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Atomistic computational methods such as molecular dynamics and the Green-Kubo
method are employed to shed light on the transport behavior of thermal phonons in models
of graphene-based nanophononic crystals comprising periodic arrays of holes. We calculate
the phonon lifetime and thermal conductivity as a function of the crystal filling fraction and
temperature. The results are interpreted in terms of competition between elastic Bragg scattering and inelastic phonon-phonon scattering. We focus on the effect of the band structure
on the phonon lifetime.
PACS numbers: 63.22.Rc, 31.15.xv, 65.80.Ck

I. INTRODUCTION

Nanofabrication techniques facilitate the structuring of matter in a way that affects
the propagation of excitations such as thermal phonons. Indeed, phonons that account for
most of the thermal conductivity of a material have a wavelength in the range of 1–100 nm.
Thus, a new nanostructured material may be designed in such a way that it has a thermal
conductivity that is different from the bulk. This prospect opens up excellent possibilities
in at least two research fields, namely, thermal management and thermoelectrics. For example, thermal management is a crucial issue in the field of microelectronics because of
the increasing density of devices per unit surface and their unequally distributed emission
of heat, which leads to the creation of so-called hot spots. The efficiency of thermoelectric
materials can be described by the figure of merit ZT , which is proportional to the ratio between the electrical conductivity and the thermal conductivity. Thus, reducing the thermal
conductivity of a thermoelectric material could greatly help improve its performance.
Modulating the thermal properties of a material by creating a nanoscale composite material is an approach that has been extensively studied in the case of superlattices
[1]. It has been theoretically and experimentally shown that stacks of nanoscale layers
impact thermal transport because of the scattering effects of phonons. While superlattices
are actually one-dimensional (1D) phononic structures, little is known about the effect of
two-dimensional (2D) and three-dimensional (3D) nanophononic structures on thermal conductivity. Most studies on 2D and 3D phononic crystals (PCs) have focused on macroscopic
elastic systems. Early experimental and theoretical studies of bulk elastic PCs (i.e., crystals of infinite extent along all spatial directions) have shown that the bandwidth of the
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forbidden band of these structures depends strongly on the contrast between the physical
characteristics of the inclusions and the matrix, as well as the geometry of the array of
inclusions, the inclusion shape, and the filling factor of inclusions [2–4]. In particular, large
contrast between the elastic parameters and the mass density of the inclusions and of the
matrix is necessary for the existence of band gaps in the acoustic band structure of these
composite materials [5]. Theoretical studies had shown the existence of omnidirectional
(absolute) band gaps [3, 6, 7] before their experimental observation in various 2D PCs [8–
12]. Recent investigations of perfect and defect-containing PCs have revealed a rich range of
behaviors, such as those associated with (a) linear and point defects [13], (b) wave bending
and splitting [14], and (c) transmission through perfect [15, 16] or defect-containing [16]
waveguides. Various authors have theoretically studied the existence of surface acoustic
waves (SAWs) localized at the free surface of a semi-infinite 2D PC [17–20], and Lamb
modes in PC plates [21, 22]. Other theoretical studies have focused on truncated crystals
[23] and wave guiding in passive [24] and piezoelectric PC plates [25]. The experimental
preparation of PCs and experimental fabrication of devices followed their theoretical discovery [26–28]. Theoretical and experimental studies of elastic wave propagation in perfect
3D PCs have also revealed the existence of full band gaps [29–36] and of localized modes
in defect-containing structures [37, 38]. Negative refraction of acoustic waves has also been
shown in PCs [39–43]. In such PCs, the elastic wave band structure exhibits a pass band
with a negative group velocity. Focusing of sound using lenses comprising negatively refracting 2D and 3D PCs [44–46]. A variety of other unusual refractive properties of PCs
include direction-dependent refraction that can range from positive to negative refraction
[47]. The large body of knowledge accumulated on the behavior of elastic macroscopicscale PCs suggests that it may be possible to downscale the PCs to a size on the order
of nanometers; such downscaling can influence the propagation characteristics of phonons
with frequencies exceeding the THz range [48]. Recently, Gillet et al. [49] have reported
simulations of atomic-level phononic structures comprising 3D lattices of Ge quantum dots
in a Si matrix. They have shown that the thermal conductivity decreases by several orders
of magnitude because of the periodic structure of the system.
In this study, we consider the nanophononic structure of a 2D matrix material that
comprises a periodic array of holes with a lattice constant of the order of nanometers.
We focus on graphene, or single-layer graphite, which has been the subject of intense
theoretical and experimental studies since its first synthesis a few years ago. Indeed, owing
to its 2D atomic structure and the properties of the sp2 C-C bonds, graphene exhibits unique
electronic properties. However, graphene also has a high thermal conductivity, which makes
it a promising material for thermal management of semiconductor electronic devices. In
this study, we consider simulations on the atomic scale using molecular dynamics (MD)
in conjunction with the Green-Kubo method to determine the phonon dispersion curves
as well as the thermal conductivity. Our results show that the thermal conductivity of
single-layer graphene can be modulated by transforming its structure to a nanophononic
crystal structure. In particular, we show that the filling fraction of the phononic structure
plays a major role in controlling the thermal conductivity.
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II. THEORY

