® —-dw.
d /o Ye nr ) d

It is obvious that the second term inside the bracket is positive definite because
of dn,/dr<0, sO the sign of F is cooreponding to the sign of the sign of C;, or
V.. We shall consider some special cases depending on the nature of the density
variation and the applied potential.

(A) No Applied Potential
In this case V,=0, SO that F:O,(ﬁ))zo, the numerator of ®;reduces to

—[(70) (X+Y-+X-Y,) +G(XerT+X-rD)1[(7)(Y=+ Y-) +G(ut+nT)]

2 dA’O ‘ - + - +
—m (dir“)[m:)-u;—m:)m [(2¢)-pIXs—(22) ntX ], (19)

The first term is negative definite. As to the second term, SimonT) discussed
the quantities inside the bracket by taking the limit of large and weak fields,
and considering the upper bound of this term compared with the first term, he
concluded that Eqg. (19) is always negative. In fact, as it is evidented from the
numerical values by the substitution of the experimental data, the second term
is still negative. Hence the system is stable.

(B) Reversed Field Necessity

We now return to the general result of Eq. (18), the numerator of «; takes
the form

() (X Y-+ X-Y.) + () FR (= — pip™) + G(XopI + X-nt)]x

[(10) (X + ¥) + Gluat )1+ 2 (o) (D00 [(25) i~ (0) eit] %

7 /1

[(0) §(Q0) st Y-+ (20) - pT Yol +Gutnii (22)+ +(27) 1]

!

"m< N \ [(QT)—ﬂL—(‘QT)JWUL][(HQT)—#J_X-‘-
ar /y
—(Rc) syt X+ Frtpl§(L27)+ +(27) -] (20)
Make use of the following inequalities
uipu”>uint,
(2¢) -pn1>(27) + 21,
(27) -7 X > (27) rpt X,

it is obvious that the first and third terms of Eq. (20) are negative definite if
F>0. For the case F>0, it means that the applied electric field is directing
outward from the center, i.e., Edn,/dr<0, and hence the second term is also
negative. Hence the system is stable for E.dn,/dr<0. On the other hand, if
Eodn,/dr>0, i. e., the electric field is directing inward to the center, then F<O0.
Hence there are the following terms. which constribute positive to «; and are
thus of destabilizing in character:



52 LINEAR THEORY OF THE E x B INSTABILITY

o~

— (o) Fl? (utp — 3% ) [ (1) (Yo + Y=) + Guf + uT)
dne
dr

o (Eo) (200 [(27) -7 = (22) i) [mo) 1 (£5) il ¥~

4 (20) o uT Yol + Gutus! (20) <+ (97)_}]—m<%>2Fx
1

pEaTi(27) =+ (20) - {[(21) —pT— (27) 4 u1].

Equating the about destabilizing terms and the remaining stabilizing terms in
Eg. (20), we can then obtain the critical potential. Therefore, we conclude that
the necessary condition for instability is Eod#n,/dr>0.

The necessity for instability could be understood by considering the physical
picture as shown in Fig. 2. An applied electric field E,, directing toward the
center, causes the particles drifting in the E;x B direction (O-direction). In a
weakly ionized plasma, collisions between the charged particles and the back-
ground neutral particles cause the ions and electrons drifting in different speed.
The electrons drift more rapidly than the ions do, and then the charge separation
produces an induced electric field ET in the B-direction. Subsequently, there
produces a drift resulting from ET x B in the r-direction, which is antiparallel
to the direction of the density gradient vz, and thus the density distribution
is destroyed, the system is unstable.

o%

/
L d/
Q.
£'%x 8
Vp==—==

82

Fig. 2. Instability mechanism.

V. COMPARISON WITH EXPERIMENTS

We shall now check the oscillation frequencies of the excited modes in com-
parison with Saito TS experiments®. The configuration of the test tube used is
shown in Fig. 3.

Anoce

Grid ~—]

Ox/' e
O Cathode

Ly

Frobe —F === ——-

M/"caP/ﬂ%e/;“*‘/f———J

Fig 3. Structure of the test tube.
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If the test gas isArgon. and the dimension of electrods (cm) are as follows:
a=0.35, b=6.0, =15, ¢=50, and A=5.0. A space between the anode and the
floating grid is occupied by an anode glow, and that between the grid and the
cathode by a dark plasma in which four Longuir probes are placed for detecting
electron temperature, plasma density, and sigals of oscillations. The results are
shown in Fig. 4, and Fig. 5.

4x/07 6x/0?
/\“\_ -
3k ————- AN 45
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! N ~—_————
S >< T —_— _— ;\(
27 o ~N J4+ <
N N
T {3
!
0 5 /0 /5 20 2
B (Fowss)

Fig. 4. Electron density and temperature as a function of magnetic
field intensity. Discharge current: 20 mA,

In the calculation below, the following numerical values are used: m./m-
=14 x107°.T- =4.000°K, T =300°K, v-=9.2% 10" sec, v+ =2.8 X 10°* sec. Remember
that we need the numerical vaules of #, in Eq. (8) and V, in Eq. (9) to fulfill
our calculation. The 7z, can be determined simply by numerical substitution.
And V, will be determined by the following simple approximate formula —V,
= (I/As)d, where I is the discharge current, A is the area of the tube, and o is
the coefficient of electrical conductivity which is defined by o=n.e’/m_v_.. We
then substitute all the required numerical values in Eqg. (18) to find the oscillating
frequency og. The detail calculation is referred to Ref. (7). Now, we summarize
our result in Fig. 5.

T T | ! 1
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X—% Ex;plef/}ﬂe/n/c/ Value
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3]~ e Caleulated Yalue ( Seribols) |
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~ /
s’uv r : |
R !
* 1
g i
’ |
R : !
/' x—x 8 ! .
\ ‘ !
i i
i |
' i 1
docd L) L i IR
3 Ex

A3 (Foerss)

Fig. 5. Frequency as a function of magnetic field intensity
under constant discharge current.

(7)C. S Ma M. S. thesis, Dept. of Mech. Engineering, National Cheng Kung University (1574).
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It is shown that our theoretical results fit the experimental results much
better than SaitoTS do. The reason is clear since our consideration of more
realistic model and calculation is more compatible to the existing physical ex-
periment. We would also like to point here the rightness of our assumption of
negligible inertia. In Eqgs. (2), the ratio of the inertia terms and the collision
terms are in the order of O(w/v=+), it is readily seen that they are in the order
of O(107®) for the ions and of O(10-*) for the electrons, which are negligibly
small. Hence the assumption of small inertia is verified.



