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Linear Theory of the Ex B Instability
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A linear analysis of the Ex B instability in cyiindrical  coordinates in a
weakly ionized plasma is studied. It is shown that the qualitative feature of
instability is in agreement with Simonís  result of slab model. The system is
unstable n-hen the sign of the product of the electric field and the densit!
gradient is positive and the applied potential is large enough. It is also shown
that the oscillation frequencies of the excited modes fit Saitoís  experimental
results very well in the quantitative feature.
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I. INTRODUCTION

lr
HERE are a number of low-frequ.ency electrostatic instabilities existed in a
weakly ionized plasma. Among these is one called the ìEx  B instabilityî, or

ìcrossed field instabilityî. This instability, first derived by Simon(lj, and Hohîí

independently, occurs in the presence of a density gradient and a parallel electric
field, both perpendicu.lar  to a magnetic field. The mechanism of the instability
is dve to different drift velocities of the ions and electrons in crossed electric
and magnetic fields when finite resistivity is included. The theoretical calctrlation
of Siomnîí  shows that if the product of the applied electric field Z& times the
density gradient is positive, and if 2% exceeds a critical valu.e,  collisional damping
is overcome and a flute-like instability occurs.

Experimental demonstration of this instability was treated by Saito et al."'.
The experiments are carried ou.t u.sing a hot cathode discharge tube with a
coaxial electrode confriguration  in a weak magnetic field perpendicu.lar  to a
radial electric field. The plasma used is a dark plasma of the anode glow mode.
As the magnetic field is increased and exceeds a certain critical valu.e, the
excitation of low-frequency oscillations propagating in the direction of EO x B
is found. The theoretical results of Simoncl)  and Saito et cd.@' might explain
the experimental data. However, as the theoretical results are derived using the
slab geometry, some approximations for the numerical su.bstitu.tion  have to be
made; And since the slab model is not qu.ite in agreement with the anode glow
discharge tu.be,  the theoretical results can not fit the experimental data well,.
Therefore, a calcu.lation  for the realistic cylindrical geometry is necessary.

In this paper, we accept Simonís theoretical arguments(ë) in general except
( 1 ) A. Simon, Iíhys  Fluids 6, 382 (1963).
( 2 ) F. C. Hoh, Phys. Fluids 6. 118s (1963).
{ 3) S. Saito, N. Sato, Y. Hatta, J. Phys. Sot. of Japan 21, 2655 (1966) .
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for the alteration of slab geometry to cylindrical geometry with coaxial electrode
boundaries. However, we shall see below that this alteration will present some
difficulties in finding the equilibrium density distribution, i.e., the equi1ibriu.m
solution of cylindrical model is not so simple as in slab model. To find the
undetermined constants for steady state plasma density distribu.tion,  a comparison
with the realistic experimental condition for the boundary conditions has to be
made. Cur final results, can check Simonís resultsîí in qualitative feature. and
mainly emphasize on
with the experimental

the improvement of the quantitative feature compared
results.

II. BASIC EQUATIONS AND EQUILIBRIUM SOLUTION

Consider a weakly ionized plasma with no recombination or ionization in the
plasma region itself in a magnetic field in axial direction, the basic equations
are continuity equation and equation of motion for each species(4)  :

(2)

where the superscripts i represent for ions and electrons respectively. Eqs. (21,
ignoring the inertia, lead at once to the usual transport equations as follows:

where n is the number density, Ií the averaged flow density, E the electric field.
The positive quantities D and P represent the usual diffusion and mobility coef-
ficients, where D, and icr,_ are the same quantities devided by [l + (Jzr)z],  where
Jz is the cyclotron frequency and 7 is the mean time for collision with the
background gas. We make the usual assumption of quasineutrality (n+=n-en)
as well as electrostatic nature of the electric field. The complete equation of
motion for each species is obtained by substitution of Eqs. (3) in the Eq. (1).
We find

cd.1

( 4 ) H. Haskell, ìPlasma Dynamicsî; (The Macmillan Company, 1965),  P. 244, 248-252, 265.
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The equilibrium state is specified as having a density variation TZO(~)  which
varies only as Y and an electric field Eo(r)  in the r-direction. Eq. (4) then
reduces to

(5)

Note the Eq. (5) represents -two  equ.ations  actually. By eliminating the second
and fouth terms between Eqs. (5), it yields

_$+_+_  -;!$_o.

