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The positron-impact ionization of U91+ is studied in the two-potential distorted-wave
approximation in QED theory. The eﬀects of the transverse-photon interactions between
charges as well as vacuum polarization are analyzed. QED eﬀects conspicuously enhance the
cross section at all incident energies.
PACS numbers: 34.80.Dp, 34.80.Uv

I. INTRODUCTION

Impact ionization processes of atoms and ions by charged particles are fundamental for
understanding the collision mechanisms and atomic structure. Knowledge of ionization cross
sections has wide applications for the understanding of physical phenomena in astrophysics,
plasma physics, and radiation physics. In particular, information on the ionization cross
sections of highly charged ions by charged particles is important in the study of hightemperature plasmas. However, the inherent diﬃculties are in obtaining extensive data on
the ionization cross sections of highly charged ions in both theory and experiment.
Electron-impact ionization cross sections for U91+ -U90+ were ﬁrst measured by Claytor et al. [1] at 222 keV electron energy in the heavy-ion channeling experiment. Electronimpact ionization cross sections for some intermediate- and high-Z hydrogenlike ions were
obtained by Marrs et al. [2, 3], O’Rourke et al. [4], and Watanabe et al. [5] in electronbeam ion trap (EBIT) experiments. Pindzola et al. [6] calculated the direct electronimpact-ionization cross sections for U91+ and U90+ in lowest-order quantum electrodynamics (QED), and Moores and Pindzola [7] evaluated the cross sections of electron-impact
ionization for hydrogenic ions with nuclear charge Z between 26 and 92 using a relativistic
distorted-wave method. Later, Pindzola et al. [8] calculated the electron-impact ionization for U91+ including exchange eﬀects. Eﬀects of the transverse-photon interaction were
investigated by Moores and Reed [9] in relativistic distorted-wave calculations for high-Z
hydrogenlike ions. The ionization cross sections of 1s for a variety of ions with one to
four bound electrons and nuclear charge Z in the range of 10 to 92 were studied by Fontes
et al. [10] within the relativistic distorted-wave approximation with the transverse-photon
interaction. For positron-impact ionization, on the other hand, only that for U90+ has been
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reported by Pindzola [11].
A complete relativistic kinematic formulation of the impact-ionization processes has
been presented by Huang [12], in which all dynamical parameters are given in terms of reduced matrix elements. By the two-potential distorted-wave method (TPDW), relativistic
cross sections of electron- and positron-impact ionizations of highly charged hydrogen- and
helium-like ions and the QED cross sections of electron-impact ionization for hydrogenlike
ions have been reported by Kuo and Huang [13] and Sun et al. [14]. In this work, we
shall calculate the QED cross section for the positron-impact ionization of U91+ , in which
exchange eﬀects are not present to complicate the matter. In Sec. II we will present the
general theory of positron-impact ionization in the two-potential distorted-wave approximation. The interaction Hamiltonians for the ionization processes and the transition matrix
elements in terms of radial integrals for hydrogen-like targets are given. Present numerical
results and discussions are provided in Sec. III, and a summary is made in Sec. IV.

II. THEORY

In the positron-impact ionization of hydrogen-like ions, we denote the linear momentum and total energy of the incident positron by (ki , Ei ). Before the collision, the target
ion is in its ground state with only one electron. After the collision, the ion is deprived of
its electron and becomes a bare nucleus. The scattered positron and ejected electron, are
described by (kp , Ep ) and (ke , Ee ), respectively.
By energy conservation, we have
Ei + Eb = Ep + Ee ,

(1)

where Eb is the binding energy of the electron in the target ion. In collision theory, we
obtain the single-diﬀerential cross section for hydrogen-like targets,
dσ
π3 ∑ 2
= 2
d .
dEe
ki α α

(2)

Here the summation is over all possible channels α ≡ (κi , κp , κe , j, J) with κi ≡ (ji , li ), etc.,
and the real amplitude dα is deﬁned as the reduced matrix element of the partial-wave
amplitude in channel α,
[ (
)] ⟨
⟩
dα exp (iδα ) = ili −(lp +ls ) exp i σκp + σκs × α− [Jα (jp js ) j] J ∥HI ∥ (jb ji ) J , (3)
where HI denotes symbolically the appropriate interaction operator, jb = 1/2, and the
coupling schemes adopted are indicated.
In our case, the unperturbed Hamiltonian Hi and the interaction potential Vi are
written as
(
) (
) Z
Hi = cα1 · p1 + c2 β1 + cα2 · p2 + c2 β2 − ,
r2