In this section we focus on the underlying physics of heat transport in solids. We
describe only the phonon-assisted heat conduction and attempt to stress the relevant quantities for a better understanding of the methods and results. Thermal conductivity is defined
at the macroscopic scale by the Fourier law:
q = −k∇T

(1)

where q is the heat flux, ∇T is the spatial gradient of temperature, and k is the thermal
conductivity tensor. At the microscopic scale the transport of heat is described by the
propagation of the phonons. The phonons propagate under the effect of the temperature
gradient, which results in a local non-equilibrium distribution. This motion is described by
the Boltzmann transport equation (BTE):
(
)
∂ft
∂ft
=
(2)
Vg · ∇T
∂T
∂t c
where Vg is the phonon group velocity, ft is the phonon distribution function, and the righthand side term is the partial derivative of ft . This latter term describes the evolution of
the distribution under the influence of the various collision processes. The non-equilibrium
distribution ft can be written as ft = f + f ′ , where f is the equilibrium distribution and
f ′ is the fluctuating part of the distribution function. While the left-hand side of Eq. (2)
describes the motion of non-interacting particles, the right-hand side couples the different
phonon modes to one another and with their environment. The collisions of the phonon
modes play a significant role in the heat transfer and are usually complex to describe.
The relaxation-time approximation is commonly used to make the problem easier to solve.
Under that approximation it is assumed that the collision term of Eq. (2) can be written
as:
(
)
∂ft
f′
=−
(3)
∂t c
τ
where τ is the phonon lifetime. A more detailed discussion of the BTE and the relaxationtime assumption can be found in [50]. With this assumption we assume that this lifetime
includes the contributions of various collision processes, each having a characteristic decay
time. This is described by Matthiessen’s rule in Eq. (4), where τph , τe , τd , and τb are the
phonon decay times due to collisions with other phonons, electrons, intrinsic defects, and
crystal boundaries, respectively.
1
1
1
1
1
=
+
+
+
τ
τph τe τd τb

(4)

In this paper we do not treat electron-phonon scattering. To simplify the problem we can
consider an infinite and intrinsic-defect free crystal, so that the contributions of boundary
and defects are irrelevant. However, in addition to phonon-phonon scattering, the PCs we
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FIG. 1: (a) Scheme of the 2D phononic crystals comprising a triangular lattice of holes on a graphene
surface. The lattice constant of 75 Å corresponds to 30 unit cells of the graphene crystal. (b)
Atomic structure of the simulation cell before any simulation for a filling fraction of 25%. (c)
The same simulation cell after minimization of the energy via the molecular dynamics algorithm.
Redistribution of the energy due to the hole boundary results in a slight bending of the graphene
surface. Geometry optimization was carried out at constant pressure (P = 0 Pa) conditions.

study here will include phonon-hole inclusions scattering, more specifically scattering by
the periodic arrangement of these inclusions. In our case, the lifetime of the phonons is
controlled by the competition between inelastic collisions with other phonons and elastic
Bragg scattering via the periodic structure of the nanophononic crystal. Using Eqs. (1) to
(3) the thermal conductivity tensor can be written as:
∑∑
k=
cph Vg Vg τ
(5)
κ

ν

where cph is the phonon volumetric specific heat. The summation is over every phonon
branch ν with κ vectors in the first Brillouin zone of the lattice. For a given temperature,
the main factors that can lead to a modulation of the thermal conductivity are the group
velocity and the phonon lifetimes. PCs, by design, can be used to modify phonon band
structures, thus providing a means of controlling the group velocity. In an indirect way,
modifications of the band structure may lead to constraints on possible phonon-phonon
collisions, resulting in changes in the phonon lifetimes.