The general solution of this equation is

no=C1 In r+G, (6)

where C1 and CZ are constants to be determined by the boundary conditions. We
utilize the model used by Johnson and Websterî)  in determining the plasma
density distribution in the anode glow mode. The geomet ry and coordinate system
is shown in Fig. 1.

Fig. 1. Geometry and coordinate system used
for the analysis of plasma density dis-
tribution.

We have assumed that the density distribution is function of Y only, i. e., assumed
a large value of L compared to that of b . This is equivalent to making the
diffu.sion losses of ions to the end plates negligible. An immediate consequence
of the first equ.ation  of Eqs. (3) is

For D:<~u;, it is obvious that r: is negligible at any radius Y. If reb iS the
electron flow density at the anode surface (Y=b), and is introduced by the
relation

r brebr--
Y .

Then Es. (7) yields
( 5 ) E. 0. Johnson, W. h4. míebster,  RCA Reviews, S2, ( 1 9 5 5 )

(7)

b-, .._,  -._ I _,. _.
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where D, is the usual ambipolar diffusion coefficient. As to the second boumdary
condition, if nb is the plasma density at the edge of the anode sheath, and is
defined by the kinetic theory relation

+nbce=  reb,

then leads to

C2=nbf breb@; Inb.
flu;

._

(8)

Here, C, is the mean thermal velocity of the plasma electron. Thus the steady
state plasma density distribution is

On the other hand, by elimination of the first and third terms between Eqs. (5),
we find

~~- + 2-noEo  = 0.dhEo)
dr 7

Hence Eo=C3/rzo~, where C3 is a constant which can be determined by the
requirement that

_I” ëEodr=  - vo,
a

where V. is the applied electric potential. This leads at once to the result

E,(Y)  = - VOG 1
rln [no(b)/no(a)l  no(r) .

(9)

The steady state is thus specified by Eqs. (8) and (9).

III. LINEAR ANALYSIS

We now make small perturbation about the steady state solution described
above, i. e., let

n=no+nl,

E= Eo-Vyl.
Here. n, and ql are the perttubed  density and electrostatic potential respectively.
Then the linearized form of Eq. (4) becomes
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Since the steady state is function of Y only, we can apply normal mode analysis
at once to the perturbed quantities, i.e., we can Fourier analyze with respect to
8, z, and z!. If the perturbation is of form

nl=nl(r) exp (--iot+imO+ikz),
91=$+(r) exp (--iwt+imB+ikz),

Then Es. (10) becomes

The equations above constitute two sets of coupled differential equations in the
unknowns n,(r) and 91(r). They are to be solved subject to the boundary
conditions

and
91(Q) =9(b) =o

(12)
721 (a) =n, (b) =o.

Eqs. (11) have nonconstant coefficients and are thus rather difficult to solve
exactly. Instead, we shall use the method of Galerkinîë,  and take sin xx/d,
where x=r--a  and d=b-a, as the first term in an expansion of n1 and pl in
sine approximation to the correct eigenfunction. Therefore, the simple trial
function for n, and pl which satisfy the boundary conditions are of the form

nl (Y) =& sin nx/d,

pl (Y) =G1  sin xx/d,
(13)

where the coefficients on the right-hand side are complex constants. We then
substitute Eqs. (13) in Eqs. (ll), multiply from the left by sin m/d and integrate
over the radial coordinate. The result is set of a coupled algebraic equations
for n1 and G1. The resulting algebraic equations are

--io + 2D+z2]+ Díkí--i  (Q,) +,&z (&) 1 I /A (z,,, I

(14)

where
(6 ) L. V. Kantorovich and V.I. Krylov, ìdpfvorimate  Methods of Higher Analysisî;  (Intersciences Iíubli-

shers, Inc., New York ,  1958). p. 258.





