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We investigate the time evolution of freely expanded Bose-Einstein condensates by measuring their aspect ratios at different times after their release from a magnetic trap. In these
measurements the condensates contain no more than 9000 87 Rb atoms. By varying the
trapping frequency and atom number, we measure the condensate aspect ratios at different
expansion times in free space. We compare our measurements with those calculated from
the Thomas-Fermi model and a direct numerical solution. Under our trapping condition,
the data of the time dependent aspect ratios of the freely expanded condensates reasonably
agrees with the numerical calculations, but shows a clear deviation from the predictions of
the Thomas-Fermi model when the atom number in the condensates is small.
PACS numbers: 32.80.Pj, 03.75.Kk, 05.30.Jp

The achievement of a Bose-Einstein condensation (BEC) of dilute alkaline atoms
in magnetic traps [1–3] provides an unprecedented opportunity for studying the physics
in many fields [4]. The dilute atomic condensate is well described by the nonlinear GrossPitaevskii (GP) equation [5]. A GP equation contains the kinetic energy, the trap potential,
and the mean-field energy, which is proportional to the local density of the condensate and
plays a fundamental role in its dynamics. One of the special features in the experiments
of trapped atomic condensates is that the trapping condition can be tuned on a time scale
comparable to the atomic oscillation period. This provides the system with good test
conditions for studying the time-dependent dynamics of the condensates either in or out of
a trap.
Many investigations of the condensate dynamics are mostly on collective excitations,
vortices generation, and sound speed measurements [6–9]. Those measurements are carried
out with high precision, thereby allowing for a detailed comparison with theory. Measurements on the time evolution of an untrapped condensate, such as in a free space, is another
important and interesting topic of investigation. One of the key parameters for describing
an expanding condensate is its aspect ratio σ, which is normally defined as a ratio of the
condensate widths along the two symmetric axes. For the magnetic TOP trap [10] that we
use in this experiment the axes are parallel to the axial and the radial direction, respectively. Not only does this measurement show the first convincing evidence for a distinction
between a thermal cloud and a condensate, it is also a direct test of the validity of the GP
equation when applied to a dilute atomic sample in the degenerate regime.
The early studies of measuring the free-falling condensate aspect ratio were mostly
on those with atom number N ≥ 105 [2, 11–13]. Their measurements prove that the TF
http://PSROC.phys.ntu.edu.tw/cjp
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approximation is valid for condensates consisting of large atom numbers. Only a few groups
worked on condensates with N  105 [1, 14, 15]. In this extreme regime with small atom
numbers, the TF model turned out to be unsuitable.
In this paper, we present our measurements on the 87 Rb condensate aspect ratio
evolution with time in free space. Both the trapping frequency and atom number are
allowed to vary. The experimental conditions are set to right around the transition border
between the two extreme regimes where the previous investigations were carried out. We
observe clear evidence that the Thomas-Fermi approximation begins to fail as the atom
number is gradually lowered from N = 9000 to 3000 under our trapping condition.
The dynamics of a condensate of N atoms in a trap potential U (r) can be well
understood by examining the Gross-Pitaevskii equation at a time t,
#
"
h̄2 2
2
(1)
∇ + U (r, t) + N g|ψ(r, t)| ψ(r, t) = µψ(r, t) ,
−
2m
where m is the atomic mass, µ is the chemical potential, a is the s-wave scattering
length,
R
g = 4πh̄2 a/m, and ψ(r, t) is the condensate wave function normalized as ψ(r, t)2 dr = 1.
The term N g|ψ(r, t)|2 represents the mean-field energy. To model the free expansion of a
condensate, the trap potential is suddenly switched off at a certain time, say t = 0, and thus
U (r, t) = 0 as t ≥ 0. Substituting this potential into the GP equation should allow one to
solve the condensate wavefunction for t > 0 as in free expansion, if its spatial distribution
is known at the moment the trap is turned off.
Some studies on direct numerical solution of the time dependent GP equation for the
macroscopic wave function of the condensate were carried out [16, 17]. However, an analytical solution of the nonlinear GP equation will certainly be more beneficial, allowing a lucid
description of the condensate dynamics and an immediate comparison with experiment. In
a situation when the condensate arrives at the so-called Thomas-Fermi (TF) regime, the
kinetic energy term is much smaller than the mean-field energy and can be neglected in
Eq. (1) [18]. Under this condition the GP equation is simplified and allows one to solve for
ψ(r) directly. As long as µ ≥ U (r, t), the result is
"

µ − U (r, t)
ψT F (r, t) =
Ng

#1/2

.