III. MODEL AND METHODS

We study a series of PCs comprising a single graphene sheet with hole inclusions. The
holes are arranged on a triangular lattice with a fixed lattice parameter apc = 75 Å(Fig.
1(a)). Thus, the simulation cell consists of 30 × 30 graphene unit cells. The radius of
the hole is a variable. We use a MD method to simulate the graphene-based PCs. Prior
to forming the PCs by creating holes, the perfect graphene simulation cell contains 1800
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atoms. The simulation cell is therefore a 75 Å × 75 Å rhombus. Periodic arrays of holes
are formed by removing atoms.
Figure 1(b) shows an example of the simulation cell with a hole before any simulation. The phononic structures are characterized by their filling fraction, p, defined as
the ratio of the number of atoms removed NR to the initial number of atoms N . This
atomic filling fraction is equivalent to the surface area fraction to within a few percent.
In every simulation, 2D periodic boundary conditions (PBC) are applied, while there are
no restrictions on atomic motion in the third dimension. PBC may constrain some of
the long-wavelength phonons in the perfect graphene simulation cell. However, PBC are
fully compatible with the phonon band structure of the periodic phononic structures. To
model the graphene-based PCs, we employ the Tersoff interatomic potential [51], which is
a three-body potential function that explicitly includes an angular contribution to the energy. This potential is widely used at present in various applications for covalently bonded
materials such as carbon. Parameters used in this study can be found in the literature [51].
The Tersoff potential includes the anharmonic contributions and is therefore suitable to
describe inelastic phonon-phonon processes. The MD simulation consists of integrating the
equations of motion of each individual atom over time with an integration step of 10−15 s.
The thermal conductivity of the graphene-based PCs is calculated using the Green-Kubo
method [52]. The thermal conductivity is related to the time of relaxation of fluctuations
of the heat current by:
1
k=
kB V T 2

∫∞

⟨S(t) · S(0)⟩
dt
3

(6)

0

where < S(t) · S(0) > is the heat-current autocorrelation function, kB is the Boltzmann
constant, and V is the volume of the simulation cell. The heat current S is defined as:
S=

∑
i

Ei Vi +

1∑
1∑
(Fij · Vi )rij +
(Fijk · Vi )(rij + rik )
2
6
i,j

(7)

i,j,k

where Ei is the total energy of the atom i, V i is its velocity, F ij is the two-body force
between atoms i and j, r ij is their relative position vector, and F ijk is the three-body force
between atoms i, j, and k. The first term in Eq. (7) corresponds to a convective current,
and the second and third terms account for heat conduction due to two- and three-body
interactions. In this study we focus on the thermal conduction and limit the calculation of
the heat current to the last two terms.
The Green-Kubo MD method is an equilibrium approach and requires the system to
be simulated in the microcanonical ensemble (constant energy). The simulations reported
here are conducted in the same way, namely, equilibration of the simulation cell for one
million integration time steps under isothermal conditions using a momentum rescaling
method. The system is then simulated under constant energy conditions for another three
million time steps. In this case, the temperature fluctuates about the temperature set in
the isothermal part of the simulation. Heat-current autocorrelation functions are calculated
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FIG. 2: Typical computed heat-current correlation functions for graphene and for the 5% filling
fraction nanophononic crystal at 100 K (solid black lines). The functions exhibit a two time-scale
decay reproduced by the sum of two exponential curves (dashed white lines). The two time constants
extracted from this curve fitting are a good estimate of the mean lifetimes of the acoustic and optical
phonons, τa and τo respectively. The lifetimes in the nanophononic system are observed to be shorter
than in graphene; this difference leads to a decrease in the thermal conductivity of the phononic
crystals.