(4)
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(5)

where αi and βi are Dirac matrices, and Z is the nuclear charge of the ion. The indices 1
and 2 refer to, respectively, the incident positron and bound electron before the collision
as well as the scattered positron and ejected electron after the collision. Here V (r12 )
stands for potentials arising from electron-positron interactions in QED theory at various
levels of approximation, e.g., the Coulomb interaction, or the Coulomb interaction plus
the Breit interaction, etc. These interactions between charges are due to the exchange
of four types of photons, namely, one time-like photon, one longitudinal photon, and two
transverse photons. The exchange of a time-like photon and a longitudinal photon together
leads to the instantaneous Coulomb interaction. The transverse-photon interaction [15, 16]
is due to the exchange of two types of transverse photons and may be approximated in
the lowest order by the Breit interaction. In addition, processes involving the creation
of virtual electron-positron pairs by the photon ﬁelds produce the vacuum-polarization
potential between charges.
In collision theory, the transition matrix element may be written exactly in the prior
form as
⟨
⟩
(−)
Tf i = Ψf |Vi | Ψi ,
(6)
(−)

where Ψi is the eigenstate of Hi , and Ψf is the eigenstate of the total Hamiltonian H
with the incoming-wave boundary condition.
In the two-potential formulation, we separate the interaction potential Vi into the
distorting potential Ui and the residual potential Wi as
Vi = Ui + Wi .

(7)

Since in the initial state the incident positron is generally screened by the bound electron,
we may choose
Z
+ vi (r1 ) ,
r1

(8)

Wi = V (r12 ) − vi (r1 ) .

(9)

Ui =

Here the average potential vi (r1 ) is due to the wave function Φ0 (r2 ) of the bound electron
of the hydrogen-like target,
⟩
⟨
1
Φ0 (r2 ) .
(10)
vi (r1 ) = − Φ0 (r2 )
r12
The transition matrix element in the two-potential formulation assumes the form
⟨
⟩
(−)
(+)
Tf i = Ψf |Wi | ψi
,

(11)
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(+)

where ψi denotes the distorted wave function in the distorting potential Ui which can be
expressed as
(+)

ψi

(+)

= χi

(r1 ) Φ0 (r2 ) .

(12)
(+)

Here the distorted wave function χi (r1 ) for the incident positron with the outgoing-wave
boundary condition satisﬁes the equation
(
) (+)
cα1 · p1 + c2 β1 + Ui − Ei χi (r1 ) = 0.
(13)
(−)

As an approximation to the ﬁnal-state wave function Ψf , we choose the distorted ﬁnalstate wave function as
(−)

Ψf

(−)
≈ χ(−)
p (r1 ) χe (r2 ) ,

(−)

(−)

where χp (r1 ) and χe (r2 ) satisfy the following equations:
)
(
cα1 · p1 + c2 β1 + Up − Ep χ(−)
p (r1 ) = 0,
(

(14)

)
cα2 · p2 + c2 β2 + Ue − Ee χ(−)
e (r2 ) = 0.

(15)
(16)

Here the distorting potentials Up and Ue are for the positron and electron, respectively. We
choose the model in the present calculation such that the scattered positron is completely
screened by the ejected electron in the asymptotic region, while the ejected electron is
aﬀected only by the Coulomb potential of the nucleus. The distorting potentials Up and Ue
are given explicitly as
Up (r1 ) =

Z
+ vi (r1 ) ,
r1

Ue (r2 ) = −

Z
.
r2

(17)

(18)

By using a graphical method [17], we obtain an expression for the real transition matrix
elements dα of Eq. (3) in terms of 3n − j coeﬃcients and radial integrals. Numerical
calculations are then carried out for the transition matrix elements.
The electron-positron interaction between two-particle conﬁgurations in the jm
scheme has the general form [17]
∫
∫
3
⟨ab |V (r12 )| cd⟩ = d r1 d3 r2 u†a (1) u†b (2) V (r12 ) uc (1) ud (2) ,
(19)
where a, b, c, and d indicate generally diﬀerent Dirac orbitals with the form
(
)
1 Gnκ (r) Ωκm
unκm (r) =
.
r iFnκ (r) Ω−κm

(20)
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Here the radial functions Gnκ and Fnκ are the large and small components, respectively,
and Ωκm are normalized two-component Dirac spinors. Using the techniques of the vectorspherical-harmonics expansion, we reduce the matrix element of the electron-positron interaction to a linear combination of radial integrals, suitable for numerical computations [17]:
∑
⟨ab |V (r12 )| cd⟩ =
Gj (ab; cd) Xj (ab; cd) .
(21)
j