(2)

Otherwise, ψT F (r, t) is 0. For a harmonic potential U (r, t) = 21 m[ωx2 (t)x2 + ωy2 (t)y 2 +
ωz2 (t)z 2 ], the chemical potential is determined by the normalization of ψT F :
µT F

!2/5
r
1
mω̄
,
= h̄ω̄ 15N a
2
h̄

(3)

where ω̄ = [ωx (0)ωy (0)ωz (0)]1/3 is the geometric mean of the oscillation frequencies.
A simple model showing the validity of the TF approximation is described in Ref.
[19]. For simplification, we here ignore the time variable t. To a good approximation, we
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can assume an isotropic harmonic trapping potential U (r) = 21 m(ω 2 x2 + ω 2 y 2 + ω 2 z 2 ), and
2
2
then take the trial function of a Gaussian shape ψ = Ae−r /2b into the GP equation and
obtain the energy as
 2

aho
b2
3
Ng 1
+ 2
,
(4)
E = h̄ω
+
2
4
b
aho
(2π)3/2 b3
q
where aho = ωh̄ is the characteristic radius of the Gaussian ground-state wavefunction. In
Eq. (4) the ratio of the mean field energy to the kinetic energy is α ∼
α  1, namely
N

aho
,
a

Na
aho .

If g > 0 and
(5)

the kinetic energy is negligible. Eq. (5) then sets a general criterion for a system if the TF
approximation is suitable. For the case of the 87 Rb atom, the s-wave scattering length for
the trapped state 52 S1/2 , |F = 2, MF = 2 >, is a ∼ 5.3 nm [20], and a trap with oscillation
frequency ω/2π = 13 Hz, as that in our experiment, has aho ∼ 2.8 µm. This requires the
atom number N  600 to reach the TF regime. Most of the previous measurements on
the freely expanded condensates are in this regime, except those shown in Refs. [1, 14, 15].
Our experimental condition, with the trap frequencies ω/2π ∼ 13 Hz and N varying from
3000 atoms to 9000 atoms, is indeed in a regime where the criterion shown in Eq. (5) is not
fully satisfied.
Castin and Dum developed a useful and straightforward way to apply the TF model
on the condensate evolution in a time-dependent potential [21]. In order to compare our
data with that obtained from the TF approximation, we use their calculation theory. Here
we briefly outline their model by following the notations in Ref. [21]. The spatial density of
a condensate of N atoms at a time t is ρ(r, t) = N ψT F (r, t)2 . Assume the trap is suddenly
switched off at t = 0, the corresponding spatial density distribution is ρ(r, 0). Introducing
scaling factors in the three axes λj (t), j = 1, 2, 3, which satisfy the equation
λ¨j =

ωj2 (0)
− ωj2 (t)λj , (j = 1, 2, 3) ,
λj λ1 λ2 λ3

(6)

the spatial density evolves as
ρ( r, t) =

h
i
1
ρ {rj /λj (t)}j=1,2,3 , 0 .
λ1 (t)λ2 (t)λ3 (t)

(7)

When applying this model to the condensate of 87 Rb atoms in our magnetic TOP
trap, we assume ω1 (t) = ω2 (t) = ωr (t) and ω3 (t) = ωz (t), where ωr (t) and ωz (t) are the
radial and axial frequency, respectively. The scaling factors λ1 = λ2 ≡ λr and λ3 ≡ λz in
Eq. (7) evolve like
1
d2
λr = 3 ,
2
dτ
λr λz