during only the last two million steps of the constant energy part of the simulation. All
dynamical simulations are conducted at constant volume.
Because the calculated heat-current autocorrelation functions exhibit long time oscillations that may impact the accuracy of their numerical integration, we fit them to
exponentially decaying functions. Furthermore, as shown in Fig. 2, these autocorrelation
functions appear to exhibit two-stage decay and are, following [52], fitted to the sum of two
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exponential functions of the form:
⟨S(t) · S(0)⟩
= Aa exp(−t/τa ) + Ao exp(−t/τo )
3

(8)

Since the unit cell of the graphene-based structures is diatomic, the short decay time (here
τo ) has been interpreted as resulting from optical phonons, and the long decay time (here
τa ) has been associated with acoustic phonons following [53]. In some cases (higher filling
fractions or temperature), a single exponential fit is more suitable. In that case we do not
attribute the corresponding lifetime to a given type of phonon mode. However, the fit still
provides an estimate of the mean lifetime of phonons. The thermal conductivity is then
calculated in the form:
k = ka + ko =

1
(Aa τa + Ao τo )
kB V T 2

(9)

where ka and ko are the contributions to the thermal conductivity of acoustic and optical
phonons, respectively.
In addition to the Green-Kubo MD numerical calculation of thermal conductivity, we
calculate the phonon band structure of the graphene-based PCs using the GULP software
package under the quasi-harmonic approximation [54]. The atomic configurations used
for these calculations are fully relaxed using a steepest-descent method. In spite of this
relaxation, for a few filling fractions (> 25%), the band structures exhibit a couple of shallow
bands with negative eigenvalues (frequencies). The geometry, and thus the stability, of the
simulation cell changes for every filling fraction, and these negative frequencies may result
from soft modes associated with atoms on the surface of the hollow inclusions. In Fig.
1(c), we plot the relaxed 25% filling fraction simulation cell. The graphene sheet is slightly
warped as a result of the relaxation process.

IV. RESULTS AND DISCUSSION

The thermal conductivity of the system under study is examined as a function of the
filling fraction of holes at two different temperatures (100 K and 300 K). We report in Fig.
3(a) the thermal conductivity k of the graphene-based PC as well as the contribution of the
optical and acoustic phonons to the thermal conductivity as functions of the filling fraction
of holes at a temperature of 100 K.
We also plot, in the inset of Fig. 3(a), the thermal conductivity as a function of filling
fraction calculated based on Vegard’s law (parallel model) where k = p × kgraphene , and a
Maxwell model where k = kgraphene (1 − p)/(1 + p). The decrease by nearly one order of
magnitude in the thermal conductivity as the filling fraction increases to only 2.5% cannot
be explained by these macroscopic mixing laws. Figure 3(b) shows that the lifetime of
acoustic and optical phonons also decreases drastically as the filling fraction changes from
0 to 5%. The sharp decrease in lifetime of the acoustic phonons amounts to approximately
one order of magnitude and is comparable to that of the thermal conductivity, indicating
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FIG. 3: (a) Thermal conductivity deduced from the Green-Kubo method as a function of the filling
fraction at 100 K (squares). For filling fractions below 30%, the contribution of the optical (circles)
and acoustic (triangles) phonons are distinguished. Data are compared to a parallel (dotted line)
and Maxwell (solid line) mixing model. The drop of thermal conductivity (85%) observed with
a fraction of holes as low as 2.5% cannot be explained by these continuous models. (b) Mean
acoustic and optical phonon lifetimes as a function of the filling fraction at 100 K. These lifetimes
are estimated from the fit of the heat-current correlation functions. The phononic structure is
responsible for the drop in the lifetime of acoustic phonons, which are the main contributors to the
heat conduction. Error bars on calculated lifetime and thermal conductivity due to the exponential
fit of the heat-current autocorrelation functions are the size of the data points.