Here the coeﬃcient Gj (ab; cd) relates to angular-momentum couplings of the interacting
particles and is deﬁned in terms of 3-jm symbols as
)
)(
(
jb md mc −ma
ja
j
mc
.
(22)
Gj (ab; cd) =
j
mb jd
ma mc −ma jc
The expression Xj (ab; cd) is called the interaction strength with the general form
Xj (ab; cd) = Cj (ab; cd) Ij (ab; cd) ,

(23)
(

ja +jd

Cj (ab; cd) = (−)

[(2ja + 1) (2jb + 1) (2jc + 1) (2jd + 1)]

1/2

ja j jc
1
1
2 0 −2

)(

)
jb j jd
,
1
1
2 0 −2
(24)

where Ij (ab; cd) is deﬁned in terms of radial integrals, depending on the speciﬁc form of
V (r12 ). We summarize the results for various interactions:
(i) Coulomb interaction: −1/r12
Ij (ab; cd) = − ⟨Wac Rj Wbd ⟩even ,
which has the explicit form
∫ ∞
∫
even
⟨Wac Rj Wbd ⟩
=
dr1
0

(25)

∞

dr2 Wac (r1 ) Rj Wbd (r2 )

(26)

0

with
Wαβ (r) = Gα (r) Gβ (r) + Fα (r) Fβ (r) ,
j
j+1
Rj = r<
/r>
.

Here the notation ⟨⟩even (odd) denotes the selection rule that both (la + j + lc ) and
(lb + j + ld ) have to be even (odd) .
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]
[
1
(α1 · r12 ) (α2 · r12 )
(ii) Breit interaction:
(α1 · α2 ) +
2
2r12
r12
1
Ij (ab; cd) = (1 − δjo ) (κa + κc ) (κb + κd )
⟨Vac Rj Vbd ⟩odd
j (j + 1)
[
j (j + 1)
1
1
−
⟨Pac Rj−1 Pbd ⟩even +
⟨Qac Rj+1 Qbd ⟩even
2j + 1 2j − 1
2j + 3
]
1
1
even
even
,
+ ⟨Pac vj Qbd ⟩
+ ⟨Qac vj Pbd ⟩
2
2

(27)

where
vj = ϵ (r1 − r2 ) [Rj+1 (r1 r2 ) − Rj−1 (r1 r2 )]

(28)

with the Heaviside step function ϵ (r1 − r2 ) deﬁned as
{
1
x ≥ 0,
ϵ (x) =
0
x < 0.

(29)

In (27) the diﬀerent combinations of radial functions are deﬁned as
Vαβ (r) = Gα (r) Fβ (r) + Fα (r) Gβ (r) ,
Pαβ (r) = Gα (r) Fβ (r) − Fα (r) Gβ (r) + Vαβ (r) (κβ − κα ) /j,
Qαβ (r) = −Gα (r) Fβ (r) + Fα (r) Gβ (r) + Vαβ (r) (κβ − κα ) / (j + 1) .
(iii) Transverse-photon interaction: (α1 · α2 )

[

(30)
]
−1

eiωr12
eiωr12
− (α1 · ∇1 ) (α2 · ∇2 )
r12
ω 2 r12

2j + 1
⟨Vac gj Vbd ⟩odd
j (j + 1)
− (κc − κa ) [⟨Vac gj−1 Pbd ⟩even + ⟨Vac gj+1 Qbd ⟩even ]

Ij (ab; cd) = (1 − δjo ) (κa + κc ) (κb + κd )

−j (j + 1) [⟨Pac sj Qbd ⟩even + ⟨Qac tj Pbd ⟩even ] ,
where

{
sj =
tj =

(31)

− (i/r1 ) jj+1 (ωr2 ) hj (ωr1 ) , r1 > r2

r1j−1 /ω 2 r2j+2
{ j−1 2 j+2
r2 /ω r1

− (i/r1 ) jj (ωr1 ) hj+1 (ωr2 ) , r1 < r2,

− (i/r1 ) jj−1 (ωr2 ) hj (ωr1 ) , r1 > r2,
− (i/r1 ) jj (ωr1 ) hj−1 (ωr2 ) , r1 < r2,

(32)

with jj and hj being the spherical Bessel and Hankel functions, respectively.
The lowest-order vacuum-polarization potential, known as the Uehling potential, may
be expanded for a spherical charge distribution in a convergent form valid for all distances [18]. The ratios of vacuum-polarization potentials of various orders to the Coulomb
potential for a point nucleus have been evaluated by Huang [18] for r ≤ 1351.6 fm, where
the Uehling potential falls to less than 0.1 ppm of the Coulomb potential. In this work, cross
sections are calculated with and without the vacuum-polarization potential to demonstrate
the eﬀects of the creation of virtual electron-positron pairs.
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FIG. 1: Single-diﬀerential cross( section )of positron-impact ionization for U91+ at incident energies
u = 1.05, 4, and 10, where u = Ei − c2 /I is the threshold-energy unit.