50 LINEAR THEORY OF THE HxB  INSTABILITY’

Q= (a&) 1[ (iii) { (Qr)  c~r;Y- + (2;)  -,u;Y+.  I+ G,u;,uy  x

i (QT),+  (QT)- j]-(-@J-) [(~?)-~L;X~-(~i).i.~I~X.
1

+FLI;/l;I  (Qr)-+ (Qr)-l!,

x=(~)(YL+Y-)+G(/l;+/*;):

I+= 7; [ (Qr)  -flu;-  (Qr),./*-y.( ) 1

Solving for the real and imaginary parts for o from Eq. (17))  we obtain

wR = m(fw-Qx)
,y2+m2+2  ’

So now we have obtained the oscillating frequency WR and the growth or damping
rate characterized by 01 for each excited mode. The condition for stability is
thus determined by 01, however, a general treatment of Eq. (18) is quite difficult.
In next section, some special cases shall be considered, and a number of con-
clusions may be reached.

IV. SOME CRITERIA FOR INSTA.BILITY

Before our discussions, letís first evaluate the following terms. Since

2- -
Jd 0

upon the integration by parts on the second and third integrands, the above
reduces to

hence G>O, where we note that the combination of the second. and
vanishes. And since

By the substitution of Eo=C3/nOY,  where the sign of CB depends on the sign of

third terms

the applied potential VO, i. e., CI is positive (negative) when the electric field

__
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is directing from the center (outer) to the outer (center), we obtain

FE-:_ -d L_Ji
ëno/d’ ’ sin2 ~ì~_d~.

0 no? ?a;?- i d

It is obvious that the second term insid.e the bracket is positive definite because
of dno/dr<O, so the sign of F is cooreponding to the sign of the sign of C3, or
Vo. We shall consider some special cases depending on the natu.re  of the density
variation and the applied potential.

(A) No Applied Potential
In this case V,=O, so that F=O, (Eo) =O, the numerator of WI redu.ces  to

-[(%o,  (X+Y-+X-Y,)  +G(X+/J?L;+X-,J;)]  [(iio)  (YT + Y-) +G(/L:+LJ;)]

-??? $0 y (Q,) _g;-- (L?;) T,l;] [ (Qr) -/!!IX; - (fir) +/Jcl;x-].
( 1

(19)

The first term is negative definite. As to the second term, Simonî) discu.ssed
the qu.antities  inside the bracket by taking the limit of large and weak fields,
and considering the u.pper  boumd  of this term compared with the first term, he
concluded that Eq. (19) is always negative. In fact, as it is evidented from the
numerical valu.es by the substitu.tion  of the experimental data, the second term
is still negative. Hence the system is stable.

(B) Reversed Field Necessity
We now retu.rn  to the general resu.lt  of Eq. (18), the numerator of (LíI  takes

the form

-[(%o) (X+Y-+X-Y+)  + (~o)Fk2(,&~--,~-y,u+)  +G(X+,u;+X-:L;)]x

[(n,) (Y++ Y-) +G(,i~i'+,u)]+m~(~o) c 1ë2’ [(Jk)-fiT-- (Qr)+.uL(;lx, 1

[(Go) [ (Qr)+/_tTY-+  (Qr)-p;Y+j  +G,uL(;p~j  (9:)-b+ (fir)-)]
,1

--m2~-’ dn”  \? [ (fir)  -fly-- (Qr)  Lp;] [(L??) _p~x.l_
\ d7 /I

- (Lb) +Lf ;x- +FflI/lyI (fir) -+

Make use of the following inequalities

flLL;fl->II;fl+,

t (J-Jr)-I]. (20)