that the effect of filling fraction on thermal conductivity is due to scattering of the acoustic
phonons by the periodic array of inclusions. Phonons with any wave vector originating
from the center of the Brillouin zone of the system and ending up on the zone boundary
will satisfy the Bragg condition. The insertion of a periodic array of hole inclusions in a
graphene sheet reduces the size of the Brillouin zone compared to the perfect graphene sheet.
The folding of the bands inside the reduced Brillouin zone of the PC leads to a significant
increase in the number of phonon modes that will satisfy the Bragg condition. This can
be seen in Fig. 4, where the band structure of the model graphene sheet is contrasted with
that of the 5% filling fraction graphene-based phononic structure.
The increase in phonon modes that undergo Bragg scattering is believed to be the
primary cause of the reduction in phonon lifetime and thermal conductivity at low filling
fraction. This result also indicates that at the temperature of 100 K Bragg scattering by the
periodic array of hole inclusions at low filling fraction dominates phonon-phonon scattering.
In this case, the lifetime associated with Bragg scattering is shorter than that associated
with phonon-phonon scattering. The lifetime due to inelastic scattering is of the order of 25
ps (lifetime for the perfect graphene model). Using Eq. (4) for phonon-phonon and phonon-

456

PHONONIC METAMATERIALS FOR THERMAL MANAGEMENT . . .

VOL. 49

FIG. 4: (a) Phonon band structure of graphene obtained with the Tersoff [51] potential. The results
are accurate in the low-frequency part of the spectra. The M point in the pure graphene case
is at π/a, where a is the interatomic distance. (b) Low-frequency part of the band structure of
graphene plotted in the ΓMpc direction of the graphene-based phononic crystals. The Mpc point for
the phononic crystals is at π/apc . (c) Band structure in the ΓM direction for the graphene-based
phononic crystal with a filling fraction of 5%.

defect (hole) scattering, we estimate the lifetime for Bragg scattering at the filling fraction
of 5% to be approximately 3.8 ps. There appear to be two regimes in the dependency of
acoustic phonon lifetime (τa ) with filling fraction; for filling fractions between 2.5% and
15%, τa remains of the order of a few ps. Beyond 15%, the autocorrelation functions
exhibit much lower decay times, and in fact beyond 25%, a single decay time is sufficient
to describe the autocorrelation function. This lifetime is one order of magnitude lower (0.2
ps) compared to the results of lower filling fraction. This drop cannot be solely explained
by the effect of the filling fraction on Bragg scattering. The number of modes at the zone
boundary scales as Nz = 3N (1 − p). Assuming that the lifetime due to Bragg scattering
is inversely proportional to Nz , no significant changes are expected prior to the limit of
a filling fraction of 68%. Assuming an overall lifetime of approximately 0.2 ps for filling
fractions in excess of 30% and a lifetime for elastic scattering of 3.8 ps, using Eq. (4) we
estimate a lifetime for inelastic scattering of approximately 0.21 ps. This estimate suggests
that this change of regime is due to a modification in inelastic scattering caused by a change
in band structure with filling fraction.
A comparison of Fig. 3 with Fig. 5, which depicts the variation in thermal conductivity
at 300 K, shows the effect of temperature on thermal conductivity and phonon lifetimes.
By increasing temperature, the thermal conductivity and the corresponding lifetimes
of optical and acoustic phonons of pure graphene have been significantly reduced as com-
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pared to 100 K. This is in contrast to the PC systems where the effect of temperature is less
pronounced. The large number of phonons at 300 K leads to an increase in phonon-phonon
scattering and an overall reduction in lifetime, implying that this mechanism becomes an
equally limiting process along with phonon-hole Bragg scattering in determining thermal
conductivity. For the PCs beyond 15% filling fraction, a significant drop in the lifetime of
phonons (exceeding a factor of 4) is still noted. This observation attests to the existence of
Bragg scattering even at 300 K, where inelastic phonon-phonon collisions start to compete
with the elastic Bragg scattering.
Similar to that at 100 K, there is a significant drop in thermal conductivity between
pure graphene and the PC at 2.5% filling fraction. However, the drop is reduced from 85%
(at 100 K) to 64% (at 300 K). It is worth noting that these drops in thermal conductivity
for our 2D system are comparable to those observed for a 3D SiGe PC [49]. Since at 300
K, the phonon lifetimes of pure graphene as well as low filling fraction PCs are comparable
(a few ps), the reduction arises only from the respective contributions of the pre-factors
Aa and Ao (see Eq. 9). The difference between the calculated thermal conductivity as a
function of filling fraction and the Vegard and Maxwell models continues to indicate that
significant scattering by the periodic holes occurs.
To shed additional light on the competition between elastic and inelastic scattering
in the PCs, the following shows the relationship between the lifetime τ of phonons and the
third-order derivative of the interatomic potential as proposed by [55]:
(
)
N,6 N,6
πh̄ ∑ ∑
1
κ κ′ κ′′
=
Φ
ν ν ′ ν ′′
2τ (κ, ν)
16N ′ ′ ′′ ′′
κ ,ν κ ,ν
{[ ( )
][ (( )
( ′′ )
( ′)
( ′′ ))]
κ′
κ
κ
κ
κ
·
f
+f
+1 δ
−ω
−ω
′
′′
′
ν
ν
ν
ν
ν ′′
[ ( )
( ′′ )]
κ′
κ
+ f
−f
ν′
ν ′′
[ (( )
( ′)
( ′′ ))
(( )
( ′)
( ′′ ))]}
κ
κ
κ
κ
κ
κ
· δ
−ω
−ω
−δ
−ω
+ω
,
ν
ν′
ν ′′
ν
ν′
ν ′′