III. RESULTS AND DISCUSSION

(
)
(
)
We use the threshold-energy units u = Ei − c2 /I and ue = Ee − c2 /I, where
√
I = c2 [1 − 1 − (Zα)2 ] denotes the ionization potential of U91+ . As examples, the singlediﬀerential cross sections at u = 1.05, 4, and 10 are presented in Fig. 1. “Breit” and
“Transverse” mean that the interactions between the electron and positron include the
Coulomb interaction plus the Breit and transverse-photon interactions, respectively. Relativistic and nonrelativistic cross sections including the Coulomb interaction only are denoted
respectively by “Dirac” and “Nonrelativistic”. The Dirac curve is generally lower than the
nonrelativistic curve at low incident energies and becomes higher at high incident energies.
The QED curves are always signiﬁcantly higher than the Dirac curve.
Total cross sections for the positron-impact ionization of U91+ are presented in Fig. 2.
At higher incident energies, the Dirac cross section goes up gradually while the nonrela-
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FIG. 2: The positron-impact ionization cross sections of U91+ at various levels of approximation.

FIG. 3: Nonrelativistic cross section multiplied by u and divided by Dirac cross section for U91+ .

tivistic one decreases. This phenomenon can be explained as being due to the fact that the
nonrelativistic cross section σN is proportional to (u − 2)/u2 and the Dirac cross section
σD is proportional to (u − 2)/u at high incident energies for high-Z ions.
The values of uσN /σD are constant at high incident energies and are also plotted
in Fig. 3. In Fig. 3 we also found that the values of uσN /σD are very large near the
threshold energy and decreases rapidly as u increases. By the threshold
law of positron√
impact ionization [19], the cross section is proportional to ε3 e−2πZp / 2ε near the threshold
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FIG. 4: The percentage contribution of the vacuum polarization to the total cross section for U91+
in the positron-impact ionization.

energy, where ε is the excess energy of the colliding system and Zp is the eﬀective charge
experienced by the scattered incident positron. Because of using the relativistic ionization
potential for the incident energy unit, the excess energy εD = (Ei − c2 − I) in the Dirac
case is less than the excess energy εN = (Ei − c2 − IN ) in the nonrelativistic case, where
IN = Z 2 /2. Therefore the Dirac cross sections are much less than the nonrelativistic cross
sections at low incident energies. In Fig. 2 the QED cross sections are always conspicuously
larger than the Dirac cross sections. The transverse-photon interaction can be expanded in
powers of ωr12 and written in the form
Vtrans =

] 2
1 [
2
(α1 · α2 ) + (α1 · r12 )(α2 · r12 )/r12
+i ω(α1 ·α2 )+O(α1 )(α2 )(ωr12 )2 . (33)
2r12
3

By a simple argument we can show that the matrix elements of the operators α and ωr12 are
both of order (Z ∗ α), with Z ∗ being a certain eﬀective charge. The ﬁrst term on the righthand side in (33) is the Breit interaction; it has the order of (Z ∗ α)2 relative to the Coulomb
interaction. The leading imaginary term and the high-order correction term are of order
(Z ∗ α)3 and (Z ∗ α)4 relative to the Coulomb interaction, respectively. In order to understand
the QED eﬀects in the positron-impact ionization of U91+ , the ratios of transverse cross
sections to Dirac cross sections were evaluated and are about 72 at u = 1.05 and about 1.8
at u = 10.
The cross sections were also calculated in the transverse case with and without the
vacuum-polarization potential between the positron and the nucleus. The percentage contribution of the vacuum-polarization potential to the cross section varies from −0.02% to
about −0.17%, which is plotted in Fig. 4. The vacuum-polarization potential reduces the
cross section at all incident energies.
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IV. SUMMARY

In this paper, a fully relativistic calculation of positron-impact ionization including
Coulomb, Breit, and transverse-photon interactions as well as the vacuum polarization
potential for highly charged U91+ ion is performed. As might be expected, QED eﬀects
increase the cross sections substantially at high incident energies, and the contribution of
the vacuum-polarization potential is negligibly small. In the future, we plan to apply our
methods to study the total and diﬀerential ionization cross sections for few-body relativistic
systems.
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