(8)
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where  = ωz (0)/ωr (0) is known as the trap aspect ratio and τ = ωr (0)t. At the expansion
time t the aspect ratio σ(t) for a condensate is given by
p
λz (t) 2µT F /mωz2 (0)
Wz (t)
λz (t) 1
√
σ(t) ≡
=
,
(10)
=
2
Wr (t)
λr (t) 
λr (t) 2µT F /mωr (0)
where Wz (t) and Wr (t) are the condensate size in the axial and radial directions, respectively. To calculate the time dependent aspect ratio σ(t), we take the experimental parameters into Eqs. (8) and Eq. (9) to solve for λr (t) and λz (t) numerically.
The details of our experimental setup and procedure to produce Bose condensates
have been published elsewhere [22]. Briefly, we first capture 87 Rb atoms from a dispenser
into the first MOT of our double MOT system. We capture about 1×109 Rb atoms in 40
seconds. After molasses cooling and optical pumping the atoms in the state 5S1/2 , |F = 2,
MF = 2 > are transferred into the magnetic TOP trap. Our TOP trap consists of a pair
of quadrupole coils and two pairs of rotating bias coils. The rotating frequency of the bias
magnetic field is 9 kHz. Once the atoms are loaded, they are compressed and further cooled
by rf evaporative cooling to the BEC border. After the BEC is formed, the rf is still left on
and is fine tuned to produce a pure condensate containing a certain atom number between
3000 and 9000. We then adiabatically lower the quadrupole field gradient, while keeping
the bias field fixed, to the value that the desired trap frequency is reached.
The cloud temperature in the decompressed TOP trap is less than 100 nK. The
condensed atoms first sit in the weak trap for about 500 ms for equilibrium and are released
by suddenly switching off the trap. The trap switch-off time is less than 200 µs and is much
shorter than the trap oscillation period. The released cloud is ballistically expanded in the
free space and falls because of the gravity. We wait for an expansion time and shine an
absorption probe beam of a duration time typically from 50 to 150 µs into the BEC cloud
for imaging.
The probe laser beam is close to the resonance frequency from the 5S1/2 , F = 2
to 5P3/2 , F 0 = 3 transition, and has the intensity of ∼ 0.1Is , where Is is the saturation
intensity for the F = 2, MF = 2 to F 0 = 3, MF 0 = 3 transition. The shadow of the BEC
cloud is imaged onto a digital CCD camera for analysis. The typical image and spatial
distribution of the expanded condensate cloud containing 9000 atoms at an expansion time
of 18 ms are shown in Fig. 1.
The TOP trap potential for an atom of mass m is U (r, z) = 21 (mωr2 r 2 + mωz2 z 2 ). The
axial direction of our TOP trap is parallel to the z axis, and is along the direction of the
gravitational
force. If gravity is small compared to the trapping force, the trap aspect ratio
√
 = 8, as in the typical TOP trap. However, gravity may play an important role on the
TOP trap frequencies when the trap confinement is weak. Under this condition, the axial
magnetic force MF µB Bz0 is comparable to that required to levitate the atoms against the
gravitational force mg, where µB is the Bohr magneton, Bz0 is the magnetic gradient in the
axial direction, and g is the gravitational acceleration [23]. In general, taking the gravity
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FIG. 1: Time-of-flight image of the pure condensate with N = 9000. (a) 200 µm × 200 µm falsecolor absorption images of pure condensates released from the TOP trap after a free expansion time
of 18 ms. The vertical direction is aligned with the symmetry axis of the TOP trap and is in parallel
with the gravitational force. (b) One-dimensional cuts through the center of the clouds, showing
optical density vs horizontal position, for the image (a).

effect into account, the trapping frequencies of a TOP trap should be corrected as


1/2
1/4
1/2
MF µB Bz02
1
1 − η2
1 + η2
ωr = √
mBb
8

(11)

and

ωz =



MF µB Bz02
mBb

1/2

1 − η2

3/4

,

(12)

where Bb is the TOP bias field, and η = MFmg
µB Bz0 . In this experiment the trapping potential
is
that
√ weak enough
√
√ the gravity effect sets in, thus η is ∼ 0.25 to 0.28 and  is no longer
8, but 7.1 to 6.83 instead.
The aspect ratio of a condensate strongly depends on the trap frequencies. Before
the TOP trap was installed, we carefully calibrated its axial magnetic field gradient and
0
bias field as Bzcal and Bbcal . This allows us to calculate the trap frequencies to errors less
than a few percent. One of the most precise ways to measure the trap frequencies is to
directly monitor its center-of-mass position oscillation. This is carried out by first placing
the atoms off-center with respect to the minimum of the trap potential for few milliseconds.
The cloud then comes back towards the trap center and oscillates. Recording the center of
mass positions of the cloud at different times allows us to measure the oscillation frequencies
to very high accuracy.
We do the trapping frequency measurement using a cloud close to condensation. The
trapped atoms are initially placed off-center in the axial direction while the axial magnetic
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FIG. 2: TOP trap frequency measurement. The cloud center-of-mass position in the axial direction
0
is plotted versus time. This measurement is done at the TOP trap condition with Bzcal = 92.56
G/cm and Bbcal = 4.25 G. The experimental data are fitted with a sinusoidal function and give the
trap oscillation period 188.85 ms, corresponding to an axial frequency ωzExp = 2π × 52.95 Hz.
0