(Or)  --/A;>  (Qr) +flLL;,

(Lh) -.DL;X+>(QT)  .,p(c;x-,

it is 0bviou.s  that the first and third
F>O. For the case F>O, it means

terms of Eq. (20)  are negative definite if
that the applied electric field is directing

ou.tward  from the center, i.e., Eodno/drtO,  and hence the second term is also
negative. Hence the system is stable for Eodno/drtO.  On the other hand, if
Eodno/dr>O, i. e., the electric field is directing inward to the center, then F<O.
Hence there are the following terms. which constribute positive to oz and are
thus of destabilizing in character:
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- (~o)~~z(~~~~--~~~+)[(~)  (Y++ Y-1 +G(pT+ouI)

Equating the about destabilizing terms and the remaining stabilizing terms in
Eq. (ZO),  we can then obtain the critical potential. Therefore, we conclude that
the necessary condition for instability is &&o/d~>O.

The necessity for instability could be understood by considering the physical
picture as shown in Fig. 2. An applied electric field Eo,  directing toward the
center, causes the particles drifting in the EO x B direction (O-direction). In a
weakly ionized plasma, collisions between the charged particles and the back-
ground neutral particles cause the ions and electrons drifting in different speed.
The electrons drift more rapidly than the ions do, and then the charge separation
produces an induced electric field Eí in the B-direction. Subsequently, there
produces a drift resulting from Eí X B in the r-direction, which is antiparallel
to the direction of the density gradient rVn 0, and thus the density distribution
is destroyed, the system is unstable.

Fig. 2. Instability mechanism.

V. COMPARISON WITH EXPERIMENTS

We shall now check the oscillation frequencies of the excited modes in com-
parison with Saitoís experiments@ë. The configuration of the test tube used is
shown in Fig. 3.

Fig 3. Structure of the test tube.
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If the test gas is Argon. and the dimension of electrods (cm) are as follows:
a=O.35,  b=6.0, g=1.5, c=5.0,  a n d  hy5.0. A space between the anode and the
floating grid is occupied by an anode glow, and that between the grid and the
cathode by a dark plasma in which four Longuir probes are placed for detecting
electron temperature, plasma density, and sigals of oscillations. The results are
shown in Fig. 4, and Fig. 5.
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Fig. 4. Electron density and temperature as a function of magnetic
field intensity. Discharge current: 20 m.4.

In the calculation below, the following numerical values are used: WZ+/WZ-
=1.4 x 1UM5.  T- =4,0OOîK,  T-. =300îK,  ~-=9.2x  lo7 set, V+ =2.8 x lo6 s e c . Remember
that we need the numerical vau.les of nb in Eq. (8) and Vo in Eq. (9) to fulfill
our calculation. The nb can be determined simply by numerical substitution.
And V, will be determined by the following simple approximate formula -V.
= (I/Ao)d, where 1 is the discharge current, A is the area of the tube, and 17 is
the coefficient of electrical conductivity which is defined by o=noe2/m-u-.  We
then substitute all the required numerical values in Eq. (18) to find the oscillating
frequency OR_ The detail calculation is referred to Ref. (7). Now, we summarize
our result in Fig. 5.

Fig .  5. Frequency as  a  func t ion  of  magnet ic  f ie ld  in tens i ty
under constant discharge current.

( 7 ) C. S. Ma, M. S. thesis, Dept. of Mech.  Engineering, National Cheng Kung University (1574).
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It is shown that our theoretical results fit the experimental results much
better than Saitoís do. The reason is clear since our consideration of more
realistic model and calculation is more compatible to the existing physical ex-
periment. We would also like to point here the rightness of our assumption of
negligible inertia. In Eqs. (Z), the ratio of the inertia terms and the collision
terms are in the order of O(O/Y+),  it is readily seen that they are in the order
of 0(10e3)  for the ions and of O(lO-ë)  for the electrons, which are negligibly
small. Hence the assumption of small inertia is verified.