(10)

where Φ contains the third-order derivative of the interatomic potential, (κ, ν) represents a
phononic mode of wave vector κ in the ν th branch in the band structure, f is the equilibrium
distribution as defined in section II, δ is the Dirac function, and N is the number of atoms
of the material.
This equation is limited to the effect of three phonon processes on the lifetime. It
relates the first non-linear component of the potential to the possibility that a phonon will
decay into two different phonons or that two phonons will combine to generate a third one.
The delta functions ensure the conservation rules for energy (ω) and momentum (κ). This
equation enables us to discuss qualitatively the effect of several factors, namely, temperature, filling fraction, and band structure. Thermal effects enter Eq. (10) via the equilibrium
distribution f . As temperature increases, the phonon occupation number of high-energy
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FIG. 5: (a) Thermal conductivity deduced from the Green-Kubo method as a function of the
filling fraction at 300 K (squares). The contribution of the optical (circles) and acoustic (triangles)
phonons are distinguished. Data are compared to a parallel (dotted line) and Maxwell (solid line)
mixing model. (b) Mean acoustic and optical phonons lifetimes as a function of the filling fraction
at 300 K. Lifetimes are estimated from the fit of the heat-current correlation functions. Error
bars on calculated lifetime and thermal conductivity due to the exponential fit of the heat-current
autocorrelation functions are the size of the data points.

bands increases. As a consequence, there will be significantly more phonon decay processes, thus reducing lifetime. This is consistent with our MD results when temperature is
increased from 100 to 300 K, independently of the filling fraction.
The filling fraction may impact directly the lifetime via the denominator in Eq. (10).
It may also affect the lifetime indirectly via the number of possible three phonon processes
accounted for in the summation. A third indirect effect is through the band structure itself.
The bands ν and associated vector κ do depend on filling fraction, as shown in Fig. 3. The
three phonon processes may then be frustrated or enhanced by changing the band structure
ω(κ), as these processes must satisfy the conservation laws:
ω(κ) = ω(κ′ ) + ω(κ′′ )
⃗κ = ⃗κ′ + ⃗κ′′

(11)

At present, it is not straightforward to resolve these effects using the MD method. Nevertheless, our results as given in Fig. 3(b) suggest such an effect.
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V. CONCLUSIONS

We performed MD simulations of and band structure calculations for graphene-based
nanophononic crystals comprising periodic arrays of hole inclusions. Calculations of the
heat-current autocorrelation using the Green-Kubo equilibrium method enabled us to estimate the lifetimes of acoustic and optical phonons as well as the thermal conductivity
as functions of the PC’s filling fraction and the temperature. We have shown that Bragg
scattering of thermal phonons leads to dramatic changes in the phonon lifetimes for filling
fractions as low as 2.5% over a significant temperature range. This change in lifetimes is
followed by a corresponding change in the thermal conductivity. The results on the phonon
lifetime can be interpreted in terms of competition between elastic Bragg scattering and inelastic phonon-phonon scattering. Our results suggest that band effects due to the phononic
structure may impact inelastic scattering in addition to elastic scattering.
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