field gradient Bzcal is 92.56 G/cm and the bias field Bbcal equals 4.25 G. The measured
cloud center position versus time is plotted in Fig. 2, in which the data points are fitted
with a sinusoidal curve for a harmonic oscillation. The measured data indicate the axial
oscillation frequency ωzExp = 2π × 52.95 Hz. The theoretical trap frequency ωzT h = 2π × 56.0
0
Hz is calculated by Eq. (12) using the independently calibrated values Bzcal and Bbcal . The
measured frequency is 5.8% smaller than the theoretical value.
We attribute the discrepancy between the measured and theoretical values to the
overestimate of the quadrupole field gradient for the following reasons. The rotating bias
field of our TOP trap is generated by two pairs of coils, each with diameter ∼ 12 cm.
They produce a rather uniform magnetic field over the whole trapping region. The bias
field is well calibrated by a Gaussmeter and independently measured from the induced AC
voltage across a pick-up coil. We believe the error from the bias field calibration is rather
small and thus Bb = Bbcal . However, measurement of the magnetic field gradient is very
sensitive to the position where the Gaussmeter probe is located. Furthermore, the trap
oscillation frequencies depend linearly on Bz0 but on the square root of Bb . Therefore the
0
0
true axial field gradient BzT is inferred by lowering the pre-calibrated Bzcal by 5.8%. The
trap frequencies used in the GP equation are calculated by taking the bias field Bbcal and
0
the corrected axial field gradient BzT into Eqs. (11) and (12).
Our measurements on the aspect ratios of the expanding condensates are mainly for
those containing N from 3000 to 9000. Working with such a small number of atoms, any
fluctuation during each cycle of atom loading and cooling directly leads to atom number
fluctuation. Normally, the number fluctuation ∆N/N is ±10% in these measurements. Our
calculations show that a ±10% jitter in atom number causes an aspect ratio uncertainty by
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about ±0.6% for the free expansion times of 10 to 20 milliseconds. We, on average, take
4 to 8 images of BEC clouds with certain atom numbers, under each trapping condition.
To a good approximation each image of the BEC cloud is fitted by the Gaussian function
along the radial and axial directions of the trap. The sizes (1/e radius) Wr and Wz of the
condensate at different expansion times are directly extracted from the fitted curves.
However, image distortion is hard to completely eliminate during the probe time
using the destructive absorption method. The dominant sources that affect the cloud size
measurement are mainly from the lensing effect, probe beam heating, and image elongation
due to gravitational acceleration. We now go to the details for each of these effects.
A small and dense atom cloud behaves like a lens of short focal length [24]. Depending
upon the cloud density, size, imaging system, and probe laser detuning to the atomic
resonance frequency, the lensing effect will cause different degrees of image distortion [25].
Our probe laser is locked on the atomic transition with a frequency jitter < 2 MHz. To
eliminate the residual lensing effect which degrades the cloud images, especially for a small
condensate, we thus take the images only with expansion times longer than 11 ms. For
those long expanded clouds their spatial densities are low enough that the lensing effect is
not an issue any more.
We use a two-level atom model to estimate how much the cloud size increases from
the heating effect while the atoms are exposed to the near-resonant photons during the
probe time period. We assume each atom obtains a photon recoil kick after a cycle of
absorption and emission of a photon from the probe laser. Since the photon reemission
is isotropic if no other condition should be considered the probe beam thus causes cloud
inflating equally in all directions. This also influences the aspect ratio measurements. For
a cloud if its initial size, 1/e radius, is W0 , after an exposure time tp it expands to [26, 27]
 2
  Z tp s
h̄k
1 S t3
1
2
dt ,
(13)
W0 +
W1/e =
tp
m
21+S τ
0
with
S=



I
Is



( Γ2 )2
∆2 + ( Γ2 )2

,

(14)

where ∆ = ωL − ω0 is the detuning of the laser frequency ωL to the atomic resonance
frequency ω0 and τ = Γ1 is the lifetime of the excited state of the two-level atoms. The
probe beam used for the measurements has a frequency close to the atomic resonance and
an intensity I ∼ 0.1Is . Calculations using Eq. (14) show that the cloud size will increase
by ∼ 3.5% and 7.5% when the probe pulse is 100 µs and 150 µs, respectively. We then
equally correct the size in all directions to obtain the true cloud aspect ratio according to
their measured sizes at different expansion times.
Photon recoil heating is an isotropic effect on the atomic size distortion. However, the
center of mass acceleration of a cloud only occurs in the direction along the gravitational
force. The cloud image taken at each expansion time t is indeed an integration of a series
of atomic distribution profiles, falling at a center-of-mass speed of gt0 at any instantaneous
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FIG. 3: Aspect ratio of the freely expanding condensate as a function of time for N = 9000 and
ωr = 2π × 13.9 Hz. The solid squares represent the experimental data, which are corrected for
the gravity-induced elongation along the vertical direction and the heating effect from the probe
photons. The probe time in this measurement is 150 µs. The solid curve is calculated from the TF
model using Eq. (10). The short-dashed curve shows the numerical solution.

time t0 , through a period from t to t + tp . The extent that the cloud image elongates along
the gravity direction depends on the true cloud size and the probe time duration. Our
calculations for N = 3000 to 9000 show that the gravitational acceleration increases the
cloud size by about 6% and 10% during the probe periods of 100 µs and 150 µs, respectively
[28].
Fig. 3 shows the experimental data for the condensate aspect ratio measurement
at N =9000 and ωr = 2π × 13.9 Hz. The measured data lie well on the two theoretical
curves calculated by using the Thomas-Fermi approximation and with the direct numerical
solutions of the GP equation. This measurement indicatesthat a condensate at a trapping
frequency of 13.9 Hz containing atom number N ≥ 15 aaho , as shown in Eq. (5), is suitably
described by the TF approximation.
To verify that the condensates gradually deviate from the TF regime, we do the aspect
ratio measurements by lowering the atom number N from 5500 to 3000 and adjusting the
trap radial trap frequency ωr to two different values, 2π × 12.19 Hz and 2π × 13.9 Hz.
The experimental results are plotted in Fig. 4(a) to Fig. 4(d), respectively. The data
indicate that, as N < 15 aaho , the time-dependent aspect ratio σ(t) deviates from the TF
approximation curve gradually as N becomes smaller, though the measured data still lie
reasonably well on the numerically solved curves.
To quantitatively show the transition from the TF regime to beyond the TF regime,
we define the aspect ratio deviation from the TF model as ∆σ(t)/σ T F (t) = [σ(t) −
σ T F (t)]/σ T F (t), where σ T F (t) is the aspect ratio at time t obtained from the TF model
and σ(t) is from the measurements or calculations by the numerical method. For each
N the mean aspect ratio deviation < ∆σ/σ T F > is defined as the average of deviations
∆σ(t)/σ T F (t) over the expansion time t from 12 to 20 milliseconds.
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FIG. 4: Aspect ratio of the freely expanding condensate as a function of time. (a) and (c) represent
the measurements at the radial trap frequency ωr = 2π×13.9 Hz for N = 3000 and 4500, respectively.
(b) and (d) represent the measurements at the radial trap frequency ωr = 2π×12.19 Hz for N = 3500
and 5500, respectively. In all plots, the solid curves are calculated from the TF model. The solid
squares represent the experimental data. The short-dashed curves show the numerical solutions. The
probe time in these measurements is 100 µs. All the data are also corrected for the gravity-induced
elongation in the vertical direction and the heating effect from the probe photons.

We plot < ∆σ/σ T F > versus N in Fig. 5. When the atom number N is 9000 the
mean aspect ratio deviations from the TF model are less than 0.3% for both the measured
data and the numerical solutions. The mean deviation becomes larger as N is lowered.
When N =3000, the mean deviation from the experimental data is ∼ 8.2% and ∼ 10.9%
from the numerical method. We believe the small discrepancy between our data and the
numerical solutions, especially when N < 5000, is mainly due to the small absorption signal
which is limited by the atom number and CCD sensitivity. However, from this figure, the
transition from a TF regime to the regime beyond the TF model is clearly observed.
In conclusion, we have measured the aspect ratio of the freely expanded 87 Rb condensates released from a magnetic TOP trap. Under our trapping conditions, we observe the
transition regime where the condensate aspect ratio starts to deviate from the predictions
of the Thomas-Fermi model when the atom number is gradually lowered from 9000 to 3000.
Our measurements show a reasonable agreement with the numerical calculations and allow
us to experimentally verify the lower bound of atom numbers required for applying the TF
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FIG. 5: Mean aspect ratio deviation as a function of atom number N . The empty diamonds show
the mean deviations for the experimental data. The solid circles represent the mean deviations for
the aspect ratios solved by the numerical method.
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